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THIRTY-THIRD.  SESSION,  1896-97 

•  A      *    .'      .        •  ■  •     .  .  / 

(since  the  Formation  of  thiBt;Soi?iety,- Jaiii^ary  16th,  1865). 

November  12tR,  1896. 

The  Third  Annual  General  Meeting  op  The  London  Mathe- 
matical Society,  as  incorporated  under  the  Companies  Act, 
1867,  on  October  23rd,  1894,  held  at  22  Albemarle  Street,  W. 

Major  MACMAHON,  R.A.,  F.R.S.,  President,  in  the  Chair. 

Present,  twenty-fonr  members  and  one  visitor. 

The  following  members  were  admitted  into  the  Society :  Miss 
Hardcastle,  Mr.  Gallop,  and  Mr.  Western. 

The  Treasurer  gave  an  abstract  of  his  report.  Its  reception  was 
moved  by  Mr.  Kempe,  and  seconded  by  Mr.  S.  Roberts.  The  former 
gentleman  thought  that  more  strenuous  efforts  might  be  made  by 
present  members  to  increase  the  number  of  members.  The  reception 
of  the  report  was  carried  unanimously. 

The  Rev.  T.  R.  Terry  having  consented,  at  the  request  of  the 
President,  to  again  act  as  Auditor,  he  was  appointed  to  that  office. 

The  senior  Secretary  stated  that  the  present  number  of  members 
was  226,  of  whom  114  were  life  compounders.  He  also  mentioned 
that  the  following  additional  exchanges  had  been  made  during  the 
Session : — with  the  Physical  Society,  of  London,  with  the  Monatshefte 
fur  Mathemattk  und  Physih,  Vienna,  and  with  the  American  Mathe- 
matical Society. 
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The  following  communications  had  been  made  or  received  : — 

On  the  Stability  and  Instability  of  certain  Fluid  Motions  (iii.),  and  on  the 
Propagation  of  Waves  upon  the  Plane  Surface  separating  Two  Portions  of 
Fluid  of  different  Vorticities  :  Lord  Rayleigh. 

Note  on  Matrices :  Mr.  J.  Brill. 

Determination  of  the  Volumes  of  certain  Species  of  Tetrahedra  without 
employment  of  the  Method  of  Limits  :  Prof.  M.  J.  M.  TTill. 

Some  Algebraical  Theorems  connected  with  the  Theory  of  Partitions  :  Pkt>f . 
Forsyth. 

Certain  general  Series  :  Mr.  F.  H.  Jackson. 

An  Extension  of  Sylvester's  Oonstructiye  Theory  of  Partitions  :  Major 
MacMahon. 

Note  on  the  Representation  of  a  Conic  by  a  Linear  Equation  :  Mr.  J.  Griffiths. 

On  the  Representation  of  a  Number  as  a  Sum  of  Squares  :  Prof.  Mathews. 

Researches  in  the  Calculus  of  Variations — Pt.  vii.,  Tiimiting  conditions  in 
Multiple  Integ^rals ;  Pt.  viii.,  Reduction  of  the  Problem  of  the  Discrimina- 
tion of  Maxima  and  Minima  Values  in  Double  Litegrals  with  Variable 
Limits  to  a  New  Problem  in  Single  Integ^rals  :  Mr.  E.  P.  Culverwell. 

A  Note  on  certain  Forms  of  the  Equation  of  Normals  to  Conic  Sections :  Mr. 
J.  L.  S.  Hatton. 

On  the  Evaluation  of  a  certain  Dialytic  Determinant :  Mr.  W.  W;  Taylor. 

Criterion  of  2  as  a  16-ic  Residue,  with  remarks  upon  some  of  Mersenne's 
Numbers:  Lt.-Col.  Cunningham. 

Note  on  the  Convergency  of  Series  :  Dr.  R.  Bryant. 

On  the  Distribution  of  Electricity  induced  on  an  Infinite  Plane  Disc  with  a 
Circular  Hole  in  it :  Mr.  H.  M.  Macdonald. 

On  the  Double  Foci  of  a  Biciroular  Quartic,  and  the  Nodal  Focal  Curves  of  a 
Cyclide  :  Dr.  R.  Lacblan. 

Note  on  a  Ternary  Cubic :  Prof.  Tanner. 

On  Boltzmann's  Law  of  the  Equality  of  Mean  Kinetic  Energy  for  each  Degree 
of  Freedom :  Mr.  S.  H.  Burbury. 

Examples  illustrating  Lord  Rayleigh's  Theory  of  the  Stability  or  Instability 
of  certain  Fluid  Motions :  Mr.  Love. 

Geodesies  on  Quadrics,  not  of  Revolution  :  Prof.  Forsyth. 

The  Continuity  of  Pressure  in  Vortex  Motion,  and  an  Ellipsoidal  Vortex: 
Mr.  R.  Hargreaves. 

On  the  Enumeration  of  Groups  of  Totitives :  Prof.  Tanner. 

The  Motion  of  the  Top,  and  the  Catenary  on  the  Paraboloid  and  Cone  :  Prof. 
Greenhill. 

On  the  Isomorphism  of  a  Group  with  itself :  Prof.  W.  Bumside. 

The  Division  of  the  Lemniscate  :  Prof.  Mathews. 

On  some  general  FormulsB  for  the  Potentials  of  Ellipsoids,  Shells,  and  Discs  : 
Dr.  Hobson. 

The  Compensation  for  Difference  of  Capital  in  Gambling  d  otUranee:  A  Con- 
tribution to  the  Theory  of  Duration  of  Play  :  Major  MacMahon. 

On  the  Stability  of  a  Frictionless  Liquid— Theory  of  Critical  Planes :  Mr. 
Basset. 
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The  Bitangents  of  a  Plane  Quartio  Curve  and  the  Straight  Ldnes  of  a  Cubic 

Surface :  Mr.  Baker. 
On  the  Application  of  the  Principal  Function  to  the  Solution  of  Delaiinay's 

Canonical  System  of  Equations :  Prof.  E.  W.  Brown. 
Waves  in  Canals  :  Mr.  H.  M.  Macdonald. 
On  the  a,  b,  e  Form  of  the  Binary  Quintic  :  Mr.  J.  Hammond. 
Construction  for  the  Four  Normals  to  a  Central  Conic  drawn  through  a  given 

Point :  Prof.  Mathews. 
On  a  Two-fold  Oeneraiization  of  Stieltjes'  Theorem :  Dr.  H.  Taber. 
The  Construction  of  Nasik  Squares  :  Kev.  A.  H.  Frost. 

The  same  journals  had  been  subscribed  for  and  the  same  exchanges 
of  Proceedings^  in  addition  to  those  named  above,  made  as  in  the  pre- 
ceding Session.  No  presents  had  been  made  to  the  Society's 
Albums. 

The  President  stated  the  grounds  of  the  award  by  the  Council  of 
the  Society  of  the  De  Morgan  Medal  to  Mr.  Samuel  Roberts.  After 
receiving  the  medal,  Mr.  Roberts  cordially  thanked  the  Council  and 
the  members  generally  for  the  honour  they  had  conferred  upon  him, 
and,  in  a  brief  review  of  his  long  connexion  with  the  Society,  said 
that  it  had  been  most  usef  al  as  well  as  agi*eeable  to  him. 

Prof.  Tanner  and  Mr.  S.  0.  Roberts  having  been  appointed 
Scrutators,  the  ballot  was  taken,  with  the  i*esult  that  the  following 
gentlemen,  nominated  by  the  Council,  were  elected  to  serve  as  the 
Council  for  the  ensuing  Session : — Prof.  Elliott,  F.R.S.,  President ; 
Dr.  Hobson,  F.R.S.,  Mr.  M.  Jenkins,  and  Major  MacMahon,  R.A., 
F.R.S.,  Vice-Presidents  ;  Dr.  J.  Lannor,  F.R.S.,  Treasurer;  Mr.  R. 
Tucker,  and  Mr.  A.  E.  H.  Love,  F.R.S.,  Hon.  Sees.  Other  Members 
of  the  Council: — Lt.-Col.  Cunningham,  R.E.,  Mr.  H.  T.  Oerrans, 
Dr.  Glaisher,  F.R.S.,  Prof.  Greenhill,  F.R.S.,  Prof.  M.  J.  M.  Hill, 
F.R.S.,  Prof.  W.  H.  H.  Hudson,  Mr.  A.  B.  Kempe,  F.R.S.,  Mr.  F.  S. 
Macaulay,  and  Mr.  D.  B.  Mair. 

Prof.  Elliott,  having  taken  the  Chair,  called  upon  Major  MacMahon 
to  read  his  Valedictory  Address,  which  was  entitled  "  Combinatory 
Analysis  :  a  Review  of  the  present  State  of  Knowledge."  Upon  the 
motion  of  the  President,  seconded  by  Prof.  Greenhill,  Major 
MacMahon  consented  to  the  publication  of  his  address  in  the 
Society's  Proceedings. 

Mr.  S.  Roberts  gave  a  brief  abstract  of  an  Essay  by  Herr  E. 
Lasker,  "  On  the  Geometrical  Calculus." 

The  following   papers,  owing  to  the  lateness  of  the  hour,  were 
communicated  by  their  titles  only  : — 
Symbolic  Logic :  Mr.  H.  MacColl. 
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On  a  General  Integral  with  some  Physical  Applications  :  Mr* 
G.  J.  Hurst. 

On  Ratio :  Prof.  M.  J.  M.  Hill. 

On  the  Geometrical  Construction  of  Models  of  Cubic  Surfaces : 
Mr.  W.  H.  Blythe. 

Theory  of  Vortex  Rings  :  Mr.  H.  S.  Carslaw. 

Differentiation  of  Spherical  Harmonics  :  Mr.  E.  G.  Gallop. 

(i.)  On  the  application  of  Jacobi's  Dynamical  Method  to  the 
General  Problem  of  Three  Bodies,  and  (ii.)  On  certain  Pro- 
perties of  the  Mean  Motions  and  the  Secular  Accelerations  of 
the  Principal  Arguments  used  in  the  Lunar  Theory :  Prof. 
E.  W.  Brown. 

Note  on  the  Symmetric  Group  :  Prof.  W.  Bumside. 

Note  on  the  Capacity  of  a  Conductor  in  the  Form  of  Two 
Intersecting  Spheres  :  Mr.  W.  D.  Niven. 

The  following  presents  were  received  for  the  Library  : — 

"  Mathematical  QuestionB  and  Solutions  from  the  *  Educational  Times,' "  edited 
by  W.  J.  C.  Miller,  Vol.  lxv.,  8vo;  London,  1896. 

"Proceedings  of  the  Cambridge  Philosophical  Society,"  Vol.  ix.,  Pt.  3  ;  1896. 

*'Beiblatter  zu  den  Annalen  der  Physik  und  Chemie,"  Bd.  xx.,  St.  9; 
Leipzig,  1896. 

"Journal  of  the  Institute  of  Actuaries,"  Vol.  xxxm.,  Pt.  i.  ;  October,  1896. 

"  Proceedings  of  the  Royal  Society,"  Nos.  361,  362  ;  1896. 

"Monatshefte  fiir  Mathematik  und  Physik,"  Vol.  vn.,  Hefte  10,  11,  12; 
Wien,  1896. 

*♦  Proceedings  of  the  Physical  Society,"  Vol.  xiv.,  Pts.  10,  11  ;  1896. 

**  Bulletin  of  the  American  Mathematical  Society,"  VoL  m..  No.  1,  October, 
1896;  New  York. 

**  Tokyo  Sugaku-Butsurigaku  Kwai  Kiji,"  Maki  7,  Dai  6. 

**  Nieuw  Archief  voorWiskunde,"  2e Reeks,  Deel  m.,  St.  1 ;  Amsterdam,  1896. 

**  Bulletin  des  Sciences  Math^matiques,"  Tome  xx.,  Sept.,  1896 ;  Paris. 

**Atti  della  Reale  Accademia  dei  Lincei — ^Rendioonti,"  Sem.  2,  Vol.  v., 
Fasc.  6,  7,  8  ;  Roma,  1896. 

**  Acta  Mathematica,"  xx.,  2  ;  Stockholm,  1896. 

**  Transactions  of  the  Cambridge  Philosophical  Society,"  Vol.  xvi.,  Pt.  1  ;  1896. 

**  Educational  Times,"  November,  1896. 

"  AnnaU  di  Matematica,"  Serie  2,  Tome  xxiv.,  Fasc.  4  ;  Milano,  1896. 

**  Journal  fiir  die  reine  und  angewandte  Mathematik,"  Bd.  cx'Vii.,  Heft  1 ; 
Berlin,  1896. 

*'  Indian  Engineering,"  Vol.  xx.,  Nos.  12-16,  Sept.  19th  to  Oct.  17th,  1896. 

**  Philosophical  Transactions  of  the  Royal  Society,"  A.  Vol.  CLXXXVi.,  Pts.  1,  2  ; 
B.  Vol.  CLXXXVI.,  Pts.  1,  2 ;  1896. 
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Combinatory  Analysis :  A  Review  of  the  Present  State  of  Know- 
ledge.* By  Major  P.  A.  MacMahon,  E.A.,  F.E.S.  Bead 
November  12th,  189G. 

Since  my  predecessor  vacated  the  chaii*  which  for  two  years  past 
I  have  had  the  honour  to  fill,  important  events  have  occurred  in  the 
world  of  mathematical  science.  Death  has  claimed  Helmholtz  and 
Cay  ley,  men  in  whose  work  little  similarity  can  be  detected,  but  who 
were  alike  in  their  ardent  devotion  to  exact  science.  Eloquent 
tributes  to  their  brilliant  achievements  have  been  written  by  such 
competent  pens  that  I  will  restrict  myself,  previous  to  enteHng  upon 
the  theme  of  my  address,  to  some  comments  upon  that  particular 
work  of  Cay  ley  with  which  I  had  for  some  ^ears  a  special  acquaint- 
•ance,  in  consequence  of  his  exceeding  kindness  to  me  at  the  time,  some 
fourteen  years  ago,  when  I  first  placed  my  foot  upon  the  thorny  path 
of  mathematical  research. 

Then  the  theory  of  perpetuant  invariants  of  binary  quantics 
initiated  by  Sylvester  had  made  some  progress,  to  which  Cayley  and 
Hammond  had  also  contributed,  but  its  advancement  had  been 
arrested  by  difficulties  connected  with  the  syzygies  (i.e.,  linear  rela- 
tions) connecting  forms  of  the  same  weight.  A  new  impulse  had, 
however,  just  been  given  by  the  discovery  of  a  transformation  of  a 
general  character  of  the  functions  of  diffei'ences  of  the  roots  of  a 
binary  quantic  into  functions  of  the  power-sums  of  degree  exceeding 
unity.  This  development,  as  Sylvester  remarked,  immediately  con- 
verted the  algebra  into  arithmetic  and  made  it  possible  to  consider 
the  question  without  any  reference  to  algebraic  quantity.  It  is  to 
Cayley  we  owe  the  ingenious  algorithm  {A.  M.  /.,  Vol.  vii.)  by 
.which  this  possibility  became  a  reality.  It  gave  the  requisite  facility 
in  dealing  with  combinations  of  forms  represented  in  the  notation  of 
partitions.  The  great  advance  thus  made  will  be  apparent  when  it 
is  stated  that  it  became  comparatively  easy  to  deal  with  forms  of  as 
high  a  weight  as  forty  or  fifty  and  to  assign  the  syzygies.  Combined 
with  the  algorithm  were  the  converse  processes  of  capitation  and 
decapitation  which  had  been  used  by  myself  for  some  time.  They 
were  discovered  independently  and  named  by  Cayley. 

It  was  not  recognised  at  the  time  that  the  algorithm  was  an  arith- 
metical exhibition  of  a  definite  process  of  differential  operation.     It 

♦  Address  delivered  on  retiring  from  the  ofBce  of  President. 
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was  created  by  Cayley  eyntlietically  by  continued  application  of  com- 
binatory analysin.  It  in  eRsentially  conatructive  in  its  nature  and 
singularly  well  adapted  to  its  immediate  purpose,  for  tlie  multi- 
plication of  tjen  forms.  Its  weakness  becomes  apparent  wbeii 
more  tban  two  forms  bave  to  be  multiplied  together,  tbo  final 
coefficient  sougbt  being  only  arrived  at  after  a  long  procons  in  whicb 
tbere  are  manycbances  of  error.  It  is  here  that  differential  operation 
is  Buccesaful  with  comparativelj'  small  nHk  of  error.  Tbe  particular 
term  of  the  result  of  multi plication  which  it  may  be  desirable  to 
isolate  is  formed  directly  by  means  of  a  differential  operation,  the 
form  of  whicb  depends  upon  the  form  of  the  term  in  question. 

Further,  tbe  differential  operation  is  capable  of  much  more  than 
the  constructive  algorithm,  as  the  operation  can  be  stopped  at  any 
point,  so  as  to  derive  from  any  identity  identities  of  lower  degree 
and  weight.  It  can  be  equally  well  applied  to  forms  whose  partition 
representations  contain  nero  and  negative  parti :  whereas  the  exten- 
sion of  tbe  algorithm  to  these  cases  is  not  obvious. 

Tbe  process  of  "  decapitation  "  of  a  form  or  identity,  tbe  truth  of 
vbicb  was  derived  by  Cayley  from  algebraical  reasoning,  is  a  similar 
process  of  differential  operation.  Viewed  in  this  way,  decapita- 
tion, to  continue  the  figure  of  speech,  emerges  as  a  particular  case  of 
dismemberment,  a  general  process  which  is  difficult  to  reach  without 
reference  to  the  infinit«simal  calculus. 

This  work  enabled  mathematicians  to  grapple  with  the  syzygies,  so 
long  a  stumbling  block  and  fruitful  source  of  error.  The  simplest 
perpetaant  of  degree  6  was  thus  found  to  have  the  weight  31.  I 
may  remark  that  at  one  time  Cayley  was  of  opinion  that  no  per- 
petuant  of  this  or  of  any  higher  degree  existed,  hazarding  the 
conjecture  that  all  non-unitary  forms  were  expi-essible  in  terms  of 
the  perpetuants  of  the  first  five  degrees.  At  this  period  the  generating 
functions  of  perpetuants  of  degree  inferior  to  6  had  been  established. 
That  corresponding  to  the  degree  6  was  the  next  desideiiitum.  A 
conjecture  was  made  as  to  the  form  of  the  generating  function  for  the 
degree  n,  which  has  been  finally  oonfii-med  by  Stioh    (Math.  Ann., 

t.  XIXVI.), 

The  foregoing  important  work  of  Cayley  led  him  to  desire 
a  parely  algebraic  proof  of  Gordan's  theorem  concerning  the  finality 
of  the  covariants  of  quantica  of  finite  order.  At  tbe  time  alluded  to 
the  only  proof  in  existence  was  the  symbolic  one  of  Gordan,  This 
has  been  finally  accomplished  by  Hilbert.  The  symbolism  employed 
is  eaBentiai]y  that  initiatod  by  Cayley,  who  had  little  fancy  for  the 
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method,  which,  dropping  from  his  hands,  was  carried  on  with  great 
resnlts  by  the  mathematicians  of  Germany. 

The  algebraic  characters  of  the  simplest  ground  forms  of  quantics 
of  finite  order  were  also  sought,  and  with  partial  success.  Some 
mathematicians  in  similar  cases  are  content  to  enumerate  the  fc»rms 
of  different  orders  and  classes  ;  and  have  no  desire  to  see  the  actual 
algebraic  structures.  In  no  case  did  Cayley's  interest  seem  to 
cease  with  solving  the  question  of  enumeration.  He  desired,  up 
to  a  certain  point,  to  see  the  things  themselves,  and,  moreover, 
considered  it  very  important  to  attain  this  end.  His  analytical 
skill  was  a  great  power  in  this  respect  in  all  departments  of  pure 
mathematics.  Writing  a  clear  hand,  he  shone  in  numerical  accuracy 
and  combined  great  inventive  powers  in  mathematical  shorthand 
with  untiring  patience.  No  mathematician  of  Cayley*s  time  possessed 
comparable  powers  over  long  expressions  and  tiresome  calculations. 
He  was  a  great  intuitionist,  but  his  reputation  in  this  respect  may 
have  suffered  from  his  extraordinary  skill  as  a  formalist.  Much  of 
his  work  might,  and  should,  have  been  relegated  to  others.  This, 
without  doubt,  would  have  been  so  had  there  existed  a  school  of  pure 
mathematics  at  Cambridge,  similar  to  those  in  many  German 
Universities.  These  remarks  arise  from  my  recollections  of  the  vast 
amount  of  purely  numerical  labour,  that  might  have  been  handed 
over  to  a  calculator,  undertaken  by  Cay  ley  about  the  year  1885 
when  engaged  in  calculating  ground  forms  and  syzygies  of  binary 
quantics.  But,  while  thus  occupied  with  minutiae,  he  never  for 
a  moment  lost  the  power  of  ascending  to  an  elevated  position 
to  survey  the  theory  as  a  whole  and  consider  its  connexion  with 
others.  Only  a  man  of  his  ability  could  retainthis  faculty  unim- 
paired while  devoting  time,  extending  over  weeks  and  months,  to 
details.  With  a  lesser  man  it  would  have  become  a  vice.  In  truth, 
it  has  been  well  said  that  attention  to  details  is  frequently  the  refuge 
of  a  man  who  is  destitute  of,  or  who  has  lost,  the  power  of  discussing 
broad  and  general  questions.  That  Cayley  never  neglected  the  work 
of  others  may  be  seen  from  what  he  once  said  to  a  friend  of  mine 
when  discussing  the  Royal  Society  Subject-Index — that  he  did  not 
see  its  use,  as,  of  course,  one  always  knew  what  had  been  done  in  one's 
own  department  of  science.  Few  memoirs  escaped  his  vigilant  eye. 
In  the  theory  of  invariants,  however,  in  the  later  years  of  his  life, 
he  worked  largely  on  his  own  initiative,  although  well  acquainted 
with  contemporary  work  on  the  Continent  and  in  the  United  States 
of  America.     With  the  exception  of  his  exposition  and  explanation 
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of  Stroh's  method,  his  last  contribotion  to  the  theory  related  to  the 
literal  forms  of  the  symmetric  fuactions  of  differences  which  repre- 
sent covariants.  He  Bought,  by  a  particular  ordering'  of  the  literal 
t«rms,  to  be  able  to  recognise  in  the  stractore  of  the  leading  and 
ending  terms  the  reducibility  or  iion-redncibility  of  the  foi-ms.  In 
this  he  was  only  partially  successful.  The  subject  bristled  with 
difficulties  and  exceptional  cases.  Much  ingenious  work  was  sup- 
pressed as  not  giving  sufficient  promise  of  clearing  np  the  whole 
question. 

This  was  a  matter  of  keen  regi-et  to  Cayley.  Several  lettere  in  my 
possession  show  that  it  was  in  his  mind  to  again  attack  the  problem 
at  some  convenient  time.     Alas  !  that  the  time  never  came. 

Aa  your  retiring  President  has  the  opportunity  of  making  a  few 
remarks  upon  some  special  topic,  I  will  now  pass  on  to  that  subject 
which  may  possibly  be  of  some  interest  to  those  here  to-night. 
It  is  the  combinatory  analysis,  and  my  selection  is  influenced 
by  the  belief  that  this  subject  is  not  at  present  upon  a  proper  footing. 
Its  importance  is  not  fully  recognised,  because  much  that  properly 
belongs  to  it  appeal's  under  other  headings  in  all  recent  attempts  to 
organize  and  arrange  the  various  departments  of  mathematical  science. 
I  hope  to  show  that  this  is  unnecessary,  as  the  associations  and  con- 
nexions sought  to  he  carried  out  and  emphasized  can  be  suitably 
secured  by  cross-references.  In  order  to  understand  what  is  properly 
incloded  under  the  heading,  let  us  first  turn  to  the  Itidex  dii  repertoire 
bibliographique  de$  sciences  ■mathimaiiquea,  published  by  La  Com- 
mission permaaente  du  Repertoire,  Paris,  189^.     We  find — 

Class©  J  1.     Analyse  combinatoii-e,  with  the  sub-diviaion 

a.  Groupes  ou  Ton  tient  compte  de  I'ordre : 

a.  Permutations  et  arrangements  de  toutes  aortes,  uombre  et  loi 

de  formation ; 
^.  Structure,  sequences,  &c.; 
y.  Uani^re  de  ramener  lea  permutations  lea  unes  aux  autres  par 

permutation  circulaire  de  gi'oupes  d'elements,   permutations 

semblables,  &c. 

b.  Gi-onpes  ou  I'ordi-e  est  indifEei-ent ; 

a.  Combiuaisons  simples  et  avec  rep4tition ; 
li.  Combiuaisons  regnli^res,  completes. 

c.  Fonctions  qui  se  presentent  dans  I'analyse  combinatoire,  theoiia 
des  chemins. 

d.  Applications ; 

a.  A  la  recherche  des  termes  generanx  des  series ) 
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/3.  Des  tables; 

y.  Des  coeflBcients  de  certains  developpements. 

Examining  this  description,  we  may  remark  that — 

a  treats  of  permutations,  and  includes  under  y  the  first  elements 
of  the  theory  of  substitutions. 

b  treats  of  combinations  in  the  sense  usually  understood  in  text- 
books. 

c  of  functions  which  arise  from  considerations  affecting  a  and  6, 
with  the  curious  addition  "  theorie  des  chemins." 

d  of  applications  to  algebra  and  to  the  formation  of  tables. 

The  subject-matter  of  the  combinatory  analysis  is  really  far  more 
extensive  than  would  appear  from  the  above.  The  theory  of  per- 
mutations considers  the  distributions  of  objects,  all  different  or  not 
all  different,  into  different  parcels  so  that  one  and  only  one 
object  is  in  each  parcel.  The  number  of  objects  may  exceed  the 
number  of  parcels,  so  that  a  selection  of  a  number  of  parcels  has  to 
be  made,  or,  on  the  other  hand,  the  number  of  parcels  may  exceed 
the  number  of  objects,  and  then  a  selection  of  parcels  has  to  be  made. 

The  theory  of  combinations,  apparently  included  under  6,  consider? 
the  distribution  of  objects  into  similar  or  indifferent  parcels,  one  object 
in  each  parcel,  when  in  general  the  number  of  objects  exceeds  the 
number  of  parcels,  and  accordingly  a  selection  of  objects  is  necessary. 

There  are  particular  cases  of  the  general  theory  of  distribution  of 
-which  a  general  problem  may  be  stated  as  follows : — 

n  objects  may  be  specified  by  the  notation 

(pqr...) 
p-\-q-\-r-\-,,,  =n, 

meaning  thatp  objects  are  of  one  kind,  ^  of  a  second,  r  of  a  third,  and 
so  forth. 

Similarly  m  parcels  may  be  specified  by 

(Piqi^i ...) 
/>i-f9i-fri+...  =  m 

where  m  —  n  and  we  have  to  enumerate  the  distributions  of  the 

< 

objects  amongst  the  parcels  both  when  permutations  of  the  objects 
in  any  one  parcel  are  and  are  not  permissible.  The  discussion  of 
this  problem  under  various  imposed  conditions,  and  the  determination 
of  the  properties  of  the  various  distributions,  appears  to  me  the  true 
role  of  the  "  Analyse  combinatoire." 

The  theory  of  the  partitions  of  numbers  is  at  once  seen  to  be  properly 
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included.  Tie  partitions  of  a  number  n  into  m  parte  are  given  by 
the  diatribntions  of  n  eimila^  objects  into  m  similar  parcels,  it  being 
allowed  to  place  more  than  one  object  in  a  parcel.  We  have,  in  fact, 
to  distribute  objecta  specified  by  (n)  into  parcels  specified  by  (m). 
More  generally  we  may  distribute  objects  specified  by  {pqr  ...)  into 
parcels  speciGed  by  (m),  and  thns  come  to  the  consideration  of  the 
partitions  of  multipartite  numbers. 

Observe  that  the  French  classification  distinctly  excludes  "  par- 
titions "  from  "  Classe  J  "  and  the  "  Analyse  combinatoire,"  and  ive 
find  the  subject  placed  in  "  Classe  I  10,"  which  deals  with  the  theory 
of  numbers  and  the  higher  arithmetic.  A  cross-reference  to  (P8oa) 
includes  the  applications  of  the  elliptic  functions  to  the  partition  of 
numbers. 

The  combinatory  analysis  in  my  opinion  holds  the  ground  between 
the  theoiy  of  numbers  and  algebra,  and  is  the  proper  passage  between 
the  realms  of  discontinuous  and  continuous  quantity.  It  would 
appear  advisable  to  restrict  the  theoiy  of  numbers  to  the  enormous 
tract  of  country  given  up  to  the  cultivation  of  the  theories  of  con- 
'gruences  and  of  homogeneous  forms,  and  to  consider  the  theory  uf 
partitions  an  intportant  part  of  combinatory  analysis. 

To  show  that  the  theory  of  partitions  is  intimately  connected  with 
other  branches  of  combinatory  analysis,  it  is  merely  necessary  to  remark 
that  there  is  a  one-to-one  correspondence  between  the  partitions  of 
nnipartite  numbers  and  combinations  of  another  nature  of  bipartite 
numbers.  The  essential  character  of  a  partition  is  that  the  order  of 
the  parts  is  unessential.  The  combinations  of  bipartite  numbers 
above  referred  to  are  such  that  the  order  of  parts  is  essential ;  th& 
parcels  instead  of  being  similar  are  different.  There  is  no  special 
feature  about  partitions  of  numbers  justifying  a  departure  from 
allied  theories  universally  considered  to  be  in  the  domain  of  com- 
binatory analysis. 

The  greatest  method  in  combinatory  analysis  is  without  doubt 
that  of  symmetric  fnnctions,  and  this  is  not,  I  think,  suitably 
provided  for  in  the  Repertoire.  We  find  A3"  Thfcrie  des 
&[nation8,"  and  under  b  "  Relations  entre  les  coefficients  et  les 
racines.  Fonctions  symStriques  des  racines  d'une  equation;  fonc- 
tions  symdtnqnes  des  differences  des  racines ;  Equations  differen- 
tielles  de  ces  fonctions,"  with  a  cross-reference  B  3  c,  which  is 
"  Definition,  formation  et  propriet^s  du  discriminant."  Further  oi 
we  find  under  B  3  "  Elimination ;  6.  Fonctions  symetriquen  dei 
racines  communes  A  deux  equations." 
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First  observe  that  the  theory  of  symmetric  f  anctions  is  regarded  as 
a  part  of  the  theory  of  equations.  I  think  that  this  idea  can  be  shown 
to  be  without  foundation.  The  thing  itself  is  confounded  with  one  of 
its  applications.  It  is  frequently  convenient  to  regard  the  quantities 
which  are  placed  in  symmetrical  relation  as  being  the  roots  of  an 
equation,  and  there  are  certain  important  applications  to  the  theory 
of  equations,  but  there  is  no  essential  connexion  between  the  two 
theories.  There  is  a  beautiful  theory  of  symmetric  algebra  quite 
apart  from  any  theory  of  equations  which  has  applications,  at  least 
as  important,  in  several  other  branches  of  mathematics.  Moreover, 
symmetric  algebra  deals  uniformly  and  easily  with  many  sets  of 
quantities.  It  is  convenient  to  refer  the  quantities  to  a  number  of 
simultaneous  equations  of  which  they  are  the  common  roots  ;  as  & 
matter  of  convenience,  not  of  necessity.  An  important  application  is 
to  the  theory  of  elimination,  but  this  theory  nowise  includes  that  of 
symmetric  functions  of  systems  of  quantities.  The  latter  theory 
has  other  uses,  particularly  in  connexion  with  various  problems  of 
combinatory  analysis  which  have  nothing  to  say  to  elimination.  Again, 
in  a  recent  scheme,  the  theory  of  symmetric  functions  was  placed 
as  a  part  of  the  theory  of  invariants — an  extraordinary  instance  of 
confused  classification.  The  general  problem  of  combinatory  analysis, 
enunciated  above,  involves  the  theory  of  distributions  on  a  line,  the 
line  being  regarded  as  fixed  and  not  reversible  end  for  end.  The 
enumeration  of  distributions .  of  the  latter  kind  is  less  simple,  and 
has  not  yet  been  completely  worked  out.  We  may  also  consider 
distributions  on  a  fixed  circle  and  on  a  fixed  regular  polygon — two 
problems  with  which  but  small  progress  has  been  made.  We  have 
also  to  consider  the  reversible  circle  and  regular  polygon — problema 
so  far  scarcely  attacked. 

As  far  as  the  general  theory  is  concerned,  the  problems  of  enumer- 
ation are  completely  solved  by  identities  between  symmetric  functions. 
The  numbers  sought  are  obtained  as  results  of  symmetric  function 
multiplication.  This  was  fully  set  forth  in  my  paper,  "  Symmetric 
Functions  and  the  Theory  of  Distributions."  The  mere  association 
of  symmetric  algebra  with  theories  of  distribution  leads  to  theorems 
of  reciprocity  and  expressibility  in  the  algebra,  which,  when  given 
full  generality,  are  of  considerable  complexity,  and  which  have 
never  been  discovered  in  any  other  manner.  A  posteriori  probably 
these  theorems  may  be  established  by  the  method  of  differential 
operation.  Up  to  a  certain  point  this  additional  proof  has  already 
been  given.      The   method  of  demonstration,   however,   is   not   so 
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instantaneoae  and  convincing  as  that  which  rests  upon  pui-ely 
arithmetical  reasoning.  In  this  connexion  an  interesting  qnestioa 
has  arisen  which  has  resulted  in  a  real  advance  being  made  in  the 
fundamental  notions  of  combinatory  analysis.  It  has  been  usual  in 
symmetric  algebra  to  restrict  investigation  to  functions 

in  which  p,  q,  r,  ,,.  are  positive  non-zero  integers.  Distribution 
theoremtt  concerning  the  placing  of  objects  in  pai-celn  are  then 
applicable :  in  particular  the  important  case  in  which  the  number  of 
objects  is  equal  to  the  number  of  parcels,  and  one  object  tindn  a 
place  in  each  parcel.  How  are  we  to  make  the  coiTespondence  when 
the  integers  may  be  negative  or  zero  as  well  as  positive  ? 

As  I  have  shown  elsewhere,  this  may  be  accomplished  by  a 
generalized  method  of  distribation,  the  objects  being  comprised  in 
an  upper  and  in  a  lower  group  or  set.  The  number  of  objects  is 
taken  to  be  : — 

The  number  in  upper  group  minus  the  number  in  lower  group. 

We  thus  arrive  at  the  notion  of  objects  enumerated  by  zero  or  any 
negative  integer.  We  apply  the  same  notion  to  the  enumeration  of 
parcels,  and  are  thus  able,  under  rules  and  restrictions  which  have 
been  fully  set  forth,  to  arrive  at  a  complete  theory  of  the  symmetric 
functions 

p,q,T,...  positive,  zero,  or  negative,  connecting  pi-odnct  identities 
with  definite  distributions  in  the  enlarged  sense.* 

This  method  of  extending  the  combinatory  analysis  to  zero  and 
negative  quantity  has  only  been  partially  examined,  and  presents  an 
attractive  field  for  future  research.  The  algebra  of  symmetric 
functions,  and  the  method  of  operators,  being  both  to  the  fullest 
extent  applicable,  the  subject  is  full  of  hope. 

It  will  be  seen  that,  while,  on  the  one  hand,  the  symmetric  algebra 
contains  implicitly  the  complete  solution  of  the  main  problems  of 
combinatory  analysis,  on  the  other  hand,  the  combinatory  analysis 
explains  and  greatly  enlarges  the  theory  of  symmetiic  functions. 
Moreover,  through  the  medium  of  symmetric  functions,  it  enables 
knowledge  to  be  advanced  with  regard  to  the  algebra  of  difiei-entia' 
operators.  Nothing  in  analysis  is  moi*  striking,  or  more  astonishing 
than  the  analogies  between  differential  operation  and  pure  qiiantitv 

•  aw  Ataer.  Jour,  of  Xalh.,  1888-90. 
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and  these  so  far  have  only  been  discovered,  to  their  furthest  extent, 
by  considerations  of  combinatory  analysis. 

The  course  taken  usually  by  the  stream  of  discovery  may  be 
described  as  follows : — (i.)  By  purely  arithmetical  reasoning  the 
enumeration  of  certain  modes  of  distribution  is  shown  to  be  repre- 
sentable  by  a  symmetric  function  identity;  (ii.)  a  corresponding 
identity  connecting  differential  operators  is  formed  by  reason  of  the 
analogy  between  the  algebras  of  pure  quantity  and  differential 
operations  ;  (iii.)  the  operator  identity  is  then  used  as  an  operation 
upon  the  symmetric  function  identity  according  to  established  laws, 
with  the  result  of  obtaining  a  relation  between  the  cofficients. 

This  relation  constitutes  a  theorem  in  algebra,  and  also  by  inter- 
pretation arithmetically  a  theorem  in  combinatory  analysis.  The 
origination  of  this  valuable  procedure  is  due  to  James  Hammond,  M.A. 

The  general  problem,  above  enunciated,  of  distributions  on  a  line 
has  only  been  seriously  attacked  by  the  employment  of  symmetric- 
algebra.  Moreover,  it  does  not  appear  likely  that  any  other  method 
can  be  equally  effective. 

On  coming  to  attack  special  problems  of  distribution  we  find  that 
special  methods  are  available.  The  method  of  symmetric  functions 
does  not  in  general  succeed  in  giving  analytical  expressions  for  the- 
numbers  under  consideration.  To  reach  this  end  the  particular 
problem  necessitates  a  particular  method. 

The  general  problem,  as  it  affects  positive  integers,  is  concerned,  as 
above  remarked,  with  distributions  on  a  line.  If  zero  and  negative 
integers  be  also  included,  the  problem  is  in  regard  to  distributions  on 
two  parallel  lines. 

The  divisions  of  the  subject  that  have  hitherto  principally  attracted 
the  attention  of  mathematicians  are — 

(i.)  The  line  distributions  of  objects  of  given  specification  amongst 
different  parcels,  the  number  of  objects  being  equal  to  the  number  of 

parcels. 

(ii.)  The  line  distributions  of  similar  objects  amongst  an  equal  or 
lesser  number  of  similar  parcels. 

The  former  involves  the  theory  of  permutations ;  the  latter,  the 
theory  of  partitions  of  unipartite  numbers.  The  theory  of  permuta- 
tions is  so  intimately  connected  with  the  theory  of  groups  of  substi- 
tutions that  the  requirements  of  the  latter  theory  have,  to  a  great 
extent,  guided  researches  in  the  former.  It  is  probably  due  to  this 
cause  that  many  investigations  have  been  restricted  to  the  particular 
case  in  which,  the  objects  are  all  different.     Results  in  regard  to  the 
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nnrestricted  problem  have  thus  frequently  been  overlooked.  As  aa 
example,  may  be  qooted  a  generaliEation  of  a  well-known  theorem 
that  I  have  recently  given. 

It  is  to  find  the  number  of  permatationa  of  n  letters 

*,!!!,«,  ...  X. 

which  poBsesa  the  property  that  no  letter  is  ia  the  place  originally 
occupied.     The  aolntion  is  easily  obtained  by  the  finite  aeries 

I        1!      2!  =^n!j 

The  more  general  problem  conaidera  the  letters  in  the  product 


where  we  have  to  enumerate  the  permntationa  auch  that  no  letter  x, 
is  in  a  position  originally  occupied  by  x,.  Here  alao  the  solution  in 
the  form  of  a  finite  series  with  an  external  factor 


ia  easy  to  arrive  at.  The  important  points  to  observe  are  that  the 
more  general  problem  admits  of  solution  by  a  generating  function, 
and  that  thia  ia  not  ao  in  the  case  of  the  particular  problem. 

This  ariaea  from  an  algebraic  theorem  of  aome  importance. 

It  has  been  shown  that  the  coefficient  of 


in  the  product 

ia  equal  to  the  coefficient  of  the  aame  term  in  the  reciprocal  of  the 
«p™,.ioi>  I  (l_„,;^)(l_|,,;^)...(l_^„j  I  , 

which  ia  in  a  symbolic  form,  the  meaning  being  that  after  moltiplica- 
tion  a  literal  product  alC,d^f^.,.  is  to  be  placed  in  determinant 
brackets;  so,  \  a,c,a,f, ...  \  , 

and  denotea  a  coaxial  minor  of  the  determinant 

Oi     a,     ...     a,    .- 
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Applying  this  theorem  to  the  case  in  hand,  there  is,  first  of  all,  a 
redundant,  or  crude,  generating  function 

And  by  consideration  of  the  determinant 

0  1     1     1     ... 

10     11 

1  1     0     1     ... 


of  order  n,  we  readily  arrive  at  the  real  generating  function 

1 
1— Sa^aj,— 2Sa^arjar5— ...  — (n— l)aria^  ...  «„* 

an  elegant  result  that  remains  concealed  until  the  problem  is  given 
suitable  enlargement. 

Many  theorems  in  regard  to  the  permutations  of  a  sequence  of 
different  letters  require  generalization  for  the  case  when  the  letters 
are  not  all  different.  The  above  theorem  is  an  important  instrument 
for  effecting  such  an  extension. 

In  regard  to  the  restricted  problem,  much  interesting  work  has 
been  accomplished  by  M.  Desire  Andre  in  his  memoirs  upon  **  Le 
Triangle  des  Sequences."  He  employs  difference  equations,  a  method 
of  frequent  use  in  investigations  of  like  character. 

Amongst  permutation  problems  may  be  mentioned  one  that  appears 
to  be  well  fortified  against  attack. 

In  a  restricted  form,  it  seems  to  have  been  first  dealt  with  by 
H.  A.  Rothe  (a.d.  1800),  who  defines  "  conjugate  permutations " 
(verwandte  Permutationen)  as  follows : — 

"Two  permutations  of  the  numbers  1,  2, 3, ...  n  are  called  conju- 
gate when  each  number  and  the  number  of  the  place  which  it 
occupies  in  the  one  permutation  ai*e  interchanged  in  the  case  of  the 
other  permutation." 

He  then  states  that,  if  U^  denotes  the  number  of  self -con jugate 
permutations  of  the  first  n  integers, 

?7„=tr„_i+(n-i)tr„.2, 

with  17,  =  2U,  =  2. 

We  may  consider  the  similar  problem  in  regard  to  permutations  of 
the  product  f,>      j. 
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with  the  object  of  obtaining  the  real,  as  distinct  from  the  crude, 
generating  function. 

It  is  easy  to  show  that  for  n  =  3  the  real  generating  function  is 

(1  — a-i — X,— a^)~*  (1 — a?i— a*,— a?, -f  4aria',a»,) -*. 

For  n  =  4  we  first  obtain  the  redundant  product 

(iTi + a-, + ax^ + (ix^y^  (x^+x^+x^^ yx^)^* 

,f»  /  X.,  x.^  \^\ 


(^+^s+^+a..)'(f +  ^-+x.+^.)\ 


p       y 

the  enumeration  being  given  by  the  coefficient  of  a?j  a*,  a-,  a-J*  after 
terms  containing  a,  /3,  or  y  have  been  struck  out.  We  can,  as  usual, 
substitute  for  the  product  a  fraction  which  is  free  from  the  exponents 
i.     This  fraction  is  the  reciprocal  of  the  expression 


X.  ^"^  Xr\  *^  a7a  *^  ar  • ""'  Xa  "^ 


1 
1 
1 


1 
1 


a 
1 
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X\X^X^ 
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•*'i*^j^4 
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1     1 

1 

ai«.a'4- 

1     1 

1 
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/3    ^ 
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1 
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1^ 
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^^11 


X\X^X^X^> 


The  isolation  from  this  fraction  of  those  terms  in  the  expanded  form 
which  are  free  from  a,  /3,  and  y  does  not  appear  to  be  easy,  and,  in 
fact,  has  not  yet  been  carried  out.  The  problem  for  greater  values 
of  n  has  not  yet  been  attempted.  The  fractional  redundant  form  can 
always  be  obtained :  the  true,  or  non-redundant,  foi*ms  are  the 
desiderata. 

Much  remains  to  be  done  in  special  researches  in  that  part  of  the 
theory  of  permutations  where  geometrical  methods  are  available, 
and  have  been  employed  by  several  investigators. 

Let  us  turn  now  to  the  second  branch  of  the  subject — the  theory  of 
the  partitions  of  numbers — which  has  given  birth  to  many  researches. 

As  generally  understood,  the  theory  refers  to  the  distributions  of 
similar  objects  in  similar  parcels.  The  enlarged  view  of  pai'tition 
which  is  concerned  vrith  the  distributions  of  objects,  not  all  simila; 
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into  similar  parcels  has  been  only  considered  in  a  few  notes ;  it  is 
virgin  soil  laden  with  germinative  seeds  which  only  await  the  appli- 
cation of  the  husbandman. 

There  is  again  another  nature  of  partitionment  excluded  usually 
from  the  domain  of  "  partitions."  It  is  that  in  which  the  parcels,  in- 
stead of  being  similar,  are  all  different.  Such  distributions,  whether  of 
unipartite  or  multipartite  numbers,  have  been  termed  "compositions." 
This  latter  theory  has  only  been  recently  developed.  Compared  with 
the  theory  of  partitions,  it  is  quite  simple,  though  by  no  means 
lacking  in  interest,  as  the  results  are  elegant,  and,  moreover,  shed 
light  upon  the  more  difficult  theory  with  which  it  is  in  somewhat 
intimate  relationship.  The  numerous  bonds  which  link  "partitions" 
to  other  parts  of  combinatory  analysis  lead  to  the  conviction  that 
this  department,  rather  than  the  theory  of  numbers,  is  its  proper 
home.  I  do  not  overlook  the  fact  that  special  problems  in  "  paa*ti- 
tions  "  are  closely  connected  with  the  theory  of  congruences  and  the 
theory  of  homogeneous  forms — witness  the  problem  of  the  expressi- 
bility  of  a  number  as  a  sum  of  squares,  and  many  others  which  could 
be  cited — but  these  are  special  problems,  and  surely  it  is  to  the 
general  problems  that  we  must  look  when  seeking  to  assign  places  in 
the  mathematical  scheme. 

Sinqe  the  time  of  Euler,  the  most  important  advances  in  the  theory 
of  partitions  of  unipartite  numbers  are  due  to  Sylvester  and  Cayley, 
who  appear  to  have  been  led  to  their  investigations  by  the  requirements 
of  the  theory  of  invariants — an  edifice  which  was,  in  the  spring  and 
summer  of  1855,  rapidly  rising  from  its  foundations.  It  had  been 
found  that  the  enumeration  of  certain  invariant  forms  depended  upon 
generating  functions  which  were  algebraic  fractions  of  the  same 
nature  as  those  constructed  by  Euler  for  the  solution  of  questions  in 
the  partitions  of  numbers.  It  therefore  became  the  duty  of  the 
mathematicians  mentioned  to  seek  theorems  concerning  the  expan- 
sion of  algebraic  fractions  which  should  not  only  facilitate  computation 
<^  the  coefficients  of  the  expansion,  but  should  also  throw  light  upon 
the  structure  of  those  coefficients.  In  order  to  appreciate  the 
considerable  success  met  with,  particularly  by  Sylvester,  it  is 
proper  to  glance  at  the  previous  history  of  the  theory.  Euler,  in 
1750,  had  transformed  the  problem  of  partition  so  as  to  make 
it  dependent  upon  the  expansion  of  an  algebraic  fraction ;  and  he 
was  followed  by  Paoli  and  other  Italian  mathematicians,  without, 
however,  much  advance  being  made.  Lacroix,  1819,  and  Legendre, 
1830,  touched  upon  the  subject,  and  Jacobi,  in  1846,  arrived  at  results, 

TOL.  XXYIII. — KO.  576.  c 
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of  a  particular  character,  connected  with  the  series  met  with  in  the 
study  of  the  elliptic  functions.  Interest  in  this  country  was  aroused 
in  the  first  instance  by  De  Morgan,  who,  in  a  letter  to  Henry 
Warburton,  about  the  year  1846,  suggested  that  combinatory  analysis 
stood  in  great  need  of  development,  and  alluded  to  the  theory  of 
partitions.  Warburton  then  took  the  matter  up,  and,  to  some  extent, 
under  the  gfuidance  of  De  Morgan,  prosecuted  researches  with  the 
aid  of  the  theory  of  finite  differences.  He  obtained  accurate  ex- 
pressions for  the  enumeration  of  partitions  in  the  simplest  cases,  as 
may  be  seen  in  the  Transactions  of  the  Cambridge  Philosophical  Society 
for  the  year  1849.  The  importance  of  this  work  lies  in  the  fact  that 
it  drew  attention  to  the  subject  in  England,  and  inspired  a  valuable 
memoir  by  Sir  John  Herschel  in  the  Phil.  Trans.  Roy.  8oc.  of  1850. 

Herschel  introduced  the  idea  and  notation  of  the  "circulating 
function,"  which  he  refers  to  as  his  own  invention  thirty  years 
previously. 

He  writes  \^p'  =  s,, 

where  p  is  an  s"*  root  of  unity,  and  consequently  s,  is  unity  when 
x^O mod Sj  and  zero  in  other  cases.      His  circulating  function  then 
consists  of  numerical  multiples  of  the  quantities  s„  x  varying. 
His  formula  for  three-part  partitions  is  written 

3 

and  he  further  shows  how,  in  general,  to  obtain  similar  expressions. 

He  did  not  obtain  a  general  formula,  and  his  investigation,  from 
the  standpoint  of  later  researches,  is  of  a  laborious  character.  It 
was,  however,  of  a  pioneering  nature,  and,  to  some  extent,  anticipated, 
as  we  shall  presently  see,  the  work  of  Cayley. 

In  1856  the  subject  was  attacked  simultaneously  by  Cayley  and 
Sylvester.  The  former,  in  his  memoir  of  May,  1855,  added  the  notion 
of  prime  circulators  to  that  of  the  circulating  functions  of  Herschel, 
and  showed  how  by  their  use  to  construct  a  formula  for  any  particular 
case  of  partitionment ;  but  gave  no  general  formula.  On  hearing  of 
Sylvester's  great  results,  which  included  general  formulcB,  he  was 
able  to  apply  Sylvester's  method  to  his  own  theory  of  prime  circu- 
lators (occupying  a  position  similar  to  that  of  Sylvester's  waves),  and 
thus  to  obtain  a  formula  which  led  more  directly  to  the  actual 
expression  of  the  number  of  partitions. 

This  was  accomplished  in  the  memoir  of  1857,  and  examples,  illus- 
trative of  the  method,  given. 
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This  work  of  Cayley,  involving  improvements  and  extensions  of 
the  method  of  prime  circulators,  duo  to  the  discoveries  of  Sylvester, 
was,  at  the  time  it  was  published,  the  best  accessible  exposition  of 
these  researches. 

Denoting  by  P(a,  6,  c, ...)  g  the  number  of  ways  in  which  the 
number  q  can  be  partitioned  into  the  elements  a,  6,c, ... ,  each  element 
being  repeatable  an  indefinite  number  of  times,  we  have  the  general 
form  of  the  function  P(a,  5,c,  ...)g  expressed  in  Cay  ley's  notation: — 

P(a,6,c,...)g  =  J2*-HP3*-'  +  ...+J^  +  3f-f27''(i4o,^„...  J,_i)perZ,; 

in  which  k  denotes  the  number  of  elements ;  I  is  any  divisor  of  one 
or  more  of  these  elements  (unity  excluded)  ;  and  the  summation,  in 
the  case  of  each  such  divisor,  extends  from  r  =  0  to  r  =  //— 1,  where 
Jc  is  the  number  of  elements  a,h,c,  ...  of  which  Hs  a  divisor.  The 
investigations  show  how  the  coefficients  A  of  the  circulators  are 
obtained,  and  they  also  determine  the  coefficients  A,  B,  ..,  Lj  M  of 
the  non-circulating  part. 

When  the  coefficients  have  been  computed,  the  number  which 
enumerates  the  partitions  of  q,  or — the  same  thing — which  gives  the 
coefficient  of  ic*  in  the  ascending  expansion  of  the  fraction 

(l-.aj-)-i(l-a^)-i(l«aj*)-i..., 

is  obtained  as  follows  : — The  non-circulating  part  is  directly  calcu- 
lated, and  then  each  term  g*"  (^q,  u4„  ...  J/_i)perZ,  gives  an  added 
number  q^'Ax,  where  q^X mod /. 

Turning  now  to  Sylvester,  we  find  that  in  the  Quarterly  Journal  of 
Mathematics,  1855,  he  had  given  an  outline  of  his  researches,  and  the 
general  formulae,  reserving  fuller  explanations  to  a  later  period.  The 
beauty  of  this  work  must  strike  every  student  of  the  works  of  the 
masters  of  pure  mathematics.  It  is  incomparably  the  finest  contri- 
bution that  has  ever  been  made  to  combinatory  analysis.  What  may 
be  regarded  as  a  full  account  of  the  theorem  was  not  given  by 
Sylvester  till  twenty-seven  years  later,  in  Vol.  v.  of  the  American 
Journal  of  Mathematics. 

Adopting  Cauchy's    use  of  the  word   "residue"   to   denote   the 

coefficient  of  —  in  an  ascending  expansion  of  a  function  of  x,  he 

X 

establishes  the  following  lemma : — 

"The  constant  teim  in  any  proper  algebraic  fraction  developed  in 
ascending  powera  of  its  variable  is  the  same  as  the  residue,  with  its  sign 
changed,  of  the  sum  of  the  fractions  obtained  by  substituting  in  the 
given  fraction,  in  lieu  of  the  variable,  its  exponential  multiplied  in 

c2 
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saccession  bj  each  of  its  values  (zeix>  excepted  if  there  be   sach), 
which  makes  the  given  fraction  infinite." 


Writing  Fr./;  =  22  -'**•--     +2^*. 


he  hhowH  that  the  residue  of  2F(a,<e^),  the  summation  being  for  the 
infinity  mots  a,  of  F(x),  is  equal  to  the  constant  tenn  in  — ^(j*). 

From  this  it  follows  at  once  that  the  coefficient  of  x*  in  a  rational 
function  /  (jr)  in  equal  to  the  residue  of 

2  {r-"0' (''«■')}; 
/  denoting  each   finite-infinity  root  of  /  (j:)  taken  in  turn,  pi^^^-ided 
only  that  x'"/W  ^^  ^  proper  algebi*aic  fraction. 

lie  intitxluccH  the  impoHant  notion  and  notation  of  denumci-ation. 
The  coefficient  of  jr"  in  the  expansion  of  the  fi-action 

1 

he  terms  the   denumci'ant   of   n  qua  the   elements   or   components 
a,b,Cj  ...I,  or  the  dcnumerant  to  the  cf^uation 

ax-\-bi/-\' .,.  +  Z^  =  7^, 

and  denotes  it  by  — ; — • . 

a,  6,  c,  . . .  I 

A  denumerant  with  a  single  component,  such  as  — ^     he  calls  aa 
elementary  denumei-ant.      Its  value  obviously  is  1  or  0,  accoi-ding  as 

o  15,  or  is  not,  a  divisor  of  w.     He  further  regards  — ^  as  an  analytical 

a 

fiiiiction,  defining  it  as  the  mean  of  the  a  values  of  p",  where  p  is  any 

r:»:-:  of  the  equation  p"  — 1  =  0.      The  advantage  of  this  deiiuition  is 

li-ii  — ^  preserves  a  meaning  for  negative  values  of  n,  and,  as  he 

iOi:  w*  *!ibsefiuently,  enables  a  more  pei-fect  expression  of  his  i^esults 
■u  :«  ziade. 

?'r:txt^iing  with  the  development  of  his  theoi-em  in  the  particular 
aypiiuarfi:!!  to  partitions,  he  arranges  the  infinity  i-oots  into  groups, 
ui  aL^se  which  are  primitive  roots  of  unity  of  the  same  order  appear- 
•2iz  ~  'ue  ;rr»jap.  To  each  gi-oup  corresponds  a  sum  of  fractions 
rri»:*i  .■'juidcute  a  period  or  wave  of  the  expansion.  If  r  denote  a 
•rrTXi:i"nj   "^  root  of  unity,  he  constructs  the  i^^  wave 

Wi  =  residue  of  2  rr**e"'F(rie-') 

=  residue  ofl,r';e'"F(r;'e-'), 
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A  great  step  now  is  to  write 


V     «• 


leading  to  W,  =  residue  of  2  J'"^  _^  , 

n  (rj  e     — rt    e      ) 

the  product  symbol  having  reference  to  the  indices  a,  6, 

The  importance  of  this  transformation  lies  in  the  fact  that  TFi, 
regarded  as  a  function  of  v,  is  either  an  even,  or  an  uneven,  function, 
and  thus  the  number  of  terms  to  be  calculated  is  reduced  by  one-half. 
He  ascertains  the  number  of  terms  contained  in  the  several  waves, 
and  gives  the  general  form  of  the  wave  TFi,  which  consists  of  a  set  of 
products  of  polynomial  functions  of  v  each  multiplied  by  a  sum  of 
exponential  quantities,  consisting  of  pairs  of  the  form 

where  ^  is  half  the  totient  of  i. 

The  general  form  with  undetermined  coefficients  having  been 
written  down,  he  shows  that  F(zkv)  is  zero  for  all  values  of  v  from 
0  to  i(a  +  64-...-fZ)  — 1  i^  a-l-64-...-l-^  be  even,  and  from  i  to 
i(a+6+ ...+0""!  i^  a-i-5  +  ...-hZ  be  uneven,  and  that  this  fact 
alone  is  sufficient  to  give  exactly  the  number  of  homogeneous  equa- 
tions required  to  determine  the  coefficients. 

The  quantity  S  (rj**zfcr*"')  is  expressed  in  terms  of  elementary  de- 
numerants  by  calculating  the  sums  of  the  powers  of  the  roots  of  the 
equation  giving  the  primitive  roots  r*. 

He  gives  the  particular  result 

n      _  y*_  7       1   /  y       v~l\       1   /g   v       y-hl_y-l\ 
1,2,3,      12    72     8\2,        2,  /"^''gV     8,        3,         3,/' 

where  v  =  n  +  3, 

which,  being  compared,  agrees  with  Cayley's  formula : — 

P(l,2,3)3 

=  TV{69'+363  +  47  +  9(l,-l)per2,+8(2,-l,-l,)per3,}. 

It  may  be  stated  that  Sylvester  completely  solved  the  problem  of 
enumerating  the  solutions  of  the  indeterminate  equation 

ax-j-hy-^cz-^-  ...+lw  =  n, 

all  the  symbols  denoting  positive  integers. 

In  the  Philosophical  Magazine  for  1858,  Vol.  xvi.,  he  gives  a  surpris- 
ing generalization  of  the  problem  of  partition  and  its  solution ;  and 
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shows  how  to  represent  algebraically  the  value  of 

where  the  sign  of  sununation   extends   over  all   the   simultaneous 
solutions  of  the  equation 

ax-\-hy-^cz-\- ...  =  n. 

Observe  that  a  =  /3  =  y  =  ...=:0  gives  the  particular  case  which 
enumerates  the  solutions.  The  theoi-em  is  most  remarkable ;  the 
more  so,  it  appears  to  me,  from  the  circumstance  that  it  seems  to 
have  been  overlooked  by  subsequent  investigators.  In  Sylvester's 
own  words : — 

"  This  is  a  considerable  advance  upon  the  conception  (itself  before 
my  discovery  entirely  unrecognised)  of  the  explicit  representability 
of  the  mere  number  of  the  solving  systems  a?,  y,  z, ...  by  genei»al  alge- 
braical formulfle.  By  this  new  theorem  we  pass,  as  it  were,  fit)m  the 
shadow  to  the  substance." 

What  a  wonderful  extension  of  the  theory  of  the  symmetric  func- 
tions of  the  ix)ots  of  an  equation ! 

The  theory  requii^es  further  elucidation  and  development,  and  it  is 
to  be  hoped  that  workera  in  our  science  will,  now  after  a  period  of 
forty  years,  give  it  some  attention. 

It  should  be  noted  that  in  1861  {Quarterly  Journal  of  MatJiematics, 
Vol.  IV.)  Samuel  Roberts,  the  De  Morgan  Medallist  of  this  year,  gave 
an  additional  proof  of  Sylvester's  main  theorem  of  partitions. 

In  1874  {British  Association  Report)  J.  W.  L.  Glaisher  attacked  the 
problem  of  the  partitions  of  numbei-s  in  quite  a  novel  manner.  His 
method  appears  to  be  only  applicable  to  the  expansion  of  the  special 

^"""^  (l-x)-'(l-a^)-'(l-a?)-..., 

and  not  to  those  of  the  more  general  form 

(l-aJ«)-»(l-.r*)-^(l-a!')-^... 

He  starts  with  the  notion  of  Ai'bogast's  rule  of  litei'al  deiivation 
known  as  the  "  rule  of  the  last  and  last  but  one,"  and  obtains 
dilEerence  equations  which  lead  easily  to  the  simpler  results,  and 
shows  the  genei*al  method  of  treatment.  Solutions  of  an  intei*esting 
class  of  questions  which  ai*ise  in  connexion  with  the  derivations  are 
also  obtained. 

Leaving  the  analytical  theory  of  pai'titions,  we  will  now  pass  to  the 
diagrammatic  method  of  research,  bi-ought  forward  by  Sylvester  in 
his  "  Constructive  Theory  of  Partitions."     As  compared  with  the 
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former  theoiy,  it  is  for  the  most  part  arithmetical  and  inttiitive,  and 
not  algebraical. 

In  quite  ancient  times  it  was  usual  to  depict  a  composite  number 
hj  a  rectangle  of  dots,  and  to  thence  establish  the  commutative 
nature  of  arithmetical  multiplication, 


ex.  gr.,  8x2=2x3  =  6.  * 

This  is,  in  fact,  what  Klein  would  call  a  point-lattice.  It  is  the  repre- 
sentation of  a  number  as  a  sum  of  equal  parts.  Sylvester,  in  like 
manner,  exhibits  a  number  as  a  sum  of  unequal  parts.  Thus  the 
partition  (322)  of  7  is  depicted  by  the  incomplete  point-lattice 


According  to  Sylvester,  this  method  was  firat  adopted  by  Ferrers, 
who  also  reached  the  generalization  of  commutative  arithmetical 
multiplication  by  a  reading  by  columns  instead  of  rows. 

It  is  of  great  importance  to  bear  in  mind  the  cii*cumstance  that  the 
lattice  is  in  evidence,  because  we  are  thus  able  to  associate  the  theory 
of  partitions  with  other  branches  of  mathematics  in  which  represent- 
ation by  lattice  is  a  pnncipal  instrument  of  research. 

Sylvester  in  his  excellent  paper  derives  many  results  of  value  in 
the  theory  of  special  algebraic  series.  He  also  inspired  some  good 
work  of  the  same  nature  by  Dr.  F.  Franklin  and  Mr.  Durfee. 

The  dissectioii  of  a  symmetrical  graph  into  a  square  and  two 
symmetrically  placed  appendages  was  imagined  by  Durfee,  and  led 
in  Sylvester's  hands  to  results  of  great  consequence. 

A  fine  portion  of  the  paper  is  that  which  deals  with  the  graphical 
conversion  of  continued  products  into  series. 

He  thus  deals  with  the  elliptic  transcendant  Q^x,  and  also  with 
Euler's  continued  product 

(l-aj)(l-a;«)(l-aj')...  ad  inf., 

■and  Jacobi's  series  for  its  cube. 

In  a  paper  shortly  to  be  published  in  the  Philosophical  Transactions 
of  the  Itoyal  Society,  I  have  shown,  inter  alia,  that  the  graphical 
method,  upon  which  Sylvester's  paper  is  founded,  involves  an  inti- 
mate bond  of  connexion  between  unipartite  and  bipartite  numbers, 
in  such  wise  that  there  is  correspondence  between  the  partitions  of 
unipartite  numbers  and  the  compositions   {i.e.,  parti tioDS  in  which 
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the  order  of  the  parts  is  taken  into  acconnt)  of  bipartite  nambers. 
To  Bee  this  it  is  merely  necessary  to  form  a  complete  lattice  about  a 
Sylvester-graph.    Ex.  gr., 

J 


b 


Here  we  have  a  Sylvester-graph  of  the  partition  (322)  of  the  ani- 
partite number 7.  TakiDgOafiorigin,andformingthethick boundary  ' 
line  oabcd^,  we  write  4own  the  coordinatee  of  a  with  respect  to 
0,  of  c  with  respect  to  a,  of  e  with  respect  to  c,  and  of  /  with  respect 
to  e,  and  thns  reach  the  compoxitioii  (03,  22.  II>  S(3)  of  the  bipartite 
number  A?.  This  notion  is  developed  in  the  paper  {loc.  dt.).  It 
shows,  I  believe,  that  Sylvester's  graph  sfaoald  be  considered  from 
the  point  of  view  of  the  incomplete  lattice,  and  that  it  is  not 
expedient  to  dissociate  partitions  from  other  branches  of  combinatory 
an^ysia. 

Sylvester  at  the  commeacemeat  of  hia  paper  writes :  "  In  the  new 
method  of  partitions  it  is  essential  to  consider  a  partition  as  a  definite 
thing."  Pondering  over  this  led  me  some  years  since  to  consider  the 
partition  (or,  as  I  term  it,  the  "  separation  ")  of  a  partition.  Indeed 
this  is  absolutely  necessary  in  the  modem  theory  of  symmetric  £nno- 
tionB,  which  as  a  conseqnence  of  this  notion  has  made  enormomi 
strides.  At  the  outset  the  theory  of  the  separations  of  a  partition 
involves  the  whole  theory  of  the  partitions  of  multipartite  numbers. 
This  is  inevitable,  since  the  notation 

(im„...) 
may  serve  either  to  denote  the  partition  of  l+m+n+...  things  all  of 
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the  same  kind,  into  groups  containing  I,  niy  n,  ...  things  respectivelj, 
or  to  represent  Z+m+n+ ...  things,  I  of  one  kind,  m  of  a  second,  n  of 
a  third  kind,  <fec. ... 

The  enumeration  of  the  separations  of  the  partition  (p'^p'*p'' ...), 
^1,  Wj,  Wj,  ...  indicating  repetitions  of  parts,  is  identical  with  the 
enumeration  of  the  partitions  of  the  multipartite  numbers 

This  at  present  is  the  great  question  for  consideration  by  workers  at 
combinatory  analysis. 

In  general,  after  Ferrers  and  Sylvester,  there  is  no  graphical 
method  available;  but  in  particular  much  may  be  possible.  A 
certain  class  of  partitions  may  be  depicted  upon  an  incomplete 
lattice  in  three  dimensions,  and  theorems,  analogous  to  those  of 
Sylvester,  evolved. 

This  solidification  of  the  plane  theory  I  have  brought  under  con- 
sideration in  the  memoir  alluded  to,  now  passing  through  the  press. 

I  have  under  view  those  partitions  only  which  are  graphically 
regularized.     Such  is  the  partition 

of  the  multipartite  number 


(•ai4-6i+Ci+...,    a,4-2>j  +  c,+  ...,    a,4-6a+c,+  ...,    ), 

when  the  sets  of  numbers 


...       ...        ...  ...       *••        ... 


are  all  in  descending  order  of  numerical  magnitude. 

The  Sylvester-graphs  of  (a^a^a^  ...),  (bib^h^ ...),  (ciC|(^...), ...  can 
then  be  placed  in  successive  layers  so  as  to  form  a  graph  or  incom- 
plete lattice  in  three  dimensions.  In  general  each  graph  can  be  read 
in  six  ways,  and  we  have  the  notions  of  symmetrical  and  semi- 
symmetrical  graphs.  The  six  graphs  will  of  course  be  of  the  same 
total  content,  but  will  not  gpenerally  appertain  to  the  same  multi- 
partite number.  Even  the  Sylvester  two-dimensional  graphs  admit 
of  six  interpretations  when  viewed  from  the  three-dimensional  stand- 
point.    Ex,  gr.,  the  graph 
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represents  the  partitions 
(322) 
(331) 


(TIT  m   TOO) 

(33T) 

(TTT  ITO   llD) 


of  the  nnipartite  namber  7, 

of  the  tripartite  nnmber  322, 

of  the  tripartite  number  331. 


On  attempting  to  enumerate  the  graphs  of  given  content  great 
difficulties  present  themselves.  It  is,  indeed,  not  difficult  to  write 
down  a  crude  or  redundant  generating  function  when  the  three 
dimensions  are  restricted  in  any  desired  manner. 

The  desideratum,  is  the  reduced  generating  fanction.  The  simplest 
case  is  that  in  which  one  dimension  is  limited  to  contain  at  most  two 
nodes,  a  second  dimension  is  limited  to  at  most  s  nodes,  and  the  third 
dimension  is  unrestricted. 

Forsyth  has  succeeded  in  this  case  in  reducing  the  redundant 
generating  function.     He  finds  the  form 

__  1  X  — 1 

l-ji.l-x'.l-j;'...!-*'      l-x'.l-^t"  ...l-x-.l-Jf"' 

which  is  in  agreement  with  the  solution  of  the  general  problem, 
which  I  predicted  at  an  early  stage  of  the  investigation.  This  result 
and  the  similar  ones  that  may  be  obtained  show  that  the  partitions 
nnder  investigation  may  he  I'epresented  in  plana  by  two  sorts  of  nodes 
— say,  by  black  and  I'cd  nodes.  In  other  cases,  more  than  two  sorts 
of  nodes  are  requisite.  The  problem  is,  so  to  speak,  flattened  out 
into  two  dimensions. 

Much  yet  remains  to  be  done,  both  in  the  way  of  rigorous  demon- 
stration of  the  fundamental  theorems,  and  in  applications  to  the 
theory  of  algebraic  series. 

The  possibility  of  constructing  an  analytical  theory  of  multipartite 
denumerat.ion  after  Sylvester  ha«  only  been  considered  by  Sylvestor 
himself.  Enler  had  formulated  the  problem  and  so  transformed  it  as 
to  make  it  depend  upon  the  expansion  of  algebiaic  fractions  involving 
more  than  one  variable,  but  neither  he  nor  any  other  had  made  any 
progress  with  the  solution  of  the  question.  The  bipartite  cEtse  which 
ia  concerned  with  the  fraction 

(n(l-;r-j/')}-' 
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-was  known  to  Euler  and  his  contemporaries  and  successors  ad  "  the 
Problem  of  the  Virgins,"  and  the  process  of  obtaining! the  solutions 
of  the  allied  equations 

ax  -f  6y  i-cz  +...+Zi(;  =  m, 

ax-k-h'y  4-  c'2?+ ...  -f  i'^  =  w', 
as  "  the  Rule  of  the  Yii'gins,"  or  "  the  Rule  of  Ceres."  Sylvester, 
fresh  from  his  conquest  over  simple  denumeration,  applied  himself  to 
the  question,  and  in  the  Philosophical  Magazine,  for  1858,  Vol.  xvi., 
stated  he  had  made  the  discovery  "that  the  problem  of  com- 
pound partition  in  its  utmost  generality  is  capable  of  a  complete 
solution — in  a  word,  that  this  pix)blem  may  in  all  cases  be  made  to 
depend  on  that  of  simple  partition."  He  further  stated  that  the 
theorem  by  which  this  is  effected  had  been  already  confided  to 
Cay  ley,  and  would  "  be  shortly  committed  to  the  Transactions  of  one 
of  our  learned  societies  " — and,  remarking  that  he  will  confine  him- 
self to  a  disclosure  of  the  general  character  of  the  theorem  without 
going  into  any  details,  gives  a  theorem  in  the  following  general 
statement : — 

"  Any  given  system  of  simultaneous  simple  equations  to  be  solved 
in  positive  integers  being  proposed,  the  determination  of  the  number 
of  solutions  of  which  they  admit  may  in  all  cases  be  made  to  depend 
upon  the  like  determination  for  one  or  more  systems  of  equations  of 
a  certain  fixed  standard  form.  When  a  system  of  r  equations  between 
n  vanables  of  the  aforesaid  standard  form  is  given,  the  detennination 
of  the  number  of  solutions  in  positive  integers  of  which  it  admits 

may  be  made  to  depend  on  the  like  determination  for  (    ,  j   single 

independent  equations  derived  from  those  of  the  given  systems  by 
the  ordinary  process  of  elimination,  with  a  slight  modification ;  the 
final  result  being  obtained  by  taking  the  sum  of  certain  numerical 
multiples  (some  positive,  othei*s  negative)  of  the  numbers  corre- 
sponding to  those  independent  determinations.  This  process  admits 
of  being  applied  in  a  variety  of  modes,  the  resulting  sum  of  coarse 
remaining  unaltered  in  value  whichever  mode  is  employed,  only 
appearing  for  each  such  mode  made  up  of  a  different  set  of  com- 
ponent parts." 

Further,  he  gives  as  a  fundamental  theorem  of  compound  parti- 
tion : — 

"  If  there  be  r  simultaneous  simple  equations  between  n  variables 
(in  which  the  coeflicients  are  all  positive  or  negative  integers)  form- 
ing a  definite   system   (i.e.,  one  in  which  no  variable  can  become 
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indefinitely  great  in  the  positive  direction  without  one  or  more  of  the- 
others  becoming  negative),  and  if  the  r  coefficients  belonging  to  each 
of  the  same  variables  are  exempt  from  a  factor  common  to  them  all, 
and  if  not  more  than  r— 1  of  the  variables  can  be  eliminated  simal- 
taneonsly  between  the  r  eqaationn,  then  the  determination  of  th& 
number  of  positive  integer  solutions  of  the  given  system  may  be  made' 
to  depend  on  like  determinations  for  each  of  n  derived  independent 
systems  in  each  of  which  the  number  of  variables  and  equations  is 
one  less  than  in  the  original  system.  This  reduction  in  general  can 
be  effected  in  a  great,  but  limited,  variety  of  modes.  When  only  two 
equations  are  concerned  the  number  of  modes  is  always  two — neither 
more  nor  less.  So  that,  in  fact,  we  are  still  navigating  in  the 
narrows,  and  have  not  fairly  entered  upon  the  wide  ocean  of  the 
theory  of  compound  partition  until  we  have  passed  the  case  of  double 
partition.  When  the  given  system,  supposed  definite,  is  one  of  three- 
equations  between  four  variables,  the  nnmber  of  modes  of  reduction 
is  twelve  or  sixteen,  according  to  that  type  out  of  two  (to  one  or  the 
other  of  which  it  must  of  necessity  belong)  under  which  the  system 
falls.  The  theory  of  types  applicable  to  any  system  of  simnltaneouB 
simple  equations  with  rational  coefficients,  here  faintly  shadowed 
forth,  constitutes,  I  apprehend,  a  new  and  important  branch  in  the- 
theory  of  inequalities." 

It  will  scarcely  be  credited  that  Sylvester  has  never,  in  any  of  the 
scientific  joamala,  said  another  word  on  this  subject  of  compound 
partition,  and  all  that  the  scientific  world  knows  concerning  the 
great  theorems  which  he  considered  himself  to  have  established  is 
contained  in  the  above  short  quotations  from  the  only  paper  on  the 
subject  which  his  pen  has  ever  written.  Two  more  quotations  from 
this  paper  are  interesting : 

"  Thus  the  virgins  who  appeared  to  Euler,  but  with  their  forms 
muffled  and  their  faces  veiled,  have  not  disdained  to  reveal  themselves 
to  me  under  their  natural  aspect." 

"  In  the  first  instance  I  discovered  the  theorem  above  given  by  a 
method  of  induction,  aided  by  an  effort  of  imagination,  and  confirmed 
by  numerous  trials ;  but  I  have  sinco  obtained  a  very  simple, 
although  somewhat  subtle,  general  proof  of  it.  Mr.  Cayley,  on  his 
part,  and  independently,  has  also  laid  the  foundation  of  a  most 
ingenious  and  instructive  method  of  demonstration  entirely  distinct 
from  my  own.  I  reason  upon  the  equations,  Mr.  Cayley  upon  the 
Enlerian  generating  function ;  but  it  was  by  operations  performed 
npon  this  function  that  I  was  myself  originally  led  to  a  peroeption 
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of  the  transcendental  analogies  out  of  which  I  was  enabled  to  evolve 
the  law." 

Observe  that  the  theorem  is  alluded  to  as  "  above  given." 
Obviously  it  was  not  given  at  all  in  a  real  sense,  but  only  shadowed 
forth  in  its  general  nature.  Some  deploi*able  mischance  seems  to  have 
diverted  Sylvester's  attention  from  the  subject  so  that  it  was  allowed 
to  drop  completely,  and  the  promised  theorems  were  never  even 
-enunciated.  In  June  and  July  of  the  following  year,  1859,  Sylvester 
delivered  a  course  of  seven  lectures  on  the  "  Partitions  of  Numbers,** 
at  King's  College,  London.  Printed  outlines  of  these  lectures  were 
distributed  amongst  his  hearers  and  a  few  others  who  were  not 
present ;  they  were  never  published,  and  copies  are  now  extremely 
rare.  In  these  lectures  he  appears  to  have  traversed  the  whole 
ground  of  compound  denumeration ;  he  employed  arithmetical, 
algebraical,  or  geometrical  methods  as  seemed  to  be  convenient.  A 
perusal  of  the  "  Outlines,"  a  privilege  for  which  I  am  indebted  to 
my  friend  Mr.  R.  F.  Scott,  M.A.,  of  St.  John's  College,  Cambridge, 
convinces  me  that  they  are  of  vastly  greater  importance  than  any- 
thing that  has  been  published  on  the  subject  of  combinatory  analysis. 
They  are  full  of  inspiration.  The  geometrical  notions  of  point  and 
ray  clusters  and  of  "  aspects  "  are  singularly  beautiful.  The  publi- 
cation, even  at  this  late  period,  of  these  "  Outlines  "  would  rescue 
a  great  work  from  oblivion,  and  give  an  impulse  to  the  whole 
theory,  which,  at  the  pj*esent  time,  it  sorely  needs. 

One  other  clue  may  be  found  in  the  paper  of  Cayley  (Collected 
Works,  No.  255)  originally  published  in  Fhil.  Mag,  (1858). 
This  is  the  work  alluded  to  by  Sylvester.  It  is  Cayley's  single  con- 
tribution to  the  theory.  In  it  is  given  his  own  proof  of  a  particular 
case  of  a  theorem  that  had  been  communicated  to  him  by  Sylvester. 
The  special  problem  of  double  partitions  considered  is  the  determina- 
tion of  the  coeflGlcient  of  aj"y^  in  the  development  of  the  fraction 

1 

(l-ar«y-)(l-a?y)(l-afyO...' 

la- 
under the  conditions  that  — ,  -3-,  —  ,  ...  are  unequal  fractions,  each 

a       p       y 

in  its  least  terms. 

It  appears  that  Sylvester  reasoned  from  the  indeterminate  equa- 

^^^^  ax  +  by-^-cz  -h ...  =  m, 

ax+fiy'\'yz-\- .,,  =  n, 

and,  eliminating  each  of  the  r  variables  in  succession,  he  wrote  down 
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r  equations  of  the  form 

(a6-a/3)  y  +  iac-ay)  a+...  =  om-aft. 
He  then  appears  to  have  discovered  that  under  the  above-mentioned 
conditions  the  sought  dennmerant  might  be  expressed  aa  a  linear 
function  of  the  deniunerants  of  each  of  these  r  equations.  Cayley 
eatahliakoR  this  by  an  examination  of  the  generating  function,  but 
given  no  hint  either  as  to  the  method  of  investigation  or  ae  to  the 
nature  of  the  solution  when  the  above  conditions  are  not  satisfied, 
and  deplores  the  circumstance  that  Sylvester  had  only  published  an 
ontline  of  his  researches. 

So  the  matter  of  compound  denameration  remaius  for  the  present. 
The  rediscovery  of  the  theorems,  which  were  without  doubt  in 
Sylvester's  possession,  is  at  present  the  desideratum  in  combinatory 
analysis.  Before  leaving  this  part  of  the  subject  I  venture  to  suggest 
a  method  of  research  in  multipartite  dennmeration  which  appears  to 
give  promise  of  leading  to  a  general  solution  of  the  qnestioa. 

The  fraction  ^ -— 7- 

is  equal  to  the  constant  term  in  the  development  of  the  fraction 


a-j«<-)(i— i-jA) 

regarded  aa  a  f  nnction  of  p. 
This  ia  shown  by  the  identity 


r^ 


Hence  the  fraction 

1    

B  the  constant  term  in  the  development  of  the  fraction 
1  „  1 


ii-p,<d-xi-p,^){i-p,;t^-)...    (i-p,-VO(i-j'.-'/-)(i-j^."'!''*)- 

regarded  as  a  function  of  p„.j)„p„ .... 

Say  this  is  F,{x)xFj(y). 

By  Sylvester's  theorem  we  can  find  an  expression  for  the  coefficient 
of  x^y*  in  Ft  (a)  F,  (y),  for  this  is  coefficient  of  x'  in  F^  {x)  x  co- 
efficient of  y  in  Ft  (y),  and  will  be  of  the  form 

♦1  (Pt.Pi.i^.  ■■■)  ^ft(Pi,PvPi,  ■■■)■ 

The  constant  term  in  ^f,  regarded  as  a  function  of  the  quantities 
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Pa  will  then  obviously  be  the  coefficient  of  x'^y^  in  the  fraction 

In  gfeneral,  there  is  a  similar  theory  applicable  to  multipartite  de- 
numeration,  arising  from  the  circumstance  that  the  fraction 


is  the  constant  term  in  the  development  of  the  faction 


regarded  as  a  function  of  j9i,p„  ,..  p,.v 

The  principle  of  adding  to  an  unfactorizable  expression  certain 
terms,  always  identifiable,  which  make  the  augumented  expression 
resoluble  into  factors  is  a  very  important  one  which  has  been  applied 
in  other  parts  of  combinatory  analysis. 

I  have  not  yet  found  leisure  to  examine  this  theory  except  in  the 
simplest  cases.  The  results  so  far  obtained  are  quite  satisfactory, 
and  appear  likely  to  lead  to  a  general  theory. 

Allusion  should  be  made  to  the  method  of  "  Trees  "  which  has 
been  applied  by  Cay  ley  and  others  to  various  combinatory  problems ; 
in  particular  to  the  theory  of  chemical  compounds. 

The  study  of  combinatory  analysis  on  a  circle  and  on  a  regular 
polygon  is  likely  to  lead  to  striking  results  in  the  proper  theory  of 
numbers.  The  number  which  gives  the  enumeration  under  assigned 
conditions  is  of  necessity  an  integer.  If  an  analytical  expression  for 
this  number  can  be  obtained,  a  theorem  in  congruencies  is  almost 
certainly  reached.  Theorems  which  are  generalizations  of  some  of 
the  simplest  theorems  of  divisibility  in  arithmetic  have  in  this 
manner  been  recently  established.     An  example  is  the  congruence 

M  W  P"'  =  0  i^od  n, 
where  p  and  n  are  any  positive  integers,  d  any  divisor  of  n,  and  ^  (d) 
the  totient  of  d. 

The  subject  of  combinatory  analysis  has  for  forty  years  been  much 
neglected;  may  I  urge  that  both  the  beauty  of  the  methods  of 
research  available  and  the  value  of  the  results  achieved  indicate  that 
it  is  well  worthy  the  attention  of  mathematicians  ? 

In  conclusion,  I  will  quote  the  words  of  the  greatest  living  English 
master  of  pure  mathematics — Sylvester — words,  which,  I  believe,  are 
as  applicable  to  the  combinatory  analysis  as  a  whole  as  to  that 
particular  branch — the  theory  of  partitions  —  in  connexion  with 
which  they  were  spoken  • 
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"  Portitione  constitate  the  sphei'e  in  which  analysis  lives,  moves, 
and  heis  its  being  ;  and  no  power  of  langaagv  can  exaggerate  or  paint 
too  forcibly  the  importance  of  this  till  recently  almotit  neglected,  but 
vast,  subtle,  and  nniveraally  permeating,  element  of  algebraical 
thought  and  expreaBion." 
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Outlines  of  Seven  Lectures  on  the  Partitions  of  Numbers. 
Delivered  by  J.  J.  Sylvester,  F.R.S.,  at  King's  College, 
London,  during  the  year  1859. 

Preface. 

These  outlines  appertain  to  lectures  delivered  by  Prof.  Sylvester 
at  King's  College,  London,  during  the  year  1859.  The  outline  of 
each  lecture  was  printed  shortly  before  its  delivery  and  handed  to 
those  in  attendance,  and  a  few  copies  also  were  privately  circulated. 
They  are  now  published  for  the  first  time.  The  Professor's  attention 
was  called  away  shortly  afterwards  to  another  department  of  mathe- 
matics, with  the  result  that  his  researches  on  compound  partitions 
were  never  published.  As  the  lectures  constitute  the  only  serious 
attempt  that  has  ever  been  made  to  deal  with  the  subject,  and  as 
copies  of  the  outlines  are  very  scarce.  Prof.  Sylvester  has  yielded  to 
the  suggestion  made  to  him  in  regard  thereto  by  the  Council  of  the 
London  Mathematical  Society,  so  far  as  to  assent  to  their  publication 
in  the  Proceedings^  with  all  their  imperfections  on  their  heads.  The 
present  state  of  his  health  and  the  long  lapse  of  time  combine  to 
render  any  revision  upon  the  part  of  the  Professor  impossible.  He 
desires  it  to  be  known  that  he  cannot  vouch  for  the  correctness  of 
all  that  appears  in  the  notes,  and  that  they  were  prepared  in  a  hand- 
to-mouth  manner  during  the  process  of  investigation  between  the 
lectures,  and  that  it  is  only  on  the  opinion  of  the  Council  urgently 
expressed  to  him  that  the  work  should  not  entirely  perish  that  he 
has  consented  at  this  late  hour  to  the  publication. 

The  Council  desires  to  acknowledge  the  assistance  it  has  derived 
from  Prof.  H.  W.  Lloyd  Tanner,  of  University  College,  Cardiff,  who 
kindly  placed  his  annotated  copy  of  the  outlines  at  its  disposal, 
and  also  to  Mr.  R.  F.  Scott,  of  St.  John's  College,  Cambridge,  who 
presented  a  copy  to  the  Society. 


FIRST  LECTURE.* 

^  Intkoductort    Remarks. 

Resolution  of  an  integer  into  parts. 
Resolution  of  an  integer  into  parts  limited  in  number. 
Resolution  of  a  number  into  parts  limited  in  magnitude. 


*  Delivered  at  Klng*8  Ck>llege,  London,  on  the  6th  June,  1839. 
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e  resolved  into  parte  not 
1  it  be  resolved  into  parts 
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Enler's  law  of  reciprocity,  viz., 
Ab  many  ways   as  an  integer  n  ca 
exceeding  m  in  number,  so  many  wayi 
not  exceeding  m  in  amoant. 

Ferrers'  Proof. — Example. — n  =  6,  m 
111     11     11 
11       11     1 
1       1 


1 


may  be  read  as 
3,2;    2,2,1;    2,1,1,1;     1,1,1,1,1; 
2, 2,  1 ;     3,  2 ;  4,  1  ;  &. 


Cayley's  application  of  this  law  to  the  calculation  of  groups  of 
symmetric  fn actions. 

Erample.— To  find  Sr",  %x*i/,  Sj^y*,  ^1/3,  where  x,  y,  z  are  roots  of 
a'-Piit*+Pi*-J^  =  0.    Pi-Pi-Pi-P>-P„    P%P,px-P»    P%P%-pi,    PtF% 
will  be  linear  functions  of  the  quantities  to  be  found. 

Ealer,  Waring,  Paoli,  De  Morgan,  Warburton,  Herscbel,  Kirkman, 
Ferrers,  Cayley,  in  connexion  with  qnestion  of  resolution. 

The  resolution  of  a  number  into  parts  is  tUe  problem  of  ascertain- 
ing the  different  modes  of  composing  11  with  the  elements 
1,2,  3,  ...  up  to  n. 

General  problem  of  simple  partition  is  to  find  in  how  many  ways  a 
given  number  n  can  be  composed  of  given  elements  a,  i>,  c,  ...  k. 

General  problem  of  binary  pai'tition  is  to  find  in  hoiv  many  ways 
the  couple  wt,  m,'  can  be  composed  of  the  couples  a,  a,  b,  b',  e,  <!',  i,  k'. 

Statement  of  problem  under  form  of  equations. 

Dennmeration  and  denumerant  defined. 

Denumerant  of  P'  =  0  same  as  that  of  kU  =  0. 

Denumerant  of  U  ^0,   V  ^  0  same  as  that  of 
kU+lV  =  0,     k'U+tV=0. 

Coefficient  groups  and  constant  group  defined. 

How  the  resolution  of  an  equation  or  system  of  equations  with  any 
real  coefficients  may  be  made  to  depend  on  the  inverse  problem  of  the 
centre  of  gravity  ot  a  system  of  points. 

Example. — A  system  of  two  equations. 

Origin,  coefficient  points,  primary  defined. 

Total  of  coefficient  points  is  called  a  cluster. 

Coefficient  points  may  be  denoted  by  the  variables  to  which  they 
belong. 

Weighted  cluster. 
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Weight  of  primary  assumed  to  be  positive  unity. 

If  primary  and  cluster  balance  about  the  origin,  the  weights  at  the 
several  points  of  cluster  will  satisfy  the  given  system  of  equations. 

Linear  cluster ;  plane  cluster  ;  solid  cluster. 

The  cluster  origin  and  primary  may  be  considered  apart  from  the 
axes  used  in  the  construction. 

Ray  cluster ;  axis  of  cluster  defined. 

Derivative  of  an  equation-system.  An  equation-system  really  con- 
sists of  the  universe  of  its  derivatives. 

How  this  universe  is  contained  in  the  geometrical  representation 
of  the  system. 

A  principal  deiivative  of  a  binary  system  is  the  equation  resulting 
from  the  elimination  of  any  one  of  its  vanables. 

A  principal  derivative  of  a  ternary  system  is  the  equation  resulting 
from  the  elimination  of  any  two  of  its  variables. 

Universe  or  PlexiM  of  Principal  Derivatives. 

How  to  construct  geometrically  the  principal  derivatives  by  aid  of 
the  cluster,  primary,  and  origin. 

(1)  For  binary  system. 

(2)  For  ternary  system. 

We  can  thus  perform  the  process  of  elimination  geometrically. 

If  more  than  the  regular  number  of  variables  can  be  eliminated 
simultaneously  out  of  the  system,  this  will  be  evidenced  in  the  plane 
cluster  by  three  or  more  points  lying  in  a  line,  and  in  the  solid  cluster 
by  four  or  more  points  lying  in  a  plane.* 

An  equation  is  said  to  be  homonymous  when  the  coefficients  of  the 
variables  are  all  positive  or  all  negative. 

It  may  be  congruous  or  incongruous. 

Example. —  2aj  -f  3y  -f  42  =      10  congruous, 

2a:  -h  3«/  +  4?  =  — 10  incongruous. 

An  oinni-pos^itive  solution  of  an  equation  or  system  means  a  solution 
in  which  the  variables  are  all  positive. 

An  omni-negative  solution  is  one  in  which  the  variables  are  all 
negative. 

A  homonymoiis  solution  is  one  which  is  either  omni- positive  or 
omni-negative. 

An  equation  or  equation-system  may  be  definite  or  indefinite. 

•  The  general  polyhedron  in  tolido  analogous  to  the  polygon  in  piano  is  a  poly- 
hedron with  triangular  faces  exclusively. 

D   2 
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Indefinite  when  liomonymons  solations  can  be  found  wherein  the 
variables  may  be  made  indefinitely  great. 

Definite  when  the  variables  cannot  be  made  indefinitely  great  in 
any  homonymous  solution. 

The  equations  ax—hy  =  m  and  ax-^hy—cz  =  m,  where  a,  6,  c, ...  m 
are  any  real  positive  quantities  whatever,  are  indefinite. 

The  character  as  to  definite  or  indefinite  depends  only  on  the 
coefficients,  and  not  on  the  constant  term. 

A  single  equation  to  be  definite  must  be  homonymous. 

A  system  of  equations  to  be  definite  must  admit  of  a  homonymous 
derivative. 

If  it  admit  of  one,  it  must  admit  of  an  infinite  number  of  such. 

Definiteness  and  indefiniteness  of  systems  depend  only  on  the 
relative  values  of  coefficients,  and  not  on  the  constant  terms. 

Hence,  the  relative  position  of  origin  and  cluster  must  suffice 
geometrically  to  determine  this  character. 

Definition  of  boundary  of  a  plane  or  solid  cluster  of  points. 

Lemma, — The  centre  of  gravity  of  any  weighted  cluster  is  contained 
inside  the  boundary,  and  may  be  made  to  lie  at  any  point  within  it 
by  a  due  adjustment  of  the  relative  magnitudes  of  the  weights  at  the 
several  points. 

Theorem, — If  the  oiigin  lies  within  the  cluster,  the  system  is 
indefinite ;  if  outside,  definite. 

In  Fig.  1  the  centre  of  gravity  of  the  cluster  may  be  brought  to 

y 


Fig.  1. 

the  position  ^  or  ^'  as  near  as  we  please  to  0  on  either  side  of  it  in  a 
line  with  PO,  and,  the  sum  of  the  weights 

m 

P(X           PO 
being  —  or ;-:,  may  be  made  indefinitely  great  either  on  the 

if  if 

jpositive  or  negfative  side  of  zero. 
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PO  PO 

In  Fig.  2,  if  origin  is  at  0,  Sa;  will  lie  between  ~-  and  — ;  if 

origan  is  at  ff.  %x  will  lie  between 7-  and  -—-  ;*    if  at  0",  the 

9O  gO 

system  cannot  by  any  system  of  weights,  all  positive  or  all  negative, 
be  made  to  balance  the  weight  at  P  about  the  origin. 


p^^^^^0^0^^m^^u^^^^t 


Pio.  2. 

The  same  method  is  applicable  to  points  in  aolido. 

Indefinite  systems  in  general  admit  of  homonymous  solutions  of 
both  kinds. 

The  only  case  of  exception  is  when  the  origin  is  in  the  contour  of 
cluster. 

Definite  systems  admit  only  of  solutions  of  one  kind. 

Three  Species  of  Definite  Systems. 
The  system  is  positive  or  negative  when  the  axis  cuts  the  cluster 

according  as  primary  or  cluster  lie  on  opposite  or  same  side  of  origin. 
It  is  neuter  when  the  axis  does  not  cut  the  cluster.  {Ex.  gr.y  origin  0".) 
An  analytical  determination  of  the  genus  and  species  of  a  system 

may  be  deduced  from  the  preceding  construction. 

*  Hence  it  may  easily  be  shown  that  the  greatest  and  least  yalues  of  Xr  in  any 
definite  systems  of  equations 


m. 


(fi^i  +  a^x,  +aij^  +.. 


m' 


// 


// 


// 


will  be  the  greatest  and  least  values  of  p  dednoed  successively  from  all  the  equa- 
tions that  can  be  formed  after  the  type  of  the  following  : — 

a,    fl,    flg    1  I  =  0, 

ai    os    03     1 
ff     If      // 

<ll      O]       As      1 


m    m' 


and  in  like  manner  we  may  derive  from  the  geometrical  method  a  simple  rule  for 
determining  algebraically  the  maxima  and  minima  values  of  each  separate  variable. 
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Biliary  System. 

In  the  indefinite  case,  if  we  draw  lines  from  origin  to  every  point 
in  cluster,  each  such  I'ay  divides  the  cluster  into  two  parts. 

In  the  definite  case  there  are  two  extreme  rays  leaving  all  the 
points  in  the  cluster  on  the  same  side. 

Hence,  if  a  system  is  indefinite,  the  universe  or  plexus  of  principal 
derivatives  will  contain  no  homonymous  equations. 

If  it  be  definite,  it  will  contain  two  homonymous  equations. 

Again,  as  regards  species — 

If  the  system  is  positive  definite,  the  two  homonymous  derivatives 
will  be  both  congruous.  If  the  system  is  negative,  they  will  be  both 
incongruous. 

If  the  system  be  neuter,  the  homonymous  will  be  one  congruous, 
the  other  incongruous. 

Tertiary  System. 

If  the  system  is  indefinite,  all  the  planes  through  the  origin  and 
any  two  points  of  the  cluster  divide  the  cluster  into  two  parts. 

If  it  be  definite,  the  bounding  planes  of  the  pyramid  formed  by 
joining  the  origin  with  each  point  of  the  cluster  will  leave  the  other 
points  of  cluster  all  on  one  side. 

Hence,  when  the  system  is  indefinite,  the  plexus  of  principal  deri- 
vatives will  contain  no  homonymous  equations ;  when  it  is  definite, 
there  will  be  some  homonymous  derivatives,  and  the  number  cannot 
be  less  than  three  or  greater  than  the  number  of  variables.  For,  if 
we  project  the  cluster  from  the  origin  on  a  plane  cutting  the  rays  all 
on  the  same  side  of  origin,  the  number  of  sides  in  contour  of  this 
projection  will  be  the  number  of  planes  in  the  pyramid,  and  n  points 
in  a  plane  cannot  form  a  figure  bounded  by  less  than  thi*ee  nor  more 
than  n  sides.* 

*  Thus  we  see  in  like  manner  that  Ihe  number  of  homonymous  principal  deriva- 
tives to  a  definite  quaternary  system  of  n  variables  is  some  number  intennediate  to 
4  and  q  (where  q  is  the  number  of  faces  in  a  triangular  polyhedron  with  n  summits) , 
♦.*.,  2w  — 4. 

This  would  be  difficult  to  prove  by  a  direct  analytical  process. 

N.B. — In  any  neuter  binary  system  of  which  0  is  origin,  P  the  primary  and 
ABODE  the 

P. 

A. 

.B 
E 

.D 

O 
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The  different  species  of  definite  will  be  distinguishable  bj  the 
homonymous  principal  derivatives  being  all  congruous,  all  incon- 
gruous, or  partly  congruous,  partly  incongruous. 

Examples  of  indefinite  two-equation  systems. — 

Let  the  cluster  of  coefficient  points  be  at  the  four  angles  of  a 
parallelogram  Xy  y,  z,  ty  the  origin  0  being  at  the  distance  of  one 
unit  from  yz,  yx,  zty  and  two  units  from  xt. 


X 


,0 


The  system  of  equations  will  be 

2x-'y—Z'\-2t  =  n, 

x-hy—z —  t  =  m. 

The  universe  of  principal  derivatives  will  be 

3y—  «— 4^  =  2m—  n, 

3a;  — 2j8+   t  =:    m+  n, 

—  a5+2y— 3^=    w—  w, 

4ax-\-  y— 3^?=     n+2m, 

all   of   which   are   heteronymous   or    indefinite,  showing  that  the 
system  is  indefinite. 

If  y,  Zj  Xy  t  were  a  square,  ^,  ^  as  well  as  Xy  z  would  be  brought  into 
line  with  0 ;  equations  would  become 

X — y—z+t  =  m, 

and,  on  account  of  these  two  syzygies,  there  would  bo   only  two 
principal  derivatives,  viz. : 

2y—2t  =  n  — 7?i, 

2x'-2z  =  n+m. 


cluster.  All  the  trianglee  OPAy  OPBy  &o.,  following  the  same  order  of  rotation 
will  represent  determinants  of  the  same  sign. 

This  cannot  be  the  case  for  definite  positive  or  negative,  or  for  indefinite 
systems. 

Henoe  the  neuter  case  nwjr  be  recognised  by  the  determinants  obtained  by  con- 
jugating in  titu  each  coefficient  group  in  succession  with  the  constant  group, 
neyer  changing  sign. 
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Examples  of  Definite  Systems* 


0. 


P. 


P\ 


Positive  Case.— Take  ar,  y,  z,  t  at  the  angles  of  a  square,  two  unitw 
each  way  (bi^eadtli  and  depth). 

Let  the  origin  0  be  at  an  equal  distance  from  z  and  t^  and  from  x 

and  y  and  the  primary  P  in  a  line  with  xt.     The  system  referred  to 

OP  and  OQ  at  right  angles  to  OP  as  axes  of  moment  gives  rise  to 

the  equations 

x  —  y—z-^t  =0, 

(1-f  c)a;-|-(l  +  c)  y-^-cz-^-ct  =  m, 

c  being  the  distance  of  0  from  zt^  and  m  its  distance  from  P.     The 
extreme  rays  being  Oz  and  Of,  the  two  homonymous  principal  deri- 


*  In  order  that  a;  sYRtem  may  be  definite  the  points  of  the  cluster,  whether  in  line, 
plane,  or  eolid,  must  be  all  in  front  to  an  eye  at  the  ori^n.  In  the  last  two  cases 
accordingly,  a  line  or  a  plane  may  be  drawn  through  the  origin,  leaving  the  cluster 
entirely  on  one  side.  Now,  as  a  line  in  a  plane  will  cut  three  out  of  any  four  quad- 
rants in  the  plane  made  by  two  intersecting  tines,  and  a  plane  in  solido  will  cut  seven  out 
of  any  eight  octants  made  by  three  intersecting  planes,  it  follows  that  a  binary  system 
ma^  be  deRnite  when  of  the  four  possible  combinations  of  signs  affecting  the  terms  of 

the  several  coefficient  groups,  •.#.,    '*'  ,  three  are  found  among  the  several 

groups,  and  so  a  ternary  system  may  remain  definite  even  when  out  of  the  8 
possible  combinations  of  sig^s 


+   +   +  + 

+   + 

+  -  +  — 


+   + 

+  —  +  — 


all  but  one  are  found  among  the  several  coefficient  groups. 

We  may  then  safely  infer  that,  in  general,  ail  but  one  of  the  possible  oombina- 
tLons  of  sig^  may  occur  in  the  coefficient  groups  of  any  system  without  the  system 
necessarily  ceasing  to  be  definite.  But,  if  all  possible  combinations  occur,  the 
system  will  be  necesftarily  indefinite. 
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vatives  will  be  the  two  resultants  in  respect  to  z  and  t,  i.e., 

(l4-2c)a;+y  +  2c^  =  m, 

ar  +  (l-h2c)y  +  2ci?  =  m, 

both  of  which  are  congruous. 

Negative  Case. — Figure  the  same  as  the  preceding,  but  position  of 
P  reversed  (i.e.,  passed  through  ongiu  to  an  equal  distance  from  it  on 
the  other  side).  The  equations  will  be  as  above,  with  the  exception 
of  m  becoming  negative,  so  that  the  two  homonyms  will  be  in- 
congruous. 

Neuter  Case. — Same  figure  as  above,  but  the  primary  P  moved 
horizontally  through  d  to  P'  lying  to  the  right  of  zO  produced.     This 


m 


condition  implies  that  —-  <  c  or  m  <  ai. 

d 

The  two  equations  now  become 

x—y—z-^t=.d, 
(H-c)a;  +  (l  +  c)  y-^-cz-^-ct  =  m, 

and  the  two  homonyms  are 

(l+2c)a;  +  y-|-2d  ^m-^cd, 

ic+  (H-2c)  y  +  2(»  =  —  (cd— m), 

of  which  the  first  is  congruous,    the  second  incongruous,  thereby 
indicating  that  the  system  is  neuter. 
The  determinants 


1 
l  +  c 


d 
m 


-1 

d 

-1 

d 

1 

d 

l+c 

m 

c 

m 

c 

m 

I.e. 


m — cd  —  d,       — m— d — cd,       — m  —  cdy  m — cd, 

being  all  negative,  would  also  have  served  to  prove  the  system  to  be 
neuter. 

Scholium. — If  our  equation  or  equation-systems  be  now  supposed 
to  be  integer  equations,  we  see  that  the  denumerant  will  be  in  all 
cases  zero,  if  the  system  be  negative  or  neuter.  If  it  be  indefinite; 
the  denumerant  in  general  will  be  infinite  (according  to  the  known 
theory  of  numbers),  but  it  may  be  zero,  viz.,  in  the  case  where  the 
coefficients  of  any  equation  or  derived  equation  of  the  given  system 
have  a  common  factor  which  is  not  a  factor  of  the  constant  term. 

The  plexus  of  principal  derivatives  affords  an  absolute  criterion 
for  determining  whether  the  denumerant  of  a  given  indefinite 
system  of  equations  is  infinite  or  zero. 
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SECOND  LECTURE  • 
Definition- of  denumerant  recalled, 

au,  a{u,v),  a{u,7,w), 

nsed  as  implicit  symbols  of  dennmeration. 


Cri7  in  its  explicit  form 


n; 


(I{TJ,V) 


O,  D,  Cf  •  • •  V  \ 

n,  n  ; 


»> 


j» 


<&c. 


a^  a  \  fe,  6' ;  c,  c' ;  . . .  ;  i,  T  > 
<&c. 


Numeratives  and  denominatives  defined. 

Herschers  symbol  r^  explained. 

Its  valae  as  a  linear  function  of  n^  powers  of  the  r^  roots  of  unity. 

r„  in  the  new  theory  will  be  replaced  by  — ^ 
OUervatum.-        ^  +  ?^=li  + . . .  ^.nSl^Dj  =  l. 


r;         r; 


r : 


More  generally, 


n;    ,  n— r;   ,  n— 2r;   ,   n— (r  —  l)r ;  _  n| 


rr]        rr;  rr; 


rr; 


for,  if  —  is  fractional,  so  is  —  —1,  —  —2,  ..., 
r  r  r 

and  a  fortiori, 


7-7-   7(7-0'  7 (7 -^)-- 7 (7 -•-')• 


n  . 


and,  if  —  is  integer,  one  and  only  one  of  the  above  quantities  will  be 
an  integer. 

What  E  I  —  j  is  commonly  nsed  to  denote ;  Herschers  notation  =• 

\r)  l,r; 

-i — ■—  -       -  -  ._       _  _ — — .     —   -  .       -    ■  _  _^____^_^— ^^^ 

*  Delivered  at  Kmg*H  CoUego,  London,  on  the  9th  June,  18o9. 
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Examples.—  aj+2y  =  7,       E  (-^)  =  3, 


a;-h3j/  =  8, 


^(f) 


=  2, 


x+5y  =  15,     E 


(f)  = 


3. 


N.B. — In  the  partition  theory,  zero  always  counts  as  a  positive 
integer.* 

Of  course  the  residue  of  n  to  modulus  r  is 

(n — r); 

but  it  may  also  be  expressed  as  a  binary  denumerant. 
Simplest  class  of  indeterminate  equations 

^  =  1,    -^  =  n+l,     _!i- =  (!i±lK!i±?l ,  Ac. 
1         '1,1       ^  '     1,1,1  2  ' 


Generally  dJJ  in  above  equation  is  coefficient  of  ^  in 


(1-0' 


The  denumerant  of  the  equation 

ewJi  +  a«,+  ...-|-cur^— n  =  0, 

n;       (n  +  g   n-f  2a       nH-(r— 1)  a) 
a;       C     a     *     2a     *"      (r— l)a     ) 

Provisional  Method  of  Simple  BenumercUion. 

Any  simple  denumerant  may  be  expressed  in  terms  of  denumerants 
of  the  class  last  treated  of. 

Example  1. —  a;+2y  =  n ; 

X  must    be    of  the  form  2^  or  2^+1,  two   suppositions  mutually 
exclusive. 

Hence  the  denumerant  of  the  given  equation  is  the  sum  of  those 
of  the  two  equations, 

2f + 2y  =  n    and     2f  +  2y  =  n— 1. 


*  Consequently,  the  equation  <»-f^-t-es...sO  hsA  \^<d  ^^oo^oiaeE^siid  uvaX^^  %S)S1 
2B  not  neuter ;  there  being  in  fact  no  neuter  cases  lot  timpU  "^los^iNi^cm.* 
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Hence 


But 


Hence 


w;    _ 


nj_   ,  n— 1  ; 


1,2;       2,2;        2,2; 


2;''      2^2;      ^"T" 
2;^      2;     -'• 


n;     _  2n->-3 
1,2;  4 


(n;,(n-l);|l 
^(2;  2;       J4' 

Observe  that        |^^  (!i^a  i-=  (.)"i-. 

C2;  2;       )   4        ^     '^    4 


Exumple  2. — 


a?  +  3y  =  t^; 


a;  must  be  of  form  3f,  or  3^  +  1,  or  3f-|-2. 

Hence      -i^  =  Jii- +  (!izd)i  +  (!iZl21j 
1,3;       3,  3 ;         3,  3  ;  3,  3  ; 


_  n;    n  +  3   ,   (n-1) ;    n  +  2      n-2;    n-hl; 
3;*     3     "^       3;       *     3  3;     *     3; 


Example  3. — To  find  the  denumerant  of 

aj+2y+45  =  n. 
4  is  the  least  common  multiple  of  1,  2,  4. 
a;  is  either  4f,  4^+1,  4f+2,  or  4f-h3, 
2y  is  either  4i|,        or    4i|  +  2, 


4z       is 


4a. 


Thus  there  are  eight  cases,  each  giving  rise  to  an  equation  of  the 

4f -|-4i|+4»+c  =  n. 

I  combine  together  those  in  which  the  constant  on  the  left  side  is 
either  the  same,  or  leaves  the  same  residue  when  divided  by  4. 
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Thus,  we  obtain 

n;       n ;  n— 4; 

1,  2,  4 ;  4,  4,  4  ;      4,  4,  4 ; 

^  n— 1 ;   ^  n— 5; 


4id>        idl    •  A,        A,        A.    m 

■1-2  ^""^>  H-2  ^""^' 


4,  4,  4 ;        4,  4,  4 ; 
and  observing  that 

n— 4; nj     n-~5;  ^  n— 1 ; 

4 ;  4 ;         4;  4; 

we  obtain 

1,2,4;  4;  I  4.8  "^      4.8      ) 

.  n-1;    f(n4-3)(n-^7)       (n-lHnH-3)  7 
4;     'C  4.8  "^  4.8  J 

^  n--2;    fn  +  2)(n4-6) 
4;     *  4.4 

_^_n-3;    (n-H)rn4-5) 
4;  4.4 

=  :i  {^  (n'  +  8«  +  16)  + ^^'(»'+6«+9)+ '^J  (n'+8n  +  12) 
lo  C  4  ;  4 ;  4  ; 

Bj  aid  of  the  identities, 

n_      n— 1;       n  — 2  ;       n--3  ;  _  ^ 

4  4;  4;  4 ; 

!Li -J.  ^""^i  —  5j     ^— 1  ;   ,  n—S  ;  _  n— 1 ; 
4;  4;     "2;        4;  4;     "     2; 

the  above  equation  becomes 

n;       _  xi./^;      ^— 1;\  ^./n;      n  — 1;      n-2;      n— 3;\  ^ 
1,2,4;  \2;  2;    /       "^U;"^     4;  4;  4;    /      ' 

where        ^=  A  (»'+7«+ |)  ;     G=?|±I,    H=|. 

F  will  be  the  mean  value  of  the  transcendental  function  — ^ —  . 

1,  2,  4  J 
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The  mean  ralne  uf  any  simple  denumentnt  by  virtue  of  tbe 
theorem  discovered  by  the  lecturer  is  always  expressible  directly  as 
an  algebraical  function  of  n,  and  of  the  qnantities  a„  a„  ...  a,  left 
perfectly  indefinite. 

Observe  that  in  the  multipliers  of  Q  and  H  the  sums  of  the 
coefficients  are  all  zero. 

General  direct  method  of  expressing  every  simple  dennmerant 
nnder  a  simple  form  is  furnished  by  theorem  above  referred  to. 

The  method  above  given  substantially  consists  in  making  the 
denumeration  of  a,.'', +<i,Z| ... +Or^r  =  »  depend  on  finding  all  the 
Bolntions  of  the  congruence 

o,«j+ait»,+a»«,  ...  +(!,«,— Mr. I  ^  0  to  modulus  K, 

K  being  the  least  common  multiple  of  a,,  Oj,  ...  a„  and  h„  u,,  ...  ti, 
being  all  limited  to  be  positive  integers  less  than  K,  but  tt,^,  being 
left  indefinite. 

Thus  the  numbering  of  the  solutions  in  positive  integers  of  an 
equation  can  be  brought  to  depend  upon  finding  the  solutions  them- 
selves of  a  congruence  in  positive  integers. 

JJw/er'*  Slelliod  of  Generating  Fractions. 
The  denumerant  of    ax+hy  +  cz -i- ...  A-lt  ^  n 
is  the  coefficient  of  P"  in  the  expansion  of 

1 

(1-0(1-0 -■  (1-0 

expanded  in  ascending  powers  of  t. 

Proof  that  the  product  of  the  series  generated  by . -,  Ac, 


-  as  the  coefficient  of  ('. 


«'™a,6,.,...!,- 

Note  that  when  n  =  0  the  coefficient  of  t*  is  1. 

Thus  we  see  that  the  denumerant  of  7,+z,+  <-.+Zr  =  n  is  the 
coefficient  of  f"  in  ■  ■■  --        as  already  foand. 

Necessity  of  attending  to  the  order  of  terms  in  the  denominatore  of 

eeuerating  fractions  ;  and  distinguished  :    may  be 

nsed  to  signify  one  or  the  other  of  the  two  previous  forms,  the  choice 
being  left  subject  to  ulterior  determination. 
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Euler's  generating  fraction  continues  to  Hold  good  even  when  any 
of  the  coefficients  become  negative,  the  expansion  becoming  indefinite. 

Examtple. — The  dennmerant  of  x—y  =  n  is  generated  by  the  pro- 
duct of  - — -  by  that  of —^ ,  that  is  to  say,  of  the  series 

1  +  ^    +/*   +^  H-...  ad  inf., 
by  the  series  l  +  r*  +  r*H-r'-h...  ad  inf. 

This  product  will  consist  of  an  ascending  and  descending  branch, 
and  the  coefficients  of  every  term  in  each  branch  will  be  infinite, 
showing  that  the  dennmerant  of  a;— y  =  n  is  infinite  for  all  integer 
values  of  n  whether  positive  or  negative. 

The  cognate  forms  to  a  generating  fraction  defined. 

Their  number,  if  there  are  r  factors  in  the  denominator,  is  2'. 

In  above  example  — ^y^r ^pr  generates  a  double  indefinite  de- 

velopment,  but  the  cognate  form  -- — -p-z — — ^ — r-r-  will  generate  a 

(1  — r)(     t    +1) 

series  in  which  the  indices  of  t  ascend  from  1  to  oo,   and  the  co- 
efficients for  any  finite  value  of  an  index  remain  finite. 

So  in  general  for -r- r- ;  the  coefficient  of  t*  in  a  cofifnate 

®  (1-0(1-^"*) 

form  to  this  is  the  coefficient  of  T*  in  — — —j- — -^    with  the  sign 

changed.     So  again  the  coefficient  of  T  in  a  cognate  form  to 

1 

will  be  the  coefficient  of  r*"**  in 

1 


(1-a^;  ...  (l~aj*)(l^ajO(l-af')' 
and  so  on. 

Every  generating  fraction  to  a  single  equation  contains  two 
cognate  forms  (of  which  itself  may  be  one),  which  admit  of  develop- 
ment in  series  ydth.  finite  coefficients.  One  of  these  will  be  purely  an 
ascending,  the  other  purely  a  descending,  series. 

The  coefficient  of  f*  in  the  ascending  development  I  call  the  oon- 
numerant  of  the  equation. 

The  connumerant  is  always  finite ;  it  may  be  positive  or  negative  ; 
when  the  coefficients  are  all  positive  the  connumerant  and  denumerant 
are  identical. 
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The  meaning  of  the  symbol — —  extended  and  modified. 

tt],  ttj,  ...  (If.  j 

Rale  for  transforming  a  connamerant  with  some  or  all  of  its 
denominatives  negative  into  one  with  all  its  denominatives  positive. 

Why  connumerants  are  necessary. 

When  the  numerative  is  a  negative  quantity  the  connumerant  by 
virtue  of  the  definition  is  always  zero. 

The  denumerant  of  a  binary  system  of  equations 

ax  -\-by  -hcz  '\- ...  =  m, 

ax-^-b'y-^-cz-^- ...  =  m', 

is  the  coefficient  of  t^  P'  in 

1 

Unnecessariness  of  the  limitation  imposed  by  Euler  upon  the  signs 
of  the  coefficients. 

How  to  exhibit  geometrically,  the  limiting  ratios  to  the  values  of 
the  indices  of  t  and  t'  which  can  appear  in  the  development  of  the 
Eulerian  fraction  containing  t  and  t\ 

Hence  we  see  that  the  series  generated  by  such  an  Eulerian  may 
consist  of  a  single  branch,  or  of  two  branches,  or  of  three  branches. 

So  the  Eulerian  of  a  definite  ternary  system  developed  may  have 
any  number  of  branches  from  one  to  seven  inclusive. 

Definition. — A  determinate  series  is  one  in  which  none  of  the 
coefficients  of  terms  at  a  finite  distance  from  the  origin  become  infinite 
in  value.  A  determinate  generating  function  is  one  which  generates 
a  determinate  series. 

Then  — r;:  is  determinate,  but  — :r-  indeterminate. 

(1-0  (1-0(^-1) 

So,  again,  — — 777 tw— : — rr  is  determinate,  but 

(l—t){u-'l){tit—l) 

indeterminat'C. 


(l'-t)(u-'l)(t-u) 

Denumerative  function  distinguished  from  denumerant. 

Reversal  of  a  point  in  a  cluster  defined. 

If  we  change  any  factor  of  an  Eulerian  of  the  second  order 

1         .   ,  1 
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the  equation- system  by  the  denumeration^  of  which  the  coeflficient  of 
t^t'*^  may  be  calculated  undergoes  a  change  in  its  constant  terms  as 
well  as  in  its  coefficients ;  but  it  is  only  the  change  in  the  latter 
which  can  influence  the  character  of  the  system  as  to  being  definite 
or  indefinite,  and  consequently  the  chai'acter  of  the  coefficients  of  the 
developed  Eulerian  as  to  being  finite  or  infinite. 

Hence,  it  is  easy  to  show  geometrically  that  2r  out  of  the  2*" 
cognate  forms  to  an  Eulerian  fraction  of  the  2nd  order  will  give  rise 
to  series  with  finite  coefficients. 

For  if  there  be  r  variables  the  total  number  of  cognate  forms  will 
correspond  to  the  2'' 


clusters  consisting  of  A^  or  a,   (its  reverse),  combined  with  -4,  or  a, 
its  reverse,  with  A^  or  a,  its  reverse,  and  so  on. 

Now  of  all  these  clusters  the  only  ones  which  do  not  enclose  the 
origin  are  the  pairs 

A^A^A^ ilrl 

a^Ar A^A^  J 

A^A^ Ar(h  1 

«i«l-^lr Ai    j  ' 

and  so  on,  there  being  as  many  pairs  of  clusters  outside  the  origin  as 
there  are  points  il„  A^,  ...  A^. 

In  like  manner  an  Eulerian  fraction  of  the  3rd  order  and  with  r 
factors  in  its  denominator  will  admit  of  as  many  cognate  pairs  of 
forms  generating  series  with  finite  coefficients  as  there  are  combina- 
tions of  r  elements,  2  and  2  together,  i.e.,  -^-- —  pairs,  and  so  on, 
for  any  order  whatever. 

VOL.  XXVIII. — NO.  578.  E 
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Hence  it  would  not  be  possible  without  foi-ther  specification  to 
extend  the  definition  of  connumei*ants  (if  it  were  wished  to  do  so) 
from  simple  equations  to  equation-systems. 

Happily  the  necessity  for  the  consideration  of  such  does  not  arise, 
as  it  will  be  shown  that  denumerants  of  all  orders  may  be  expressed 
in  terms  of  simple  connumerants. 

By  the  connumerant  to 

I  shall  understand  the  expression 

A'; 

— a,  — 6,  —  c,  f/,  e,  ...  ; 

This  connumerant  will  be  the  same  save  as  to  sign  (which  is  or  is 
not  to  be  changed,  according  as  the  number  of  negative  coefficients 
—a,  —6,  —  c  is  odd  or  even)  as  the  denumerant  of 

tt(;i-Hl)  +  6(y  +  l)-|-c(2-l-l)-|-fl[/  +  fM,  &c.  =  A'. 


THIRD   LP]CTURE.* 

Reduction. 
Reduction  explained. 

Reduction  in  partitions  analogous  to  elimination  in  equations. 

A  prime  g^oup  defined.     Examples. 

Syzygy  of  variables  ;  predicable  also  (elliptically)  of  groups. 

In  a  plane  cluster,  syzygy  is  evinced  by  two  or  more  points  being 
in  a  line  with  the  origin. 

In  a  solid  cluster,  by  three  or  more  points  being  in  the  same  plane 
with  the  ongin. 

Analytical  condition  of  two  groups  in  a  binary  system  being  in 
syzygy  is  that  the  determinant  formed  by  their  coefficients  vanishes. 

Analytical  condition  of  three  variables  in  a  ternary  system  being  in 

syzygy  is  same  as  above  ;  and  so  in  general. 

If  ab'-^ah  =  0, 

g  __  g 

and,  if  g,  6  is  a  prime  group,  and  also  a\  h\  either 

g  =  g  g  =  —  a 

or 
6  =  6'  6  =  -6'. 

*  Delivered  at  King*b  College,  London,  on  June  16th,  1859. 
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On  the  latter  supposition,  the  system  wonld  be  indefinite  (for  the 
origin  would  either  lie  on  the  contour  of  the  cluster  or  within  it). 

Hence  two  non-identical  prime  groups  cannot  be  in  Bjzygy. 

The  same  will  be  true  of  three  non-identical  prime  groups  in  a 
ternary  system. 

If ,  in  a  definite  binary  system,  each  of  a  certain  set  of  groups  is  a 
prime  group,  and  no  two  of  the  groups  the  same,  the  system  will  be 
asyzygetic  so  far  as  this  set  of  groups  or  their  variables  is  concerned. 

Importance  of  the  case  of  equal,  i.e.,  identical,  coefficients  or  co- 
efficient groups. 

The  symmetric  functions  of  the  roots  of  indeterminate  equations 
may  be  expressed  as  denumerants  to  equations  or  equation-systems 
with  equal  coefficients  or  coefficient  groups. 

Scheme  :  its  definition  as  collective  name  for  cluster  and  primary. 

Scheme :  linear,  plane,  or  solid. 

Centre  :  Axis :  Balancing  plane  of  scheme :  denumerant  of  a  linear 
scheme  in  respect  to  a  given  centre ;  of  a  plane  scheme  in  respect  to 
a  given  centre  or  axis  ;  of  a  solid  scheme  in  respect  to  a  centre,  axis, 
or  plane. 

Connumerant  of  a  linear  scheme  in  respect  to  a  given  centre  ;  of  a 


X. 


Fio.  1. 


u  , 


K 


X. 


u  . 


t\ 


n 


P' 
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plane  scheme  in  respect  to  a  given  axis* ;  of  a  solid  scheme  in  respect 
to  a  given  plane. 

Notice  the  algebraical  sign  of  the  connumerantj  which  is  positive  or 
negative,  according  as  an  even  number  (including  zero  as  one)  or  an 
odd  number  to  transpositions  of  cluster-points  is  transposed. 

Definitions  of  rays  and  planes  of  cluster  recalled  and  applied  to 
schemes. 

The  term  beam  substituted  for  ray  of  the  primary. 

The  theory  of  the  reduction  of  binary  systems  of  equations  may  be 
fifeometrically  stated. 

Network.     In  line,  plane,  or  solid. 

Nodes  and  nodal  lines. 

Prime  point  or  prime  ray  in  network  corresponds  to  prime  groups 
of  coefficients. 

Prime  couples  or  prime  planes  in  network  correspond  to  prime 
double-groups  of  coefficients,  meaning  a  pair  of  groups  whose  minor 
determinants  form  a  prime  group. 

Anticipatory  statement,  viz. — 

The  denumerant  of  a  plaiie  sclieme  in  respect  to  a  given  centre  is  the 
sum  of  its  connumerants  with  respect  to  each  in  succession  of  the  rays 
which  lie  on  either  side  (chosen  at  will)  of  the  beam,  provided  that  all  the 
rays  on  the  side  so  clwsen  are  prime  rays,  and  the  points  to  which  they 
are  drawn  are  no  two  of  them  coincident.  If  these  conditions  are  satisfied 
on  both  sides  of  the  beam,  each  of  the  segments  of  the  ray-cluster  into 
lohich  it  is  divided  by  tJie  beam  will  give  a  distinct  solution^  and  the  two 
sums  of  connumerants  appertaining  respectively  to  the  rays  in  either 
cluster  u)ill  be  equal  to  one  another. 

Observe  that,  if  the  system  be  neuter,  all  the  rays  will  be  on  one 
side  of  the  beam,  and  there  will  be  but  one  solution. 

The  denumerant  of  a  solid  scheme  in  respect  to  a  given  centre 
(corresponding  to  a  ternary  system  of  equations),  which  satisfies 
analogous  conditions  to  the  preceding,  will  be  shown  later  on  in  the 
course  to  be  expressible  in  very  similar  terms  (cluster-planes  being 
substituted  for  cluster- rays),  with  this  remarkable  difference,  how- 
ever, that,  in  lieu  of  a  single  dichotomous  division  of  the  planes,  there 


♦  K  the  motion  of  P  should  carry  it  to  P*  on  the  opposite  side  of  the  axis,  the 
transformed  centre  and  primary  will  be  brought  to  lie  on  one  side  of  the  axis,  and 
consequently  the  cluster  must  have  contrary  sig^  to  the  primary,  in  order  to 
balance  about  the  axis ;  and,  as  there  will  thus  he  no  omni-positive  solution,  the 
oonnumerant  in  that  case  will  become  zero.  If  P  is  sufficiently  remote,  this  cannot 
take  place. 
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will  be  a  cjonsiderable  number  of  such,  each  of  which  will  or  may  fumish 
a  distinct  pair  of  solutions. 

The  formation  of  these  dichotomies  involves  the  consideration  of 
the  doctrine  of  normal  orders,  or  orders  of  perspective  sequence — a 
branch  of  the  doctrine  Of  free  geometry  to  which  allusion  was  made 
in  the  opening  address. 

The  problem  of  partitions  stated  as  a  problem  in  plane  or  solid 
network. 

A  system  of  equations  in  x,y,z, ...  nmay  be  denoted  by  8{x,y,z, ...  t*), 
or,  when  more  convenient,  by  8  alone,  with  implied  reference  to 
x,y,z,  ...  u. 

Resultants  of  systems.  B^  ^»  where  8  is  binary,  defined,  i?,,,  8, 
where  8  is  ternary,  defined. 

B,.  8  ia  the  equation  which  expresses  that  the  coefficient  cluster 
and  primary  of  8  balance  about  the  axis  Ox.  This  will  remain  good 
for  a  ternary  system,  so  that  B^ .  8  will  then  denote  a  specific  binary 
system,  that  which  corresponds  to  projection  of  cluster  and  primary 
on  a  plane  through  the  origin  perpendicular  to  0,.  i?,,,  8  will  denote 
that  the  centre  of  gravity  of  the  cluster  and  primary  of  8  is  in  the 
plane  xy. 

Interpretation  of  CLB^S  when  8  is  binary.  Interpretation  of  the 
same  when  8  is  ternary. 

QB,,8  in  the  latter  case  is  perfectly  definite  just  as  much  as  in  the 
former,  although  the  modes  of  expressing  Bg8  are  infinitely  varied. 

If  S'  is  what  8  becomes  when  we  write  in  S,  fx  +  g,  or  more  gener- 

^x 
ally  fx,  in  place  of  x  we  may  denote  S'  symbolically  by    =  8. 

X 


Note  that    B.S  =  B.{=8) 


(tf.^.lf...  5)  explained. 
\  X     y     z  I 


<bX      (ffV 

Order  of  operative  symbols    =,   =^,  &c.  is  indifferent.      The  de- 

numerant  of  any  principal  derivative  Bg.8,  if  homogeneous,  will 
famish  a  superior  limit  to  the  denumerant  of  8  ;  for  all  the  solutions 
of  F  must  be  solutions  of  Bjc.8. 

Hence,  to   the   denumerant   of   a  definite  binary  system  we  can 
always,  by  simple  denumeration,  obtain  two  superior  limits ;  to  the 
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denumerant  of  a  ternary  system,  some  nnmber  of  superior  limits, 
between  3  and  n  inclusive,  such  number  depending  upon  the  morpho- 
logical character  of  the  system  (as  will  hereafter  be  explained). 

Examples  of  superior  limits  to  binary  denumerants. 

Examples  of  superior  limits  to  ternary  denumerants  : — 

1.  By  means  of  principal  simple  derivatives. 

2.  By  means  of  principal  derivative  binary  systems. 
Hereafter  we  shall  find  that  when  the  coefficient  groups  are  all 

prime  groups,  and  none  of  them  alike,  these  two  limits  are  the  re- 
spective first  terms  of  two  distinct  finite  series  of  connumerants, 
each  of  which  expresses  the  value  of  the  denumerant  of  the  given 
binary  systems. 

Lemma, — If  the  x  group  in  any  system  is  a  prime  group,  any  omni- 
positive  integer  solution  of   B^.S  is   in  general   an   omni-positive 

— flj 
integer  solution  either  of  S  or  of  =^^  S. 

X 

Proof  in  case  of  binary  system. 

Proof  in  case  of  ternary  or  ultra-ternary  system. 

How  an  exception  arises  when  the  solution  of  Bg,8j  substituted  in 
Sj  makes  x  =  0. 

Were  it  not  for  this  exception,  the  equation  following  would  always 
subsist  for  any  variable  x  corresponding  to  a  prime  group,  viz., 


as+a  (-^.s\=:aBS. 


The  number  of  omni-positive  solutions  of  system  8{x,yjZj  ...  v), 
subject  to  the  condition  a;  >  A;,  is  the  denumerant  of 

S  {{x-\-k),y,z,  ...  v]. 

Thus,  if  aj  >  0,  for  x  we  must  substitute  l-\-x.  Hence  the  true 
equation  which  connects  the  denumerants  referred  to  without  excep- 
tion is 

as+a  ^^^--^  (S)  =^  aB,.s ; 

X 

or,  if  we  please,  =  QB^  — S. 

X 

In  future  I  shall  denote     —x—1   by  Xj 

— y-1   by   y, 
and  so  on. 
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We  may  therefore  write 

X  \  X  / 

Now  let  the  y  group  he  also  a  prime  group  ;  we  shall  have 

DL8  =  8aB,(lls)-a{^l8); 
r  \  X    y      /  \  X    y      / 

therefore      GS  =  (TE.=  S-aB,  (=  1  s]  H-CT  f  =  1  5)  ; 

X  \  X     y      /  \  X    y      / 

and  so,  if  the  z  group  he  a  prime  group, 

as  =  aB,^  s-aBJ=^  8)+a  (b,^^  —  s) 

X  \  X    y      /  \       X    y    z       I 


-qlLi.L8), 

\  X     y     z       I 


and  so  on  to  any  extent. 


Extensions  of  this  Equation  to  Systems  of  Equations  of  a  Higher  Order 

than  the  first  iiidicated. 

This  I  call  the  process  of  eduction.  The  question  ahove  indicated 
is  always  true^  amounting  in  fact  to  the  assertion  of  identity  as  regards 
the  solutions  themselves  (not  merely  their  number)  of  the  systems  on 
one  side  of  the  equation  and  those  on  the  other.  But,  although  true, 
it  will  be  nugatory  if  any  of  the  systems  become  indefinite,  for  then 
in  general  their  denumerants  ^vill  be  infinite  in  magnitude. 

The  above  equation  applies  to  systems  of  aay  order.  Its  applica- 
tion will  be  first  studied  in  respect  to  binary  systems. 

By  continuing  the  process  of  eduction  through  a  sufficient  number 

(X    y  2    t  \ 

=  =  ...===  I  iS    will 
X    y  z    V  f 

become  at  length  incongruous.     Its  denumerant  will  then  vanish. 

When  this  is  the  case,  a  fortiori^  the  denumerant  of  the  system 

X    y         2       . 

=  ==,..=    will  vanish.      And  thus  the  seiies  is  brought  to  a  close* 

X    y         z 

and  the  denumerant  of  S  expressed  entirely  in  terms  of  simple  de- 
numerants. 
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FOURTH   LECTURE.* 
Thbory  op  Eduction  (continued). 
Process  of  eduction  exemplified.     Suppose  the  system  S  (aj,  y,  z,  t)  ; 


then 


as  =  aB,s-a  =  B,8+a  1= .  =  E,fif-rr  L.L.  =  Bt8 

X  y     X  z     y     X 


\  t      z     y     X  ' 


but,  if  iS*  is  definite  positive,  — . — .^.  —  S    is   definite  negative. 

t      z     y     X 

Hence  its  denumerant  is  zero,  and 

as  =  aB.s-a  =  B,s-\-a  ^  =  B^s-a  =  t=  b,s. 

X  y  X  ^   y  ^ 

The  same  equation  will  subsist  if  S  be  definite  neuter,  but  not  if  S 
be  definite  negative  or  indefinite. 

It  is  not  necessary  in  general  that  all  the  coeflScient  groups  should  be 
prime  groups,  or  all  of  them  distinct  from  one  another.  Grreat  im- 
portance of  this  observation. 

Depression  of  order  of  denumerants  by  one  degree. 

Depression  by  several  degrees :  —  (1)  By  successive  eductions. 
(2)  By  one  compound  eduction. 

Observe  that  successive  eduction  can  only  finally  conduct  to  equa- 
tions which  are  simple  resultants  of  the  original  system,  being 
resultants  of  its  resultants. 

Allusion  to  fundamental  theorem  for  depression  by  two  degrees,  viz. — 

aB,  ,.s  =  as-h  a.  =  8-ha.^  s+a.  =.^s. 

X  y  X      y 

This  equation  is  subject  to  the  condition  that  the  minor  determin- 
ants of  the  matrix  formed  by  the  x  and  y  coefficient  groups  conjoined 
shall  form  a  prime  group. 

Observe  the  singular  symbolical  equations — 

Jig     —     ~~"     ,  tCg    y    ^—     XCg    .    XVy     ^—     X      . 

x  X        y 

Notice  that  the  lemma  at  p.  64  is  true  for  systems  of  any 
order. 

*  Delivered  at  King's  College,  London,  on  June  20th,  1859. 
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Problem  of  normal  sequences  stated.  Its  geometrical  solution  by 
means  of  the  perapective  to  the  cluster,  (if  a  plane  cluster)  upon  a 
line,  (if  a  solid  cluster)  upon  a  plane,  or  (if  a  hypersolid  cluster) 
upon  a  space. 

Binary  Systems. 
Geometrical  representation  of  the  successive  systems 

X  y    X 

in  which  8  is  supposed  to  be  definite  and  positive.     (See  fignre.) 


P^ 


■/S- 


>P' 


..-         '' 


Reversal  of  successive  points  in  cluster,  accompanied  with  parallel 
motion  of  primary. 

The  systems   —  .  S,    ^  —  ,  8,  <fcc.    may  be  regarded  as  successive 

X  y   X 

deformations  of  8^  and  then  we  may  say  the  system,  as  it  undergoes 

deformation,  tends  more  and  more  to  lose  its  positive  character,  until 

at  length  it  becomes  neutral^  and  immediately  after  changes  into  and 

continues  negative. 

The  deformation  may  be  commenced  from  either  side.  There  are 
thus  two  courses  of  deformation. 

If  the  primary  were  stationary,  the  deformed  system  in  either 
course  would  become  neuter  after  as  many  deformations  as  there  are 
rays  in  8  outside  the  beam,  on  that  side  of  it  from  which  the  de- 
formation proceeds. 

The  effect  of  the  motion  of  the  primary  is  to  accelerate  the  tendency 
of  the  deformed  system  to  become  neuter. 

If  the  primary  be  moved  along  the  beam  to  a  sufficient  distance 
from  the  origin,  the  effect  of  such  tendency  will  become  at  length  in- 
sensible for  such  and  for  all  greater  distances. 
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The  number  of  deformations  in  either  course  which  may  take  place 
before  the  primary  ray  becomes  denuded  gives  the  number  of  terms 
in  the  development  (by  the  eduction  process)  corresponding  to  that 
course. 

When  the  primary  is  sufficiently  remote,  the  sum  of  these  numbers 
corresponding  to  the  two  courses  of  deformation  will  be  the  number 
of  rays,  i.e.,  the  number  of  vanables  in  the  system. 

On  account  of  the  motion  of  the  primary,  the  united  sum  may  be 
less  than  this  number ;  it  cannot  be  greater. 

Oorollary, — If  all  the  groups  are  prime  gi^oups,  the  denumerant  of  a 
binary  system  may  be  expressed  by  a  number  of  simple  denumerants, 
not  greater  than  half  the  number  of  variables  in  the  system. 

The  question  of  partitions,  given  in  number  and  species,  is  expressed 
by  a  binary  system  satisfying  these  conditions. 

Example. — To  find  the  number  of  ways  in  which  n  can  be  made  up 
of  r  values  each  limited  to  be  either  1,  2,  3,  or  4.  This  requires  the 
denumeration  of  the  system 

x  +  2y-\'Sz+4t  =  n, 
x+  2/+   ^+   t  =^  r. 
The  skew-matrix  of  elimination  becomes 


,r 


y 


z 


t 


0 

1 

2 

3 

n—  r 

-1 

0 

1 

2 

n-2r 

-2 

-1 

0 

1 

n-3r 

-3 

-2 

-1 

0 

n— 4r. 

If  n  <  r,  the  system  is  neuter,  and  the  number  required  is  0. 

If  n  >  2r  but    <  2r,   the   number  required  is   the   connumerant 

^    ^    '    which  is  the  same  in  value  as  the  sum  of  the  three  com- 
1,2,3; 

plementary  connumerants. 

If  n  >  2r  <  3r,  the  number  required  is  the  sum  of  the  connumerants 

n—ri     ,      n—^ri  ..  ,  4r— »;   ,      3r— »; 

I72^-  +  =IX2]'    o'-' ^* -«  Pl«*««'      17273 +  Ziri3- 

If  n  >  3r  but  <  4^^  the  number  required  is        -—  ',  which  is  the 

1,  2,  o ; 

«ame  in  value  as  the  sum  of  the  three  complementary  denumerants. 

If  n  >  4,  the  system  is  ag^ain  neuter,  and  its  denumerant  is  zero. 
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By  aid  of  the  above  expressions  we  may  give  the  general  analytical 
representation  of  the  number  of  partitions  of  the  kind  proposed. 

These  expressions,  it  will  be  observed,  are  discontinnoas,  the  par- 
ticular one  to  be  employed  depending  on  the  comparative  values  of  n 
And  r.  It  may  be  shown,  however,  that  they,  as  it  were,  melt  or 
modulate  into  one  another,  so  not  only  at  the  mere  limiting  values  of 
n,  which  separate  the  several  formula,  but  also  for  a  short  distance 
beyond  these  limits,  either  of  the  conterminous  expressions  may  be 
used  indifferently. 

The  proof  of  this  depends  upon  the  proposition  that  the  coefficient 
•of  r  in  the  ascending  expansion  of 


(l-0(l-0(l-0-(l-<*) 

treated  as  a  function  of  n  remains  fixed  at  zero,  when  n  is  made  to  be- 
come any  negative  number  whose  absolute  value  is  inferior  to 

The  truth  of  this  proposition  follows  immediately  from  a  theorem 
of  Mr.  Cay  ley  relating  to  the  development  of  any  rational  fraction 

—  in  its  two  forms.     If  6  (n)  is  the  fractional  value  of  the  coefficient 
i^t 

of  ^  in  the  positive,  and  ir  (n)  the  fractional  value  of  the  coefficient 
of  t^  in  the  negative,  expansion  of  —  ,  d  (n)dbT  (n)  =  0,  the  sign  -f 

or  —  being  employed  according  as  the  degree  of  the  rational  function 
ipt  is  an  odd  or  an  even  number. 

If  the  coefficient  groups  be  arranged  in  natural  order,  the  trans- 
formed systems  will  throughout  remain  definite. 

The  natural  order  for  binary  systems  is  indicated  by  the  order  in 
either  direction  in  which  the  rays  of  the  cluster  succeed  each  other. 

If  the  coefficients  are  all  positive,  this  order  will  correspond  with 
the  order  in  which  the  variables  must  succeed  each  other,  so  that  the 
ratios  in  each  group  of  the  coefficient  oat  of  one  given  equation  with 
the  corresponding  coefficient  out  of  the  other  may  continually  increase 
or  decrease. 

But,  if  the  coefficients  are  positive  and  negative  intermingled,  the 
rule  is  that  the  determinants  formed  by  the  combination  of  any  group 
with  each  in  succession  of  those  which  follow  must  all  bear  the  same 
sign  ;  or,  as  we  may  express  it,  the  algebraical  sign  arising  from  the 


% 
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contact  of  the  gronps,  with  due  regard  to  antecedence,  must  be  always 
the  same. 

If  the  system  were  indefinite,  such  a  uniformity  of  signs  could  not 
be  established  by  any  arrangement  of  the  groups  whatever. 

Exwrrvple  (1)  : — 


aj-ht/+aj  =  50    ^ 

>  • 

aj-i-2y-|-32?  =  120^ 

In  this 

system 

all  the  gn 

First  solution, — 

X 

y 

z 

0 

1 

2 

70 

-1 

0 

1 

20 

-2 

-1 

0 

30. 

Observe  that  the  coeflScients  form  a  skew-matrix. 
B,,^.S  is  y  +  2z=:70 

X 

B,.^.^.S  is  {x-Jfl)-^z  =  20,     or    a;  +  x;  =  19. 


y     X 

E..i-.i-.^.5f  is  2(a5+l)  +  (t/  +  l) 
z     y     X 

70; 
The  desired  denumerant  will  be       ^\ 


-30,     or     2x+y 
19: 


=  -  33.. 


1,1 


which  is 


36-20  =  16. 


Second  solution, — 


z 

y 

X 

0 

1 

2 

-1 

0 

1 

-2 

-1 

0 

30 
-20 
-70. 


E,.  -,S  is  i/+2aj  =  30. 


2r4-«  =  — 21. 


The 


E^,±,L,s  is 
'    y     z 

B,,L,1.,L,8  is  2z  +  y  =  -73. 
X     y     z 

desired  denumerant  will  therefore  be  ,     *  =  16,  as  before. 

1,  2; 
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Observe,  that  G8  is  the  sum  of  th*e  connumerants  of  RgS,  By  8, 
BfSj  when  these  equations  are  written  in  the  form  in  which  they 
appear  when  the  process  of  successive  elimination  is  conducted  by  a 
uniform  course  of  operations.  This  may  be  done  in  two  ways,  so  as 
to  give  rise  to  two  sets  of  equations  differing  from  each  other  only  in 
the  signs.  Observe,  that  the  connumerant  of  Jr  =  db  c  is  not  the 
same  as  of  —  Jr  =  =F  c ;  of  that  one  of  these  equations,  in  which  the 
constant  term  is  negative,  the  connumerant  being  zero,  but  of 
the  other  the  connumerant  being  generally  different  from  zero. 

Corollary. — The  coefficient  of  t*^.T^  in 

1 

is  the  sum  of  the  coefficients  of 

1 


of 


and  of 

subject  to  the  interpretation  that  the  preceding  fractions  are  to  be 
expanded  all  in  terms  of  ascending,  or  all  in  terms  of  descending, 
powers  of  p,  provided  that  the  system 


p*''"*"* 

in 

(l^p-^-*-)(l^pT-<'-)' 

^b^^Bm 

in 

1 

(l^p*-'"»)(l^p^-''»)' 

pf^->«« 

in 

1 

/I             .0«      «v\    /    1     .       -C«-fr»\   ' 

aX'\-hy-\-cz-\-dt  =  ml 

=  A*  J 


is  a  definite  non-negative  system. 

Allusion  to  Mr.  Cay  ley's  proof  of  the  proposition  in  this  form. 
The  proposition  is,  of  course,  general,  that  the  denumerant  of  a 
definit'O  binary  system  with  r  variables,  in  which  the  groups  are  all 
pi-ime  groups,  admits  of  a  double  mode  of  representation  as  the  sum 
of  the  connumerants  of  its  principal  derivatives.  In  the  one  mode 
of  representation,  only  a  certain  number,  at  utmost^  of  these  con- 
numerants, say  jp,  can  differ  from  zero ;  in  the  other  mode,  only  a 
certain  number,  at  utmost,  say  q,  can  differ  from  zero;  and,  as  we  shall 
liave  p-^qz=zr,  these  two  modes  of  representation  may  be  termed 
complementary  to  each  other. 

The  denumerant  of  the  system 

ax  +  hy-{'CZ'\' ...  +(i<  =  m^j 
oj-h  y+  Z+...+   t  =  fA  ) 
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may  therefore  be  represented  in  two  modes  as  the  sum  of  simple  de- 
nomerants. 

This  is  the  system  the  denumeration  of  which  constitntes  the 
problem  of  the  resolution  of  integers  into  parts  given  in  number  and 
species.     See  Euler's  Second  Memoir  on  Partitions. 

The  theorem  of  eduction  may  be  put  under  the  following  form : — 

as  =  an, ^  s-gb, ^  ^  s-^aB^^  ^  ^s^  &c., 

X  y    z  z    y    X 

provided  that  5  is  a  definite  system  in  which  the  groups  of  coefficients 
appertaining  to  the  several  variables,  or  at  least  to  so  many  of  them 
as  are  included  between  x  and  the  last  of  them  which  appears  as  a 
suffix  in  a  non-zero  term  of  the  above  expression,  are  all  distinct  prime 
groups. 

27id  Example, — 

x+  2/+  5?  =  10| 

a-|-*2y  +  3«  =  40/ 


X 


X 


0 

1 

2 

30 

-10 

2 

1 

0 

-1 

0 

1 

20 

-20 

1 

0 

-1 

-2 

-1 

0 

10 

-30 

0 

-1 

-2 

The  solution  corresponding  to  the  right-hand  matrix  is  evidently  0 
the  system  in  fact  being  neuter.      The  left-hand  matrix  gives  the 
solution — 


30;  ^      20; 


1    2- 


10; 


-1,1;       -2,-1; 

7; 


^30;   _  1?;_       

1,2;       1,1;"^2,1; 

=  16-20  +  4  =  0,   as  before. 

Illustrate  effect  of  taking  the  variables  in  abnormal  order. 

Srd  Exam>pU. —  2aj+6y4-2z—  ^  =  m, 

«+  y  —  2z—2t  =  m, 

the  system  will  also  be  neuter,  and  we  shall  have 

m;      ^        2m;       ^  imi;  ,  m ; 


or 


6,  9,  3;  '   -3,  6,  3;  '    -9,  -12,  3 ;  "^  -3,  -6,  -:J; 
m;  ^m— ij;   ,    *m— Zl         m— 12 


=  0, 


2m-3;       4mi-2l 

3,6,9;       3,  3,  6;      3,  9,  12;       3,3,6; 


=  0. 
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Allusion  to  importance  and  fertility  of  theory  of  nenter  systems. 
Example  of  a  denumeration  of  a  binary  system  containing  unprime 
groups:—  a;^   yH-45  +  3e  =  m, 

3a?  +  2y4-62f4-3^  =  w, 

—  being  supposed  to  be  intermediate  between  ^  and  |.     The  de- 
n 

numerant  will  be  3m — n ;  2m  —  n ; 


1,6,6;      -1;2;3; 

CaBSura  (definition  of,  and  how  determined),  accidental  and  uni- 
versal, distinguished.  

FIFTH  LECTURE.* 

Eduction  and  Reduction. 

The  caesura  for  equation-systems  generally  falls  after  that  co- 
efficient group  subsequent  to  the  introduction  of  which,  in  the 
eduction  process,  the  depressed  systems  whose  denamerants  are  to 
be  taken  miist  cease  to  be  positive,  so  that  they  may  be  neglected. 
It  is  determined  for  binary  systems  by  the  relation  of  the  ratios  of 
the  terms  in  the  coefficient  groups  to  that  of  the  terms  in  the  con- 
stant group;  the  determinant  formed  by  the  apposition  of  the 
constant  group  with  any  group  on  one  side  of  the  caesura  being 
positive,  on  the  other  side  negative. 

The  point  after  which  the  terms  in  an  eduction  process  can  be 
.neglected  may  (if  the  constant  terms  are  sufficiently  small)  be 
attained  before  the  caesui^a  is  reached.  Such  a  poiijt  may  be  termed 
a  turning-point,  or  pause.  There  may  thus  (in  the  case  of  binary 
systems)  be  two  turning-points  or  pauses  on  each  side  of  the  caesura 
corresponding  to  the  two  courses  of  eduction,  but  either  or  both  of 
them  may,  and  in  general  will,  coincide  with  the  caesura. 

For  greater  simplicity,  we  may  suppose  the  constant  terms  given 
in  ratio  only,  and  not  in  magnitude,  so  as  to  obviate  the  necessity  of 
paying  any  attention  to  the  accidental  pauses  as  distinguishable  from 
the  caesura.  The  cases  where  they  are  so  distinguishable  are  always 
exceedingly  limited  in  number.  Their  existence  arises  solely  &om 
the  fact  of  the  introduction  of  —aj— 1,  — y— 1,  &c.,  and  not  —  ar, 
—  y,  &c.,  in  lieu  of  x,  y,  in  applying  the  method  of  eduction. 

A  per-reducible  binary  system  is  one  in  which  all  the  coefficient 
groups  are  prime  groups  distinct  from  each  other. 

*  Deliyered  at  King's  College,  London,  June,  1869. 
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Being  prime  and  distinct,  none  of  them  can  be  in  sjzjgj.  Such  a 
system  admits  of  a  double  process  of  eduction,  giving  rise  in  general 
to  two  distinct  forms  of  solution.  But  it  may  happen,  in  some  very 
special  cases,  that  these  two  solutions  are  identical  in  form  as  well 
as  in  value. 


Example, — The  system 


.v+Sy  +  7z-{-9t=: 


+  6t  =  Si} 


gives  rise  to  the  bordered  matrix 


0 
1 
3 
4 


1 
0 
2 


-4     -3 


3 

4 

2 

3 

0 

1 

-1 

0 

2i 

I 
—  I 
-2i 


—  Zl     — t,  I 

Here  each  solution  is  the  same,  viz., 

2i; 


2i 


2.; 


+ 


*; 


1,3,4;'    -1,273?"^^^^^^ 
t-1; 


1,3,4;      1,2,3. 

But,  if  the  constant  terms  in  the  above  system  were  lit  and  7i 
respectively,  the  bordered  matrix  would  be 


0 

1 

3 

4 

-1 

0 

2 

3 

-3 

-2 

0 

1 

-4 

-3 

-1 

0 

hi 

8t 


—  4i;    —I 


hi     Si 


giving  rise  to  the  two  equal  sums  of  connumerants. 


4t ; 


-  +  - 


*; 


1,3,4;       -1,2,3; 


—  —     and 


Si; 


hi; 


1,3,4;      -1,  2,3;" 


In  this  example  the  matrix  happens  to  be  persynimetrical,  which  is 
the  reason  of  the  denumeratives  being  the  same  in  each  solution. 


Prof.  J.  J.  Sylvester  o?i  the  Partitiona  of  Hfumbers.  05 


This  is  avoided  in  the  example  below  of  the  system 


+  3y 
for  which  the  boi*dered  matrix  is 


a;  +  2y+  z+  t  =  7i    | 
aj+3t/  +  2x?-f4^  =  12ii  ' 


0 

1 

1 

3 

bi 

-1 

0 

1 

5 

Si 

-1 

-1 

0 

2 

-2t 

-3 

-5 

-2 

0 

-I6i 

-?t    -3i       2t     16* 
giving  rise  to  the  two  equivalent  solutions 


6t 


^  + 


3t; 


meaning 


1,1,3;       -1,1,5; 


5i ; 


3t-l; 
1,1,3;      1,1,5; 


and 


and 


leC; 


2i; 


2,5,3;   '.-2,1,1;' 
16/;  2i-2; 


2,  3,  5  ;       1,  I,  2  ;  • 


A  simply-reducible  system  is  one  for  which  the  coefficient  groups 
are  prime  and  distinct  on  one  side  of  the  cassura  only. 


Example. — 


a:-|-2y  =  4nn  \ 
iC  +  4y  =  5m  J 


The  eduction  from  the  x  side  gives  rise  to  the  equation  of  2y  =  m, 

of  which  the  denumerant  is   — -* .     This  is  the  true  solution,  whereas 

2; 

the  eduction  from  the  y  side  gives  rise  to  the  denumerant  of  2a;  =  6711, 

I.e.,  1,  which  is  a  false  solution,  owing  to  the  group  (2,  4)  being  a 

non-prime  group. 

If  in  a  binary  system  the  groups,  which  are  either  non-prime  or 

repeated,    or  non-pnme    and    i*epeated,    represent   ratios   (between 

quantities  given  in  algebraical  sign)  which  are  all  less  or  all  grater 

than  the  corresponding  ratio  of  the  constant  terms,  the  system  is 

still  depressible  by  eduction  commenced  from  that  side  of  the  system 

on  which  the  groups  of  the  kind  mentioned  do  not  fall. 

Corollary. — A  single  non-prime  group,  or  a  single  sequence  of  any 
number  of  identical  groups,  can  in  no  case  hinder  a  binary  system 
from  being  soluble  by  eduction. 
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The  above  remark  is  true  also  a  fortiori  for  ultra-binary  systems. 
It  should  be  noticed  that      >  is  a  non-prime  group  unless  a  =±  1. 
[For  non-prime  we  may  in  future  use  the  term  composite.] 
Examiple. —  3aj-|-2y-|-«-|-   ^  =  t 


:;]• 


Here  the  coefficient  groups  of  x  and  y  are  both  of  them  composite ; 
but,  the  caesura  falling  between  y  and  z^  the  denumerant  required 
will  be  the  sum  of  the  connumerants  of  the  two  resultants  in  respect 
to  t  and  z,  t.e., 


2^'; 


+ 


t; 


meaning 


1,6,9;       -1,4,6;' 


2i; 


t-1 ; 

1,6,9;      1,4,6; 


If  a  system  is  afEected  with  composite  or  repeated  groups  on  each 
side  of  the  C8esui*a,  its  denumeration  may  be  made  to  depend  on 
systems  where  such  groups  exist  on  only  one  side  of  their  respective 
.caesuras.* 

Example, — 


10j;  +  2y-|-32=    5t 
15a;  +  4y  +  92 


=  1H  J 


,  which  call  8, 


If  we  form  a  ternary  system  as  follows : — 

10a;-h2y-h3r       =    .5i    \ 
15jt-h4y  +  92       =  111 
px-^-qy-^-rz  —  t  =  —  nij 


' ,  which  call  S^, 


where  p,  g,  r,  m  are  any  positive  integera  whatever,  it  is  apparent 
that  the  omni -positive  solutions  of  8'  may  be  found  from  the  omni- 


*  In  certain  epecial  cases  the  composite  groups  may  be  reduced  in  number  by 
.aubstituting  a  connective  of  the  equations  in  lieu  of  one  of  them,  as  in  the  example 

10^-7r-8y  =  5» 


r-8y  =  5» ") 


9r  +  zy 

which  is  apparently  irreducible,  but  which,  put  under  the  equivalent  form 

10^-75-  8y  -    6»^ 

15^-6«-lly  =  Hi  J  ' 
becomes  sunply-reduciblc. 
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positive  solutions  of  8^  and  to  each  of  the  latter  will  correspond  one, 
and  only  one,  of  the  foimer.  Hence  the  denumerant  of  iS  is  the 
same  as  the  denumerant  of  S\  and,  if  p,  g,  r  are  so  chosen  that 
10,  15,  p\  2,  4,  qr ;  3,  9,  r  are  all  prime  groups,  G^S\  and  therefore 
G8^  may  be  made  to  depend  on  the  denumerants  pf  a  certain  set  of 
new  binary  systems  obtained  by  the  eduction  of  S'.  Thus  let  2?  =  1, 
g  =  1,  r  =  1,  m  =  0,  so  that  the  auxiliary  equation  becomes 

x-^-y-^-z—t  =  0. 

i?,  S'  may  be  represented  by 

10^-  8y-7z=    5/ 


15^_-lly_6 


R,8'hj 


BzS'bj 


Bt8'  by 


i:=  IbJ  ' 

=  sn 

-h   7x-  y=    5i| 
+   6x—by  =  111  J  ' 

-h3z  =    5M    ^  . 
Lbei 

+  9z  =  Hi  J 


2^+  8a;+  «=    5i 
4^+ 11a; +  52; 

3^  +   7aj  —  y  =    5i 
9^ 


10a;+   2i/  +  3z=    5i 
15a;+   4y  +  95J  = 


being  the  original  system  8. 


It  will  be  seen  therefore  that 


X 


y      3c 


z     y     X 


B,8';     =B,8';     ^.=l?,Sf';     and     =.^.=B,8' 
X  y     X  z      y     X 

respectively  represent  the  systems  following  :— * 

10^-  Sy-lz:=    bi\ 
15^-lly~6z  =  ll/r 


2^-h  z—  Sx—    5/+  8 
U-k-hz-Wx 


=    5/+  S\ 

=  iu+iir 

3^+  y— 7x=    5i-h6^ 
9^  +  52/-6aj=  lli  +  lj  ' 

lQx-2y-Zz=    5i-hl5^ 
15aj-%-9z=  lh-f28/' 


(1) 


(2) 


(3) 


(4) 
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All  these  four  systems  are  definite  :  in  the  first  of  them  the  natural 
order  of  the  groups  is 

no    -7    -  8y 

Vl6     -6     -11/' 


in  the  others  the  natural  order  is  that  in  which  they  are  written. 
The  first  two  only  will  be  definite-positive,  the  last  will  be  definite- 
negative,  and  the  last  but  one  neuter  if  t>0,  negative  if  »=0, 
and  the  denumerant  required  will  be  the  difference  between  the 
denumerants  of  the  two  systems 


I0p-7q-  8r=    5n 
ir,p-67-llr  =  llij  ' 


2jo+  q-  8r=    5^>  8 1 
+  57-llr=  lh  +  11  j  * 


4}p-\-!yq 

In  each  of  these  systems  there  is  one,  but  only  one,  of  the  onginal 
non-prime  groups,  and  no  new  ones  have  been  introduced. 

Cdnsequently  they  admit  of  being  depressed,  and  the  final  result 
will  be  an  aggregate  of  simple  denumerants. 

■   If  we  had  applied  to  iS'  a  different  course  of  eduction  as  follows  : — 

z  z     y  z    y    X 

it  may  easily  be  seen  that  all  these  systems  likewise  would  be 
definite,  and  only  the  first  of  them  definite-positive.  Hence  a  second 
solution  of  the  question  will  be  GR.S\   i  p., 

5/,  lU' ; 


8,9;  7,6;  -I,  -5;' 

which  is  of  a  depressible  form,  there  being  only  one  affected  group 
(3,  9),  and  may  be  educed  into  a  linear  function  of  simple 
denumerants. 

Dispersion  process  defined. 

Cases  which  resist  its  application. 

Theorem. — The  denumeration  of  any  equation  system  whatever 
may  be  made  to  depend  upon  the  denumeration  of  systems  that  shall 
contain  no  composite  groups,  and  at  most  only  one  set  of  repeated 
groups,  and  which  will  consequently  be  depressible. 
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Proof  of  this  theorem  in  case  of  binary  systems. 

Definition  of  meaning  of  kG,  and  oi  kGzk  IG\  where  G,  ff  repre-* 
sent  any  two  coefficient  groups  of  a  system,  and  k,  I  are  any  two 
integers.* 

Lemma  1. — A  system  5,  containing  the  coefficient  group  (7,  may 
be  made  to  depend  for  its  deuumeration  upon  systems  in  each  of 
which  the  coefficient  groups  are  the  same  as  in  8^  except  that  kG 
takes  the  place  of  G. 

Lemma  2. — A  system  S,  containing  the  groups  G  and  G\  may  be 
made  to  depend  upon  two  systems,  in  one  of  which  the  coefficient 
groups  are  the  same  as  in  G,  with  the  exception  that  H  replaces  (7, 
and  in  the  other  the  same  as  in  G,  with  the  exception  that  H  replaces 
G%  where  Hia  G-G' or  G'—G. 

Note  that,  if,  instead  of  the  coefficient  group  G  in  any  definite 
system,  first  any  other  group  H  and  then  —H  be  substituted,  one  at 
least  of  these  substitutions  must  leave  the  deformed  system  definite. 

Lemma  3  {Corollary  to  Lemmu  1). — Any  equation-system  may  be 
made  to  depend  for  its  deuumeration  on  equation-systems  in  each  of 
which  one  of  the  equations  has  all  its  coefficients  positive  units. 

It  follows  from  this  lemma  that,  if  a  binary  equation-system  is  free 
from  syzygy  (i.e.,  from  equalities  of  ratios  between  the  coefficients  of 
different  variables),  its  deuumeration  may  be  made  to  depend  upon 
that  of  systems  which  [their  coefficient  groups  being  all  different 
and  of  the  form  (a,  1)]  are  per-reducible.  But,  if  there  be  e  sets  of 
syzygies  in  the  given  system,  there  will  be  e  sets  of  repetitions  in  the 
groups  (a,  1)  in  each  of  the  deduced  systems. 

Lemma  4. — In  the  case  immediately  above  supposed,  the  e  sets  of 
syzygetic  groups  in  the  deduced  systems  may  be  replaced  by  e  other 
syzygetic  sets  of  groups  of  which  all  but  one  are  of  the  form  (a,  1), 
(a,  1),  ... ;  (fe,  1),  (6,  1),  (fe,  1),  ...,  &c.,  and  that  one  of  the  form 
(ir,0);    (ir,0);   (<r,  0),  ...  . 

Lemmu  5. — Any  system  of  the  form  last  supposed  may  (by  virtue 
of  Lemma  2)  be  replaced  by  two,  in  one  of  which  ±(a--^<r,  1)  takes 
the  place  of  (a,  1),  and  in  the  other  zk(a  —  ka,  1)  takes  the  place  of 


*  In  a  definite  ternary  Rystem,  where  all  the  coefficient  groups  are  prime  grjups, 
it  may  be  shown  that  the  only  pofl8ible  cases  of  syzygy  are  where  I' »  G  or 
F-¥0  -•  II  {F^  tr,  JJ denoting  coefficient  gn)ap6  of  the  system). 


70         Prof.  J.  J.  Sylvester  an  the  Partitions  of  Numbers. 

(<r,  0),  k  being  so  chosen  that  (a  —  kv,  1)  is  distinct  from  every  otber 
coefficient  group  associated  with  it  in  the  same  system. 

Levnnn  6. — Hence,  by  repeated  application  of  this  last  process  of 
replacement,  the  number  of  syzygetic  groups  in  the  deduced  systems 
may  be  continually  reduced  until  we  arrive  at  systems  in  one  class  of 
which  all  the  gixjups  («r,  0)  have  disappeared,  and  in  the  other  class 
of  which  all  the  syzygetic  groups  except  those  of  the  form  (a*,  0) 
have  disappeai^ed. 

Lemma  7. — Hence,  so  long  as  e  is  greater  than  1,  the  deduced 
systems  will  eventually  none  of  them  contain  more  than  (c— 1)  sets 
of  groups  in  syzygy,  and  thus  we  must  eventually  arrive  at  systems 
in  none  of  which  will  be  found  more  than  a  single  set  of  groups  in 
syzygy,  which  may  bo  taken  indifferently  of  the  form  (a,  1)  or  (a,  0). 

Consequently  the  denumeration  of  every  binary  system,  if  free  of 
syzygies,  may  be  made  to  depend  on  the  denumeration  of  per-reducible 
systems ;  and,  if  not  free  of  syzygies,  on  the  denumeration  of  simply 
reducible  systems. 

A  similar  demonstration  may  be  extended  to  systems  of  a  higher 
order  than  the  second.  Consequently  every  denumerant  of  an  order 
higher  than  the  first  may  be  made  to  depend  on  denumerants  of  a 
lower  order,  and  eventually  upon  simple  denumerants. 


=  rn\ 


Examples  of  Reduction  op  PERSTzraETic  Systems. 
Let  the  given  system  S  be 

z 

and  suppose  m  not  less  than  n.     Making 

x+z—u  =  0, 
we  obtain  the  systems 

u-^y—z       =  m' 

z-^-t  =  n  , 
which  is  i?,S',  say  T;   and 

u-{-t-\-x        =  (n-iy 
x-\-  y  =^  m 

which  is  =E.S',  say  U, 

X 
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Since        =  8'  contains  the  equation 

X     z 

—x—z  —  n  =  2, 

the  eduction  is  complete,  and  the  required  denumerant  =  GT—dTT. 
T  arranged  in  natural  order  hecomes 

z-\-t  =  w, 

the  c»sura  falling  hetween  t  and  u.     Accordingly  we  ohtain 


(JT  =  ^"*"^'   Y 


m : 


n  +  Tn  ;  m — 1 ; 


1,1,1;       -1,1,1;       1,1,1;      1,1,1; 

—  (n  +  m-^l)(n-k-tn-{-2)  _  m  (m -j- 1 ) 
■"  2  2        ' 


In  like  manner 


1,1,1; 


n  — 1  — m; 

-1,1, 1;~ 


n—l ;    _  n  (n-f  1) 

1, 1,  1 ;  ~       2 


for  n— 1  —  m  is  negative.     And  we  have 

(7^  —  (^4-w>4-l)(^4-m"h2)      m(m  +  l)  _n  (n-f  1) 

2  2  2 

2nm+2m4-2n  +  2       /      ,  ^v/    ,  ^^ 
= 5 -'--  =  (nH-l)(n  +  l), 


which  is  evidently  the    coiTect   answer,  heiug  the  product  of  the 
denumerants  of  the  two  given  equations  taken  independently. 


Second  Example : —       x-Yy-^O 


=  m^ 
+  t  =  n)' 


By  the  same  method  as  above,  we  obtain 

where  T  is  z-^t-^-S 

—z      +6+ 


and  ITis 


O^x  +  y =  m 


}• 
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the  caesura  in  T  falling  between  0  and  u,  and  in  U  between  x  and  y. 

Hence 

Q-/jp_.     m-f  n; m— 1;  m~n-3 


1,1,1,1;      1,1,1,1;      2,1,1,1;' 


and 


1,1,1,1; 


TbnB       rr^  -     m-{-n;  m-n-3;  _     m-1  ;     _      n-1 ;     » 

inns       ^^-"1111.^^1111.       1111.      1111* 

Example  of  a  composite  group  and  a  syzjgy  falling  on  opposite 
sides  of  the  caesura.  Problem, — To  express  the  residue  of  q  in  respect 
to  p  as  a  linear  function  of  simple  dennmerants. 

If  we  call  X  the  required  residue,  we  have 

x+py  =  q,    x<p, 

or  x-\'py  =  q, 

x-^-z     =p— -l. 
Hence  the  requii*ed  residue  is  the  denumerant  of  the  system 

py  +  t-^u       =  q  —  l, 

t-\'U  +  Z  =  J3  — 2, 

in  which  the  coefficient  groups  are  in  natural  sequence. 

In  its  present  form  the  system  is  irreducible,  because  the  caesura 
falls  between  y  and  t  (observe  that  p^O  is  a  non-prime  group)  ;  but, 
by  the  method  above  given,  the  denumerant  of  this  system,  by  virtue 
of  the  subsidiary  equation 

y  +  t  =  r, 

becomes  the  difference  between  the  dennmerants  of 


(l^p)t 
t 


+  ti+l)t>  =  g— 1] 


*  The  value  of  this  expresBlon  will  evidently  be  the  sum 

(m  +  l)(n  + 1)  +  m»  +  (m—  l)(n—  1)  +  &c.  +  (m-n  -i- 1), 


which  is 


(„  +  ,_A)(Ji±Jl&Lt2}. 
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and  of        (l--jj)y  +  r+t*  +  *=  (q—l)  +  (p-l)  =^  q+p-2 


y-^Z'^u+t  =  {p'-2)-'l 


The  second  system  is  neuter,  for  all  the  coefficient  groups  put  in 
apposition  with  the  constant  group  give  determinants  with  negative 
values. 

HeDce  the  required  expression  is  simply  the  denumerant  of  the 
first  system,  in  which  the  csesura  falls  between  u  and  v.  (j),  0)  being 
a  composite,  group,  the  eduction  must  be  commenced  from  the  t  side, 
and  accordingly  we  obtain  the  series 

_;?^— 3p-hg4-l;  q—p;        |  g—2p; 

p—hp^p;       l,i>—l,i?;     l,p,p; 

as  the  expression  required  for  the  residue  of  q  in  respect  to  p. 


SIXTH  LECTURE* 
Simple  Partition. 

Resolution  of  an  integer  into  a  defined  number  of  parts. 
With  or  without  repetition. 


n—r; 


1,  2,  3,  ...  r; 
are  allowed ; 
r  +  1 


expresses  the  r-ary  partibility  of  n  when  repetitions 


n  — r 

2     ' 

the  same  when  repetitions  are  excluded. 


1,  2,3,  ...  r; 
Example  :    n  =  7,    r  =  3. 

Proof  of  the  above  formulse  by  Ferrers'  method. 
When  n  is  great  compared  with  r,  these  two  functions  approach  to 
a  ratio  of  equality. 

The  generating  function  for  partitions  without  repetition. 
Indefinite  resolution  of  numbers  with  and  without  repetition. 
Generating  functions  for  both  these  kinds  of  indefinite  resolutions. 
Euler*s  Series  Mirabilis,  and  its  application. 
Eremark  on  indefinite  partition  with  the  elements  1,  2,  4,  8,  <fcc. 
Partition  or  composition.     Partible  number.     Elements. 

*  DeUvered  at  King's  College,  London,  July  4th,  1869. 
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Constraction  of  eqnation-sjstem  whose  denmnerant  is  the  number 
of  compositions  of  n  with  unrepeated  elements. 

The  negation  of  the  possibility  (for  integers)  of  the  equation 
a^-Vy*  =  r*  capable  of  being  transformed  into  the  affirmation  of  an 
analytical  identity  by  the  method  of  partitions. 

Resolution  of  integers  into  a  given  number  of  parts,  how  treated 
by  Sir  John  Herschel  and  others. 

Formula  of  reduction  ^— - — - — —-  =  ,    J~ — ^  +  -— rr — ^ — -r- . 

1,2,  ...A;;       1,  2,  ...  ^;      1,  2,  ...  (A;- 1); 

Objections  to  this  method  : — (1)  As  inductive  instead  of  direct  (be- 
sides being  limited  to  a  mere  special  case  of  partition).  (2)  As  ex- 
cessively prolix  and  unmanageable.  (3)  As  leading  to  an  amorphous 
result. 

Mr.  Cayley's  improved  method.     The  true  form  of  representation. 

The  lecturer*s  discovery  of  the  general  analytical  solution. 

The  provisional  method  superseded. 

Fundamental  Theorem  in  Simple  Partition. 

Axiom.—  ^'      •  = S H^ (a, /3, y, ...  X), 

aoc  ...  I ;       aoc  ...  I 

where  H„  (a,  ft,y,  ...  X)  indicates  the  sum  of  the  homogeneous  powers 
and  products  of  a,  )8,  y,  ...  X  of  the  n*^  degree,  and  a,  /3,  y,  ...  X  are 
respectively  roots  of 

a^=l,  y  =  1,    sf=zl,  ...  u'=l. 

Example,^  -^  =  ^S  (p'+pV+ ...  -h^O, 

where  2  includes  six  sums  corresponding  to  the  following  six  systems 
of  values  f>,  a ;  viz., 

1,1;     —1,1;     1,  p;     — 1,  p;     1,  p*;     —  1,  p', 

p  meaning  a  root  of  p'  -fp  +  1  =  0. 

In  general, 

^nKT,^,  -       —+-2—. 

p-q    i-p 

■«»'J''3'    >  (^p^q^p-r)^  (q-pXq-T)^  (r-pXr-qy 
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In  applying  this  formnla  to  the  preceding  axiom,  several  or  all  of 
the  quantities  p^  g,  r,  &c.,  will  become  equal  inter  se,  because  the  equa- 
tions a*  =  1,  fe^  =  1,  0'  =  1,  ...  have  the  root  unity  in  common,  and 
will  have  other  roots  in  common  unless  a,  /3,  y,  ...  are  all  prime  to 
each  other. 


The  value  of      2 


0Pi 


(Pi-Pi)(lU'-Pz)  .••  (Pi-Pe.O' 


when 


Pi  =!'«=  "Pt^u 


is 


i.2.3...e\£to/  *^ 


Every  distinct  root  of  x*^  =  1,  where  m  is  the  least  common  multiple 
of  a,  6,  c,  ...  Z,  furnishes  a  distinct  expression  to  the  sum  and  gives 
rise  to  a  separate  term,  in  the  complete  analytical  expression  for 


n: 


— - .     Such  a  term  is  called  a  wave.     Reason  for  this  name. 
a,  0,  c,  ..,  I; 

There  are  as  many  waves  as  distinct  factors  in  a,  fe,  c,  ...  Z;  every 
Buch  factor  as  q  giving  rise  to  a  term  TT,. 

If  a,  6,  c,  ...  I  become  the  series  of  natural  nambers  1,  2,  3,  ...  r, 
the  number  of  waves  is  r. 


The  value  of  W,  for       ^  ^* — -- 

a,  0,  c,  ...  I; 


is  the  coeflBcient  of  —  in 

t 


(pey 


ahc,„l     [i_(peO-][l~(fie'r*]...[l-(^')"']' 


where  p  is  a  primitive  root  of  p'  =  1,   i.e.,  a  root  not  belonging  to 
p«*  =  1. 

The  only  cases  where  the  quantity  under  the  sig^  of  summation 
reduces  to  a  single  term  is  when  g  =  1,  for  which  case  p  ^  1,  and 
when  5  =  2,  for  which  case  p  =  —  1. 

Wi  considered.     It  is  non-periodic.     It  is  the  coefficient  of  T  in  the 

development  of  ^  ^  ^    ,  when  the  Eulerian  function 

{l  —  t) 

I 


(i-n(i-^*). ..(!-«') 
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is  supposed  capable  of  being  represented  under  the  form 

(fit ^ 

(1-0'    izi^  kii!     l:zl' 
i-t  i-t      i-t 

It  is  also  the  mean  of  the  m  algebraical  forms,  m  being  the  least 

common  multiple  of  a,  fe,  c,  ...  Z,  which  represent  — - — when 

n  is  made  to  go  through  the  m  forms  '    »    >  •••    > 

km  ;  Jfm  + 1 ;  km-\-(m^l)  ; 

Q>f  Oy  Cf  •••   V  J         O,  Oj  Cj  ...  t'  I  A)  0}  Cy  .*.  (>  ) 

*i  » 

It  is  therefore  the  mean  value  of  — - — — . 

a,  Oj  c,  ...  / ; 

TT,  is  (— )"  J5,  where  B  is  the  coefficient  of  —  in 

1  1 


ahc,.,kl  (l-e-0(l-e-*0...(l  +  e-*')(l  +  e-")' 

a,  fe, ...  being  the  odd,  and  ...  /r,  Z  the  even,  integers  among  a,  5,  c, ...  fe,  Z. 

If  the  first  wave  is  A^  A  +  B  will  be  the  mean  of  — r — • — ;-    for 

a,  0,  c,  ...  Z  ; 

even  values  of  n,  and  A—B  the  mean  of  the  same  for  odd  values  of  n. 

Observe  that  the  degree  in  n  of  TFj  is  one  unit  less  than  the 
number  of  the  elements  a,  6,  c,  ...  Z;  in  the  algebraical  part  of  TT,  is 
one  unit  less  than  the  number  of  even  elements  among  a,  &,  c,  ...  Z, 
and  in  general  W^  is  one  unit  less  than  the  number  of  elements 
which  contain  ^  as  a  factor. 

Provisional  notation  co.i,  cOr  explained. 

The  equations 

coi^(t)  =  CO/.,  [tip  (0],     c(hi^(f)  =  cotiU  (T) 
identically  true. 
Mode  of  developing 

(p£r 

[l-(pe')-'][l-(pc*)-*]  ...  to  1  terms' 

under  the  form  p** .  e***"* ;  where 

i2  =  21og[l-(pe'r']. 
This  an  essential  part  of  the  theofem. 
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The  expression  for 


1- fee- 
is  known  by  integi*ation  from  the  identity 

|-log(l-*e-)=j=^.=  l- 


in  terms  of  u  being  known,  log  (1  —  fee*) 


1 


1-fee"' 


so  that  in  the  first  and  second  waves  the  only  nnmencal  constants  to 
be  determined  are  the  numbers  of  Bemonilli. 

Thus  when  p  =  1,  corresponding  to  TT,,  12  becomes 

2  j  loK  (ttO- -  +  ^ aV ^  aV-h ^ .  aV,  Ac.  ] 

(  "*^^    ^     2       2«  2,3.4?  2.3.4.5.6*       'J 

=  log  ia,a, ...  a.)  +i  logi-lSa.^+  ^  (Sa')  ^-  ^^,  (Sa*)  ^*±  Ac., 


2.3.4'' 


so  that  nt—R  becomes 


-log(a,a,...aO-tlog^+  |  (w  +  ^Sa)  ^- ^  (Sa*)  ^±&c.  |  , 


and 


,»«-*  — 


r* 


g*<-(B./2').s''  +  *c. 


0)02 ...  a^ 


and,  finally,   Wi  = 


where 


aja^ ...  Aj 


co<-i  { 


,vt- A«»<«+Wl5«i«*-TlAui»«<*±  )   . 


]•. 


V  =  n  +  iSrt. 


In  like  manner,  when  p  =  —  1,  corresponding  to  TF,,  if  aj,  a^,  ...  a, 
are  the  even,  and  &j,  6„  ...  6.  the  odd,  elements. 


E  =  Slog  (l-e-')+S log  (1  +  e-"), 


and  we  shall  obtain 


where 


'       2''aja,  ...  a,     *"    *■ 

K  =n  +  ^  (flj-f  Oj 4-... +«,  +  &! +  fcj +  ...&.), 
«^  r=  2a',     o-/  =  56'. 


}. 


Calculation  op  Mean  Values  for  any  given  Number  of  Elements. 


Example  1. — To  find  the  mean  value  of 


n; 


a,  6,  c,  d  ; 


1 
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This  will  be  the  coefficient  of  ^  in 

ahcd  ^ 


l-^yt+^  + 


1.2      1.2..^ 


-f ... 


ahcd 


C0.3 


'-h'^' 


ahcd 


ahcd 


-{('-IX3)(-a-')} 


Example  2. — To  find  the  mean  value  of 
This  will  be  the  coefficient  of  t*  in 


n; 


a,  6,  c,  dy  €', 


ahcde 


ahcde 


C0^2. 


1+—        ^  -h 1^\ 

^1.2  ^1.2.3.4 

X 


.^■*"oQQn*4^ 


2880 


afecJe  (  24      24     ^  \ 


ii-+     * 


1152      2880 


fe)i- 


Examples  of  Arithmetical  Calculation  op  Simple  Dendmerants. 
Examiple  1. — To  find  the  complete  expression  for       ^ 

=  j^co,  [l+  ^^^±^%  I  {l-i?<}  (since  1+4  +  9  =  14) 
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IF,  =  co.i 


(-Ye 


Ht 


(l  +  e-')(l  +  e-")(l-e-«) 


~       8       ~'U2;  2      i 


»" .  e"' 


5 1  (i_p)(i-p«)  ^  (i_p')(i_p'») ; 


=  4  ip'+p") 


'I     3;  3;  3;     i 


Thus  the  complete  analytical  value  of  '       in 

1,  2,  3 ; 

-^2~  "^"^^l2';~-2r3'*''r3]   ~3]       37  r 


Since 


the  arithmetical  yalae  of  \      is  the  nearest  integer  to  ^  7^  ^  » 

1,  2,  o  ;  12 

as  had  been  early  observed  under  a  different  form  of  statement  by 

Mr.  De  Morgan. 


Example  2. — The  same  pi'ocess  applied  to 


n; 


1,4,7; 


will  give 


w  1        (/     .  l4-44-7\'     14-16  +  49) 


ir. 


2^4 


I    (w; 
^'  I  2 ; 


2;    )' 
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{"e"' 


^  *  ( (i-t»)(i-r)  ■•"  ii-i*)(i-t)  1 

—  1  (  " :      H—2  ;  ) 
~M4;  4;     j- 


=  i5  7; 


(l-^6>-')(l-^c-')(l-e-"') 

(where  6H  0'-»-«*-f  ^-H  ^  +  0-1-1  =0) 


= -^V20Mi-»)(i-^*)(i-«*)(i-^) 

=  1  (n;      pn  +  l;      0^4-4;   .   n-^-^;      0^4-6;) 
"^(7;  77'  7;    '  7;  7;     T 

Thus  the  complete  value  of  — rSr*  expressed  in  terms  exclusively 

of  V  =  n  +  6, 

is  the  following : — 

The  limiting  values  of  the  sum  of  the  second,  third,  and  fourth 
waves  for  any  value  of  n  will  be 

1  .    1        2^  ^  6  7 
16       4        7        112 
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on  the  positive  side,  and 


J i._  2  _-53 

16       4       7"       112 


on  the  negative  side. 


Hence  the  difference  between  the  exact  value   and  —  must  lie 

,   ,  123       ,  -117  ^ 

between  _  and  -^^. 

So  that  in   the  greatest  number  of  cases  the  nearest    integer  to 

-^^--  gives  the  value  of  ^   ^*     ;   and  the  result  can  never  be  in 
56  1,  4,  7 ; 

error  by  more  than  a  single  unit.  ' 

An  analogous  approximate  form  of  representation  can  be  made  for 

the  number  of  modes  of  composing  an  integer  with  any  number  of 

elements  mutually  prime  to  each  other. 

Observe  in  the  foregoing  expression  that  the  form  *  is  always 

paired  with :  — ^  (  which  in  the  actual  case  under  consideration 

is  ^'  j  affords  no  exception,  for  this  may  be  expressed  as 


Neither  does        ^^  [  in  the  actual  case  ^^-^ — - ) ,  for  this  may  be  ex- 


pressed as 


♦l    2r;    ^    2r;    )' 


The  sign  of  the  pairing  may  be  positive  or  negative  according  to  a 
rule  which  the  exhibition  of  the  result  worked  out  in  the  following 
examples  will  render  clear. 

Example  3. — The  denumerant         '     ,  expandedina  similar  manner, 

1,  3,  5 ; 

gives  rise  to  the  following  expression  : — 


iv{iyy-H]+i{'^  + 


3; 


3;  3;  3;     ) 


+ 


VOL.  XXVIII, — NO.  580. 


*{ 


^   '    2  >  _!.  ^        2  5 


5; 


5; 


y+i;     y-ii) 

6;  6;    T 
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And,  since 


i+T+rl?  —  frS  <  2> 


the  arithmetical  value  of       ^       is  always  the  nearest  integer  to 

(2n4-9)«  ^'^'^' 

120      * 

This  arithmetical  mode  of  statement,  how  capable  of  extension  to 
any  set  of  elements  following  the  natural  order  of  the  prime  numbers, 
and  to  other  cases. 


Example  4. — The   denumerant 


n; 


in  its  expanded 


1,2,3,4,5,6,7; 

form  is  expressed  by  the  following  function  of  y,  which  here  repre- 
Bents  n4-14,  viz., 

,,j^  y  ^  _36v«+ 13419  ^_  190325  ) 
TTVnnr  (5      ^^^  +     10    "^        126    ) 

I  'J'^    yy?/"-.  y-'^A 

^'^l  2       6  )  \2;        2;    / 


*  The  arithmetical  value  of 


•r-U; 


1,2,3,4,6,6,7; 


is  obTioufily  the  nearest  integ^  to 


^' I  ^ -3*''*^' -^ h^ (^-'-i^)  •'^^ { 47^-'-?^  I '• 
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Ohservation, — Provided  that  — ^  shall  be  understood  to  signify  the 

same  thing  as  ^— ,  every  wave  in  the  above  expansion  remains  entirely 

nnaltered  when  v  becomes  — -  v. 

w; 


A  priori  view  of  the  form  of  such  expansions  of  — 

o,  6,  c,  . . .  i ; 

First,  the  algebraical  part  is,  as  it  ought  to  be,  a  homogeneous 
function  of  n ;  a,  6,  c,  . . .  Z. 

Secondly,  the  change  of  v  into  —  v  either  leaves  the  expansion 
absolutely  unaltered,  or  unaltered  save  as  to  algebraical  sign. 

This  depends  on  the  theory  of  the  denumerantive  functions  as  dis- 
tinguishable from  denumerants.  The  latter  discontinuous  quantities, 
the  former  continuous. 

Binary  denumerants  have  in  general  several  functions  attached  to 
them,  viz.,  one  less  than  the  number  of  their  denominatives.* 

All  generated  forms  have  arithmetical  and  functional  values. 

Example, — The  form  m„  generated  by 

Property   of   the    denumerantive    function    ^  (n,  a,h,c^..,l)    to 

— - — ;  viz.,  that 

a,  0,  c,  ...  I; 

^  (n,  a,  6,  c,  ...  0  =  =4=^  (^'>  «»  ^»  ^»  •••  0> 

if  n-hn'  =  --a — 6— c...  —  Z, 

the  +  sign  being  used  when  the  number  of  elements  is  odd,  and  the 
negative  sign  when  it  is  even. 

n ' 
This  explains  the  pairing  of  the  terms  observed  in  * jj-  . 

Ghreat  importance  of  this  fact  of  pairing. 

The  number  of  modes  of  dividing  n  into  seven  parts  is  represented 
by  the  above  formula,  viz.,  with  repetitions  and  zero  values  of  pai*ts 

allowed  by  making 

V  =  n-l-14. 


*  This  is  when  the  fonn  zero  is  not  counted  as  a  function.     Zero  occurs  as  a 
form  once  only  in  simple,  but  twice  over  in  binary  denumerants. 

o  2 
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with  repetitions  and  zero  values  disallowed  by  making 

y  =  n— 14, 
with  repetitions  allowed,  but  zero  values  disallowed,  by  making 

y  =  w  +  7. 

(r—l)r  (r  —  l)r 

And  so  in  general  with  the  values  n+      —y'f  n— ^     j.***"*" 

respectively  substituted  for  v, 

Mr.  Kirkman's  representation  of  partitions  to  the  modulus  7. 


Example  5. — Expansion  ^^  ^   ^  o  a.  k  a     ^^  ^  function  of  n. 

1,  ^,  o,  4*,  o,  u  : 


where  v  =  7i  +  V'* 

Observe  the  substitution  of  the  colon  for  the  semicolon  above  and 
below  the  line  in  the  fraction-form  to  distinguish  a  denumerantive 
function  from  a  denumerantive  proper.  The  arithmetical  value  of 
the  foregoing  is  the  nearest  integer  to  the  sum  of  its  first,  second, 
and  third  waves ;  and  in  the  two  latter  it  is  only  necessary  to  retain 
those  terms  which  contain  y*  and  v  respectively. 

On  the  expression  for  the  number  of  waves  when  the  denominatives 
of  a  denumerant  or  the  elements  of  a  partition  are  given. 

On  the  blending  of  waves,  and  its  advantages  in  some  cases,  as 
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when  the  elements  are  all  prime  to  each  other  without  all  being 
absolute  primes. 

Easy  mode  of  deducing  the  fundamental  theorem,  by  the  applica- 
tion of  a  formula  in  the  calculus  of  residues  to  the  Eulerian.  Its 
capital  importance  in  the  theory  of  partitions. 

Close  of  the  analytical  portion  of  the  course. 


SEVENTH  LECTURE.* 

The  representation  of  systems  of  linear  equations  by  clusters  of 
points  recalled. 

A  single  equation  by  a  cluster  of  points  in  a  line,  of  two  simul- 
taneous equations  by  a  cluster  of  points  in  a  plane,  th^e  simultaneous 
equations  by  a  cluster  of  points  in  space — geometrical  criterion  be- 
tween definite  and  indefinite  systems. 

The  linear  cluster  which  corresponds  to  a  single  equation  is  unique 
in  form,  not  so  the  plane  cluster  which  corresponds  to  two,  or  the 
solid  cluster  which  corresponds  to  three  equations.  One  arbitrary 
parameter  enters  into  the  former,  three  into  the  latter. 

All  such  clusters  balance  about  their  respective  origins  with  the 
same  weights  at  corresponding  points. 

Clusters  so  related  might  be  termed  homobaric. 

Mechanical  representation  of  the  property  of  homobarism  by  a 
series  of  jointed    parallelograms  having  two  axes  in  common  (see 

Criterion  between  definite  and  indefinite  systems  recalled. 

"To  determine  the  chance  that  three  points  thrown  anywhere 
within  a  parallelogram  may  contain  the  centre." 

Solution  of  this  problem  by  theory  of  definite  and  indefinite  binary 
equation  systems  with  three  variables  alluded  to. 

The  chance  is  -^ths  against  the  points  including  the  centre,  what- 
ever the  form  or  dimensions  of  the  parallelogram. 

Hence  the  chance  is  -^ths  against  three  points  capable  of  being 
taken  anywhere  in  an  indefinite  plane  including  a  given  fourth  point 
in  the  same  plane. 

But  it  would  be  incorrect  to  infer  from  this  that  the  chance  of  some 
three  out  of  four  points  (capable  of  being  taken  anywhere  in  an 
indefinite  plane),  including  the  fourth,  is  •§- ;  it  will  be  much  less  than 
this. 

*  Delivered  at  King's  College,  London,  July  Uth,  1859. 
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Explanation  of  this  seeming  paradox.  Geometrical  and  analytical 
modes  of  treating  this  second  question  alluded  to. 

Experimental  method  of  verification.     New  game  of  odd  and  even. 

The  natural  order  of  the  variables  in  a  single  homonymous  equa- 
tion recalled. 

Unless  definite  there  is  no  natural  oinier. 

The  importance  of  obtaining  such  natural  orders  to  the  theory  of 
compound  partition,  viz.,  in  applying  the  process  of  eduction. 
Example  of  natural  and  disturbed  order. 

General  analytical  condition  of  normal  sequence. 

Difficulty  of  seeing  any  natural  order  among  the  rays  of  a  solid 
cluster ;  it  will  presently  appear  that  such  orders  do  exist,  but  that 
instead  of  one  natural  order  there  are  several ;  the  number  depending 
(1)  upon  the  number  of  points  in  the  cluster,  (2)  upon  the  mode  in 
which  the  rays  are  grouped,  subject  to  the  observation  that  the 
distinct  modes  of  gix)uping  in  the  view  of  this  theory  are  always 
limited  in  number,  and  determinable  a  priori. 

Passage  by  perspective  from  the  grouping  of  rays  in  a  plane  to  the 
grouping  of  points  in  a  line  ;  from  the  g^uping  of  rays  in  solido  to 
the  grouping  of  points  in  a  plane  ;  and  from  the  grouping  of  rays  in 
pin-space  to  the  grouping  of  points  in  solido. 

Observe  that  in  studying  the  character  of  an  equation-system  no 
attention  need  in  the  first  instance  to  be  paid  to  the  primary,  because 
the  process  of  eduction  concerns  the  variables  only,  and  not  the  con- 
stant terms  in  the  system ;  by  the  act  of  taking  the  perspective,  the 
origin  no  longer  appears — thus,  nothing  is  left  but  a  perapective 
cluster  or  group  of  points,  as  many  in  number  as  the  variables  of  the 
system. 

Theorem, — The  number  of  classes  of  definite  binary  systems  of 
linear  equations  for  any  given  number  of  variables  is  one,  because 
there  is  but  one  species  of  arrangements  of  a  given  number  of  points 
in  a  line.  The  number  of  classes  of  definite  ternary  systems  of 
equations  with  r  variables  is  the  number  of  distinct  modes  of  group- 
ing together  r  points  in  a  plane  ;  the  number  of  classes  of  definite 
quaternary  systems  of  equations  with  r  variables  is  the  number  of 
distinct  modes  of  grouping  together  r  points  in  space. 

Observe  the  fact  of  space  being  made  subservient  through  the 
method  of  perspective  to  systems  of  linear  equations  greater  in 
Dumber  than  the  so-called  dimensions  of  space. 
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In  determining  the  natural  order  in  a  binary  Bystem,  the  perspec- 
tive group  may  be  substituted  for  the  cluster,  provided  the  line  of 
projection  cuts  all  the  rays  on  the  same  side  of  the  origin,  so  that  a 
line  through  the  origin  parallel  to  the  line  of  projection  falls  outnde 
the  cluster ;  but,  if  this  condition  is  not  observed,  the  order  will  be 
disturbed.     (See  Fig.  B,) 

In  like  manner,  for  a  ternary  system,  the  plane  of  projection  must 
be  supposed  to  be  drawn  parallel  to  a  plane  through  the  origin 
external  to  the  solid  cluster. 

Observation  on  Plane  and  Solid  Groups,  considered  as  representing 

definite    Ternary    and    Quaternary    Equation    Systems    respectively. — 

If  we  suppose  a  ternary  system  of  which  one  of  the  equations  is  of 

the  form 

«+y+«+...  t*— I  =  0, 

the  others  being        aa;4-  6y  +  C2;+ ...  +  lu—m  =  0, 

such  a  system  may  evidently  be  represented  by  a  group  of  points  in 
a  plane  whose  coordinates  are 

(a,  a)(h,  /3)(c,  y)  ...  (Z,  X)  ;   (w,  a*), 

and  X,  y,  «,  ...  u ;  —1, 

and  will  be  the  weights  to  be  placed  at  these  points  respectively  in 
order  to  balance  each  other. 

Moreover,  if  we  start  with  any  definite  ternary  system,  we  may 
substitute  for  one  of  the  equations  in  it  a  homonymous  equation 
reducible  to  the  form  of 

aj'+y+«'...  +  t*'-l  =  0, 
on  taking  z\  y\  si,  ...  u\ 

all  homonymous  multiples  of 

X,  y,  z,  ...  u. 

Consequently,  the  form  of  the  plexus  of  principal  derivatives  which 
depends  essentially  only  on  the  relations  of  algebraical  signs  in  the 
<X)efficients  of  these  derivatives  will  be  the  same  whether  the  system 
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be  considered  as  involving  explicitly  x,yyZ,  ...  t*,  or  «',  y\  z\  ...  u\ 
and,  consequently,  every  definite  ternary  system  of  equations  what- 
ever may  be  represented  in  its  essential  properties  of  form  by  a  plane 
group  of  points,  in  lieu  of  a  solid  cluster  of  rays.  And  in  like  manner, 
without  going  from  hypersolidity  to  the  solid,  we  see  that  any  definite 
quaternary  system  may  be  represented  by  a  group  of  points  in  solido. 

The  property  indicated  of  the  self -balancing  group  in  piano  being 
substitutable  for  the  solid  cluster  with  its  centre  of  gravity  at  the 
origin  may  be  deduced  easily  from  this  more  general  theorem,  that 
if  two  g^ups  of  weighted  points  are  in  perspective  about  a  given 
point  (7,  and  the  weights  at  the  corresponding  points  in  the  two 
groups  are  in  the  inverse  ratios  of  their  distances  from  Q^  if  one  of 
them  has  its  centre  of  gravity  at  (7,  the  other  also  will  have  its  centre 
of  gravity  there.  Hence,  if  one  of  these  groups  be  considered  as  a 
derivative  from  the  first,  and  all  the  points  of  the  derivative  group 
be  brought  to  lie  within  the  same  plane,  it  must  become  self- 
balancing,  since  otherwise  a  plane  group  of  statical  points  would 
have  its  centre  of  gravity  outside  the  plane. 

Notice  that  the  geometrical  construction  for  determining  whether 
a  system  of  equations  is  definite  or  indefinite  would  fail  for  a 
quaternary  system,  but  the  analytical  method  operative  through  the 
principal  plexus  continues  to  hold  good. 

Tertiary  Systems,  and  Plane  Groups, 

Imagine  a  sphere  to  be  drawn  with  the  origin  of  a  solid  cluster  as 
its  centre  ;  the  general  arrangement  of  the  points  on  the  sphere  will 
correspond  to  the  arrangement  of  the  points  on  the  perspective  plane, 
and,  when  convenient  to  do  so,  the  one  may  be  substituted  for  the 
other. 

Illustration  by  examples  with  four  and  five  points. 

Recall  eduction  and  the  condition  of  its  giving  rise  to  definite 
systems,  namely,  that  the  systems  deduced  by  the  successive  deform- 
ations of  the  given  system  shall  remain  definite,  i.e.,  external  to 
the  centre.  If  a  group  of  points  on  a  sphere  be  contained  within  the 
boundary  of  a  hemisphere,  the  centre  will  be  external  to  such  g^ap  ; 
but,  if  the  bounding  contour  of  the  group  formed  by  arcs  of  great 
circles  cover  more  than  half  the  sphere,  the  centre  will  be  contained 
within  the  group.  The  effect  upon  the  spherical  perspective  of  a 
cluster  representing  a  ternary  system  of  equations  due  to  the  change 
of  a  variable  x  into  —a;  is  to  make  the  point  corresponding  to  the 
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coefficients  of  x  pass  to  the  opposite  end  of  the  diameter  passings 
through  it ;  such  a  change  may  be  termed  a  reversal  of  the  point,  and 
the  point  so  obtained  the  opposite  of  the  original  point.  The  problem 
of  normal  orders  for  ternary  systems  may  therefore  be  stated 
geometrically  as  follows  : — 

A  given  number  of  points  being  contained  within  a  hemisphere,  to 
discover  what  orders  of  sequence  of  these  points  will  possess  this 
property  that  on  the  first,  second,  third,  &c,,  to  the  last  of  them,  one 
after  the  other  undergoing  reversal,  the  transformed  group  shall 
never  occupy  more  than  half  the  surface  of  the  sphere. 


Prom  this  it  follows  that,  if 


aDyz  ...  tuv 


be  a  normal  sequence. 


vut ...  xyz 


will  be  so  likewise,  for,  if  we  denote  the  opposite  points  to 

xyz ...  t*i?     by     x'yz' ...  t*V, 
respectively,  it  is  clear  that,  if  the  groups 


xyz 
xyz 
xyz 


...  uv 
...  uv 
...  uv 


xyz  ...  uv^ 


are  respectively  contained,  each  within  their  own  hemispheres,  the 
groups 

vu  ...  zyx  ^ 


/  I 


vu  ...  zyx 
vu  ...  z'yx 
VU  ...  zyx  ' 
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will  each  also  be  contained  in  hemispheres  opposite  to  the  former, 
taken  in  reverse  order. 

The  contour  of  a  spherical  group  defined. 

What  is  meant  by  a  peripheral  and  what  by  an  internal  point  to  a 
gronp  on  a  sphere. 

Again,  to  obtain  the  law  of  normal  sequences,  we  have  the  follow- 
ing propositions : — 

(1)  Any  sequence  ic,  y,  a,  ^, ...  ti,  v,  w  of  points  in  a  sphere  will  be  a 
normal  order  of  sequence,  provided  the  following  condition  is  satisfied, 
viz.,  that,  on  joining  those  points  with  each  other  in  the  order  of  their 
succession  by  arcs  of  great  circles,  the  broken  line  or  spherical  zig-zag 
so  formed  shall  be  capable  at  every  one  of  its  angular  points  of  being 
divided  into  two  parts  by  a  great  circle  which  does  not  cut  the  line 
at  any  other  point ;  for  evidently  in  such  case,  if  we  draw  a  great 
circle  through  a  point  t*,  which  does  not  cut  any  of  the  sides,  or  any 
other  angle  except  m,  the  points  x,  y,  z^  t  being  all  reversed,  will  lie 
together  with  v,  w  in  a  hemisphere  bounded  by  the  great  circle  so 
drawn. 

(2)  A  normal  sequence  of  points  in  a  group  cannot  be  bounded  at 
either  extremity  by  an  interior  point  of  the  g^up.  For,  on  joining 
the  opposite  of  such  exterior  point  with  the  closed  figure  surrounding 
that  point,  we  evidently  obtain  a  figure  clasping  the  hemisphere 
bounded  by  the  great  circle  perpendicular  to  the  diameter  through 
these  points,  and  stretching  into  the  hemisphere  beyond.  On  the 
other  liand,  a  normal  order  may  always  be  commenced  from  any  peri- 
pheral point  in  the  group  at  pleasure,  for,  if  u,  v,  y,  z,  x,  t  be  any  group 
contained  within  a  hemisphere  H,  and  u  a  point  in  the  contour,  it  is 
apparent  that  u,  v,  y,  z,  x,  t,  u  will  also  be  contained  within  the  same 
hemisphere  H,  so  that,  in  fact,  one  way  of  characterizing  a  normal 
sequence  would  be  as  a  sequence  in  which  each  point  in  turn  becomes 
a  periphei*al  point,  alike  when  all  the  points  preceding  as  when  all 
the  points  following  it  are  reversed, 

(3)  No  arc  joining  y,  z,  two  consecutive  points  in  a  normal  sequence 
a*,  y,  z,  t^u^v, «?,  <ii,  can  cut  uv  any  other  such  arc,  for  it  is  clear  that,  if  yz 
crosses  uv,  x  will  be  contained  within  the  triangle  y'uv  (y  meaning 
the  opposite  points  to  y),  and,  consequently,  z  will  not  be  external  to 
tuvw(itxy\  as  it  must  be  if  the  given  order  is  normal. 
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(4)  It  follows  also,  as  an  immediate  corollary  from  2,  that  no 
point  t  can  be  contained  within  the  contour  of  xyz  or  within  that 
of  uvwia. 

Hence  (6)  it  follows  from  (3)  and  (4)  that  the  two  spherical 
areas  bounded  i-espectively  by  the  contours  of  xyz,  uvwia  have  no  part 
whatever  in  common,  and,  consequently,  may  be  separated  by  a  great 
circle  drawn  through  t. 

Hence,  combining  the  conclusions  of  (1)  and  (6),  we  arrive  at  the 
theorem  that  the  sole  necessary  and  sufficient  condition  for  determ- 
ining a;,  y,  z,  i,  u,  v^Wytatohe  in  normal  sequence  upon  a  sphere  is  that 
through  any  point  as  ^  a  great  circle  can  be  drawn  upon  the  sphere 
not  cutting  this  line  in  any  other  point ;  and,  consequently,  the  sole 
necessary  and  sufficient  condition  for  a  number  of  points  in  a  plane 
group  being  in  normal  sequence  is  that  the  zigzag  formed  by  draw- 
ing straight  lines  from  any  one  point  to  the  next  in  the  sequence 
shall  be  capable  of  being  cut  in  twain  at  any  of  its  angles  by  a  right 
line. 

General  definition  of  a  diatomic  line  continuous  or  discontinuous  in 
a  plane  or  in  space  (see  plate). 

The  condition  of  normal  sequence  may  be  extended  from  plane  to 
solid  groups,  i.e.,  from  ternary  to  quaternary  equation  systems,  the 
sole  necessary  and  sufficient  condition  for  determining  a  normal  order 
of  points,  as  well  in  solido  as  in  piano,  being  that  the  zigzag  follow- 
ing the  succession  of  the  points  in  the  order  shall  be  a  diatomic 
line. 

In  order  to  depress  a  ternary  system  so  as  to  make  its  denumerant 
depend  upon  binary  denumerants,  we  must  be  able  to  form  orders  of 
normal  sequence  among  its  variables. 

Every  such  order  will  or  may  furnish  two  distinct  forms  of  solution, 
provided  the  requisite  conditions  of  relative  primeness  and  asyzygeti- 
•cism  are  satisfied. 

The  easiest  way  of  determining  such  normal  orders  is  by  means  of 
diatomic  lines  drawn  from  point  to  point  of  the  representative  plane 
group. 

Every  ternary  system  may  be  identified  by  means  of  its  prindpal 
plexus,  as  will  presently  be  shown  with  some  specific  form  of  group, 
corresponding  in  number  to  the  number  of  the  variables  in  the 
system.  It  becomes  necessary,  therefore,  to  facilitate  the  solution  of 
the  problem  of  denumeration  of  ternary  systems,  to  classify  and 
register  the  distinct  forms  of  arrangement  of  plane  groups  (and  in 
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like  manner,  in  order  to  make  dennmerants  of  the  fourth  order 
depend  upon  those  of  the  third,  we  must  begin  with  classifying  and 
registering  the  various  dispositions  of  which  a  given  number  of 
points  is  susceptible  in  space). 


Plane  Groups, 

For  three  points  only  one  species  of  arrangement  is  possible,  and 
all  the  orders  are  normal  orders. 

For  four  points  two  distinct  arrangements  only  are  possible,  vis., 
of  four  points  external  to  one  another,  or  three  points  with  a  fourth 
point  in  the  interior. 

Morph  defined — its  geometrical  and  analytical  meaning. 

Exclusion  of  sy zygotic  cases. 

The  morph  corresponding  to  the  one  case  (see  plate)  will  be  the 

foUo^ng : — 

xy  :    yz  :    zt :    tx  : 

X  :  z    y  :  t 

The  morph  corresponding  to  the  other  case  (see  plate)  will  be 

zt  :     xt  :     yt  I 

y : z    z : x    x: y 

Accordingly,  the  plexus  of  principal  derivatives  to  every  definite 
ternary  system  with  four  variables,  omitting  the  constant  terms,  will 
be  of  one  or  the  other  of  the  two  following  forms  : — 


ax-^-hy 
cy+dz 
ez+ft 
gx-^ht 

az-^bt 
cx-\-dt 


? 
? 
? 

? 


Ix  — mz 
ny—pt 


? 


.  1st  form. 


?     ay-(iz  =  P 

p     yzSx  =  P  !-  2nd  form. 

?     €«— ^    =  P 


The  constants  are  of  course  not  independent  of  each  other,  nor  are 
the  signs  of  the  quantities  left  unexpressed,  but   symbolized  by  ? 


Hf.A 


FlMbl 


m. 


Rf'7  Tig.iS    ^  Fiy 
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independent.  How  to  assign  the  laws  of  the  dependence  is  not 
material  to  onr  immediate  object. 

By  means  of  these  two  forms,  we  can  by  examination  of  the  plexns 
of  principal  derivatives  to  a  ternary  system  of  linear  equations  with 
four  variables,  ascertain  whether  it  corresponds  to  the  form  of  group 
in  Figs.  2,  3,  or  to  that  in  Fig.  4. 

The  normal  orders  belonging  to  these  groups  respectively  are 
shown  in  the  plate. 

If  we  proceed  now  to  the  groupings  of  five  points,  we  shall  find 
that  the  only  essentially  distinct  arrangements  are  the  following : — 

Five  points  all  external  to  each  other. 

Four  points  with  one  inside. 

Three  points  with  two  inside. 

No  differences  of  any  other  kind  than  those  above  denoted  will 
give  rise  to  any  difference  in  the  character  of  the  morph  resulting. 
The  three  morphs  corresponding  to  these  three  arrangements  are 
the  following : — 


ztu 


ttix : 

zt  \  X     tu  :  y 


uxy 
ux 


'  '•      '"J'  '■     y'*'-\  l8t  form, 
:  z     xy  :  t    yz  :  u  J 


ztu  :      xtu  :      xyu  :      yzu  : 

zu  :  X     tu  \  y  \  2nd  form, 

yz  \  t     xt  :  z      xy  :  t      xy  \  z 


ztu  :      xtu  :      ytu  :  ' 

uz  :  y    uz  :  X    yu  :  X 
yt  :  z     xt  l  z      xt  :  y 

'  3rd  form 

xz:y 

And  by  simply  observing  whether  the  principal  plexus  has  three, 
four,  or  five  homonymous  derivatives,  the  perspective  representation 
of  any  definite  ternary  system  of  linear  equations  with  five  variables 
can  be  identified  with  one  or  the  other  of  the  Figures  5-7,  8-11,  or 
12-15.  The  diatomic  zigzags  expressing  the  normal  orders  to  these 
figures  are  given  in  the  plate. 

So  far  we  have  found  that  the  number  of  morphs  has  followed  the 
progression    1 ;  2 ;  3 ;     arising    from    the    fact    that  there  are   no 


[Z)  five  of  the  six  pointR  may  be  at  the  angles  of 
iie  interior  point  may  occupy  any  one  of  three  es; 
.  ;,'ions,  each  Buch  position  giving  rise  to  a  distinct  i 
iiiifined  to  the  inner. 

These  three  distinct  kinds  of  position  defined. 

(■i)  Yoac  of  the  points  may  be  external,  nnd  thi 
.ithin  occupy  six  distinct  kinds  of  position. 
These  six  different  relative  positions  deacribed. 
Finally,  thi-ee  o(  the  six  points  may  be  external,  si 
liiy  be  viewed  as  a  triangle  within  a  triangle,  and  i 
Istinct  relative  positions  of  triangles  so  i«lated. 
These  six  diffei-ent  i-elative  positions  deacHbod. 
Thei-e  are  thus  in  all  Rixteen  different  classes  »f  urn 
iint«  in  a  plane,  nnd  thei'efore  sixteen  difiei'eiit  cla 
stems  with  six  vanables. 

The  normal  orders  for  each  of  these  sisteen  cases  t 
ctely  worked  out  by  Captain  Noble,  R.A.,  and  tl) 
ch  figure  attached  to  them  in  the  plate  fl6-3I). 
On  the  arrangement  of  plane  groups  in  natm-tt!  fam 
Classes  belong  to  the  same  natui'al  family  which 
pearing  simultaneously  in  the  same  eoni-se  of  the  i 
Liction. 

Any  two  clasaos  of  avstenw  beloow  <■"  *^-  r *" 

obtai  .-...o-  t.ho 
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essential  differences  of  position  of  a  point  or  a  couple  of  points 
within  a  triangle  or  of  one  point  within  a  quadrilateral.  Very 
diffei*ent  is  the  case  for  a  figure  of  six  points,  corresponding  to  a 
definite  ternary  system,  with  six  variables.  The  following  casoB 
arise  : — 

(1)  The  six  points  may  be  at  the  angles  of  a  hexagon. 

(2)  Five  of  the  six  points  may  be  at  the  angles  of  a  pentagon,  and 
the  interior  point  may  occupy  any  one  of  three  essentially  distinct 
regions,  each  such  position  giving  rise  to  a  distinct  species  of  morph 
confined  to  the  inner. 

These  three  distinct  kinds  of  position  defined. 

(8)  Four  of  the  points  may  be  external,  and  the  pair  of  points 
within  occupy  six  distinct  kinds  of  position. 

These  six  different  i^elative  positions  described. 

Finally,  three  of  the  six  points  may  be  external,  so  that  the  figure 
may  be  viewed  as  a  triangle  within  a  triangle,  and  there  will  be  six 
distinct  relative  positions  of  triangles  so  i*elated. 

These  six  different  relative  positions  described. 

There  are  thus  in  all  sixteen  diffei'ent  classes  of  arrangement  of  six 
points  in  a  plane,  and  therefore  sixteen  different  classes  of  ternary 
systems  with  six  variables. 

The  normal  orders  for  each  of  these  sixteen  cases  have  been  com- 
pletely worked  out  by  Captain  Noble,  R.A.,  and  the  numbers  for 
each  figure  attached  to  them  in  the  plate  (16-31). 

On  the  arrangement  of  plane  groups  in  natural  families. 

Classes  belong  to  the  same  natural  family  which  are  capable  of 
appearing  simultaneously  in  the  same  course  of  the  same  process  of 
eduction. 

Any  two  classes  of  systems  belong  to  the  same  family  which  may 
be  obtained  from  one  or  other  by  altering  the  signs  concurrently  of 
one  or  more  of  such  of  the  coefficient  gi*oups  as  may  be  so  altered 
without  the  system  ceasing  to  be  definite.  If  in  the  morph  of  any 
class  we  make  any  letter  pass  from  right  to  left  of  the  colon,  and  vice 
versa  throughout,  and  after  such  change  the  morph  still  contains 
characters  of  the  form  xyz,.,u:  corresponding  to  homonymous 
principal  derivatives,  the  morph  so  obtained  will  belong  to  the  same 
family  with  that  from  which  it  is  derived.  Thus  from  one  morph  all 
others  of  the  same  family  may  be  derived  by  simple  inspection  and 
transposition. 
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Conversion  defined. 

Scales  of  derivation  in  general  are  divaricative,  but  for  principal 
family  are  lineal. 

Example  four-,  five-,  and  six-point  systems. 

How  to  determine  a  priori  what  letters  in  a  given  morph  are  con- 
vertible. 

Examples  in  six-point  systems. 

The  number  of  families  for  six-point  arrangements  is  four. 

The  two  classes  of  four-point  systems,  and  the  three  classes  of  five- 
point  systems,  belong  respectively  to  a  single  family.     Proof. 

Numerical  and  natural  modes  of  classifying  groups  contrasted. 

The  principal  class  and  principal  family  of  any  r-point  group 
defined. 

The  tactical  rule  which  serves  to  define  any  normal  order  in  the 
principal  class.  Example  in  five-point  system.  Example  in  six- 
point  system. 

In  four-  and  five-point  systems  all  the  classes  belong  to  the  principal 
family,  there  being  no  other. 

The  numerical  system  of  arrangement  in  families  gives  rise  to  a 
new  question  in  the  partition  of  numbers. 

Thus  a  seven-point  system,  and  an  eight-point  system  arranged 
after  the  numerical  system,  consist  respectively  of  families  which 
may  be  typified  as  follows : — 

7    6,  1     5,  2    4,  3    3,  4    3,  3,  1 

8    6,  2    5,  3    4,  4    4,  3,  1    3,  5    3,  4,  1    3,  3,  2 

Theorem. — All  classes  of  the  same  family  may  be  derived  from  one 
another  by  perspective  projection. 
Conversion  balls  and  their  use. 

Theorem. — Normal  orders  are  orders  of  perspective  sequence  (see 
plate). 

Application  of  perspective  regions  to  finding  normal  orders  by 
exhaustive  method. 

The  position  of  the  eye  must  be  external  to  the  group. 

The  entire  plane  outside  the  group  may  be  divided  into  as  many 
distinct  perspective  regions  s^  there  are  normal  orders  (see  plate). 

A  ship  tacking  along  a  diatomic  zigzag  is  continually  making 
angular  way  in  reference  to  a  point  taken  anywhere  in  some  determi- 
nate region. 
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Normal  orders  of  points  in  space  are  also  orders  of  double  per- 
spective sequence,  a  line  of  view  and  planes  of  light  being  substituted 
for  the  point  of  view  and  rays  of  light. 

Four-,  five-,  and  six-point  systems  in  space,  like  three-,  four-,  and 
five-point  systems  in  planes,  are  reducible  respectively  to  one,  two, 
«nd  three  classes. 

The  classes  of  quaternary  point-systems  like  those  of  ternary,  and 
by  the  same  method  may  be  arranged  in  natural  families. 

Reasons  for  believing  a  higher  or  more  complex  colligation  of 
cimtrtMo  possible  for  quaternary  systems. 

Although  the  g^metry  of  dispositions  does  not  explicitly  recognise 
^istmctions  grounded  on  magnitude,  still  the  relations  which  it  con- 
moplates  must  admit  of  quantitative  discrimination. 

The  cmsura  in  the  eduction  process  following  any  normal  order 
'rf  the  variables ;  how  determined  geometrically  for  ternary  or 
systems  by  the  principle  of  denudation ;  conformity  of 
the  rule  for  binary  systems. 

How  the  neutral  region  in  a  normal  order  which  does  not  exist 
$ir  Kaaxy  arises  for  teruary  and  higher  systems  (see  plate). 


^ — ^The  distances  from  each  other  of  four  points  in  a  plane 
$iT«ii  (six  quantities  connected  by  one  equation)  it  must  be 
lo  form  one  or  more  rational  functions  of  these  quantities  of 
«iM;^  tli#  values  as  positive  or  negative  must  serve  to  discriminate 
■i^^^wwm  lW  two  kinds  of  disposition  in  which  four  points  may  be 


I  character  of  the  new  geometry  of  disposition. 
^  si^  T^  theory  of  permutation  in  space." — Cayley. 
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l^he  Fluted  Vibrations  of  a  Circular  Vortex  Ehig  with  a  Hullow 
Core.  By  H.  S.  Cabslaw,  B.A.  Emmanuel  College,  Cam- 
bridge. Received  October  31st,  1896.  Read  November 
12th,  1896. 

Introduction, 

1.  The  discassion  of  the  circnlar  vortex  ring  of  finite  cross-section 
was  initiated  hj  Hicks  in  his  papers  in  Phil.  Trans,,  1884-5.  In  his 
presidential  address  to  Section  A  of  the  British  Association,  in  1895, 
he  called  attention  to  the  incorrectness  of  his  result  for  the  fluted 
vibrations  of  a  "  solid "  ring,  and  accepted  the  correction  given  by 
Basset  in  his  Hydrodynamics^  §§  326-340.  The  error  referred  to  is 
only  for  this  particular  ring ;  whereas,  if  Basset's  work  is  correct,  a 
mistake  must  also  have  crept  into  his  earlier  investigation  in  respect 
to  the  simple  hollow  ring  treated  of  independently  by  Pocklington 
{Phil.  Trans.,  1895),  and  with  the  same  results. 

In  this  paper  I  have  attacked  the  general  problem  afresh.  By 
using  the  velocity  potential  in  the  disturbed  motion  I  have  made 
sure  of  giving  to  it  its  proper  acyclic  and  irrotational  nature.  My 
result  gives,  as  special  cases,  those  of  Basset.  Further,  I  consider 
the  analogous  problem  in  two  dimensions,  and  find  between  the  two 
period  equations  the  same  similarity  as  exists  between  Basset's 
equation  and  that  obtained  by  Lord  Kelvin  for  the  columnar  vortex 
in  Phil.  Mag.,  1880.  This  agreement  is  to  be  expected  in  both  cases — 
since  the  physical  aspects  of  the  problem  of  a  ring  with  a  very  large 
aperture  and  small  cross-section  resemble  those  of  a  cylindrical 
column  in  an  infinite  liquid — and  affords  a  verification  of  my  work 
for  the  ring. 

The  notation  adopted  by  Basset  lends  itself  most  easily  to  the 
work  required,  so  that  it  is  necessary,  first  of  all,  to  work  out  in  its 
terms  the  problem  of  the  steady  motion ;  this  involves  only  an 
adaptation  of  Hicks*  analysis. 

The  Notation. 

2.  Consider  the  titans fonnation 

2-f  itBT  =  atan^ . 

2 
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This  gives  e"f"'  =  -     — r  ), 


i.e. 


£  =  T-(tf,-tf,),     „  =  log(^). 

Thus  i;  =  constant  is  the  system  of  coaxal  circles  having  A,  B  for 

limiting  points, 
f  =  constant,  the  orthogonal  system  ; 

also  along  AB  on  the  upper  side,  {  =  0, 

along  —CO  A  and  J5  oo  ,  £  =  «•, 

along  BA  on  the  lower  side,  {  =  2^  ; 

further  along  OZ,  »?  =  0, 

at  -4,  i;  =  —  00 , 

at  ^,  j|  =  -h  00  ; 

,  .,  a  sinh  ri  aS 

while  vr  =  — - — ; ^  =  — — , 

cosh  ij-f  cos  f       U  +  c 

_        a  sin^        CLS 


z  = 


cosh  ly -f  cos  f       O-^-c^ 
and  d^'  =  /.'  (rfl*  4-  dn')  =  ( ^y'^)  *  {de  +  dn'), 

where  /S  =  sinh  ly,     «  =  sin  f ,  <fcc. 

Here  we  have  a  notation  which  lends  itself  at  once  to  the  problem 
of  approximately  circular  vortex  rings. 

The  Steady  Motion. 

3.  We  can  reduce  the  problem  of  a  ring  moving  forward  steadily 
in  an  infinite  liquid  with  velocity  F  to  that  of  a  stream  flowing  with 
velocity  V  past  a  stationary  ring  by  impressing  on  the  whole  liquid 
a  velocity  —  F. 

Thus,  since  the  motion  is  symmetncal  with  respect  to  a  line  pass- 
ing through  the  centre  of  the  ring,  and  perpendicular  to  its  plane,  we 
may  use  Stokes'  current  function  and  the  notation  of  §  2. 

If  the  steady  motion  is  possible,  the  current  function  must  satisfy 
the  following  equations  : — 

( r^  -  -  -  T-  +  -?-J  -^^  =  0'     «°*«''^«  *^«  ""'"g'     <i) 


'fff  »"     c/nr 
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where 


bi  ^ 


M 


(3) 


and  we  use  a  nght-handed  system  of  axes ; 

i/'j  =  —  \Vts^  at  infinity, 
i/r  =  constant  at  the  surface  of  the  ring  ; 


(4) 
(5) 


and  the  pressure  must  he  continuous  at  the  outer  and  constant  at  the 
inner  surface.  (6) 

4.  In  accordance  with  Hicks*  method,  we  assume  as  the  equations 
of  the  cross-section  of  the  ring 


K  =  e"»  =  6i  (l  +  a, cos  2^-)-...), 

jc  =  e'  =  fe,  (1  -hA  cos  ^4-/5,  cos  2f  + ...), 


(7) 


where  we  shall  consider  ft^  and  a„  of  order  6"  or  6j[,  and  6,,  6,  are 
small,  hecause  17  is  nearly  infinite  at  the  surface  of  the  ring  if  the 
cross-section  is  small  compared  to  the  aperture. 

Further  we  take,  following  Bai)set*s  work,  for  our  \^, 


0 


■■{^ 


«+4 


R^  cos  nf , 


(9) 


x|  [j«  ( AJ***ie,^-HB,  (f-j^'^J  cosnf,  (10) 
R^  and  T^  being  the  modified  toroidal  functions  used  by  Basset. 


Here  we  shall  take 


Ail.     AjL-    and    ^^ 
A'     '  A      '  B 


to  be   of  order  6.      We 


have  now  to  determine  what  orders  we  shall  give  to  A'^  A^^  and  B^ 

To  find  information  as  to  these,  we  must  consider  the  different 
circulations,  as  they  are  important  features  of  our  problem. 


Let 


/I,  be  the  circulation  outside  the  ring, 

fi  ,,  „  at  the  outer  surface  due  to  the 


f*i 


j» 


>» 


vortex  filaments  alone, 

at  the  inner  sui-face. 
u  2 
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We  find,  as  in  Hicks, 


77« 


a 


(11) 


^'  =  -4irlfa»  \ib\- b'){l+4{b\+b\)]  +  ^  fc;+/3,6,fcj]  +... 


=  -4*Ma*(b\-b\). 


(12) 


Then,  if  there  were  no  added  circulations  these  two  expressions  for 
ft|  and  fi  would  have  to  be  the  same,  so  we  are  led  to  take  Ai  to  be 
of  the  order  MV, 

Now,  for  fij  we  have  the  equation 


.0      -   w        -"I 

along  K=  bi(l-\-aiCos2$i- ...), 


Evaluating  this,  we  find,  correct  to  the  lowest  order, 

M,  =  -  -^  [mby  (1  +46^)  +  ^  -  ^  +&C.] . 


(13) 


Thus  we  see  that,  if  the  inner  circulation  were  zero,  A^  would  have 
to  be  of  the  order  Mb*,     We  therefore  take  -^q  to  be  of  order  Mb*, 

Also  Bf^  must  be  of  order  Mb*.  We  are  led  to  this  by  considering 
the  case  when  there  is  a  **  solid  *'  core ;  if  this  condition  were  not 
satisfied,  the  oidgin,  t.e,  the  point «:  =  0,  would,  in  fact,  be  a  singular 
point  in  the  flow. 

i/r,  =  Constant  at  the  Outer  Surface, 

5.  We  are  now  in  a  position  to  calculate  the  values  of  ij/  to  any 
approximation.  For  the  work  on  vibrations,  we  shall  need  the  cir- 
cumstances of  the  steady  motion,  and  this  calculation  we  shall  have 
to  carry  to  the  order  Mb^.  We  shall  for  the  future  regard  if 6',  that 
is  il^  as  of  the  order  b^. 

We  have 

^,  =  -iFtirH(25,)-*(C+c)-*2^,:(-^)"*E„cosnf 

0  \   K    I 

We  know         tir  =  a  (1— 2«:cos  f +2«:'co8  2f ...)  ; 

thas  «r'  =  a-  (1  +  2i:»— 4«:  cos  f -f  6*:'  cos  2f -|-  ...)• 
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Also       _i_=(2«)»[l  +  J«»-(K  +  t«')co8;+J««oo82f...], 

where  i  =  log  (  —  j. 

Thus,  to  our  order, 

^,  = -iFa»(l-4cco8^)+ J^  (l-rco8i)[-Hi-2)] 

+ii;(^')icos^. 

Therefore,  when  «  =  6,  (1 +/3,  cos  i+ ...), 

+ higher  terms. 
Therefore,  to  our  order,  \p^  is  constant  at  the  surface  if 

(U) 


2Fa«+K  (A-2)+  fj^  +  §  =  0. 


where 


i.  =  iog(A). 


^1  =  Constant  at  the  Outer  Surface, 
6.  Putting  Q  for  Jfa*6j,  we  may  write  equation  (10)  in  the  form 

h\^r  =  iQ  (f  )*+(26,)-*  (C  +  c)-*S  [j.  (  ^)"'*i2- 

+  J5«(y)"'*r„]co8nf. 

Since  we  want  ypi  to  the  order  &\  we  must  take  the  right-hand 
side  to  the  order  6*. 

Remembering  that,  while  -^^is  of  order  6',  B^  is  of  order  6^,  we  find, 
to  our  approximation, 

b\yp,  =  i(2-hBo+  (Q+i^)  ^-i^  (^-2) 

+cosf[^^(JD-2)  +  i^A_,c(?-{H^+ff)  +  fQ]'^] 
-h  cos  2f  ]  Fjc«  +  cos  3f  ITi:". 
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Following  Basset,  we  have  here  put 

ir  — r^O '^  P  -I-  »  ^ 1 B  "t  -L  » s  "« 

ii.  —  —  *>^:  — siJoT^Ta  r ^^52   ^Ttt  7F- 

SIS 

Thus,  when      jc  =  6,  (1  +^1  cos  f+jSj cos 2^-1-...)  =  «j, 
to  our  order, 

^a«Ai  =2?o+;'iC08£+2'jC08  2{+pjCOs3i, 
where 

p.  =  -  G  -|-  /3, +im;/3, + A- ^6'. 

Then  i/r^  is  constant  at  ic,,  if 

From  p^  =  0,  since  all  the  terms  excepting  the  first  are  at  any  rate 
of  order  h\  G  must  be  of  order  6'  at  any  mte. 

From  j3,  =  0,  fl"  must  be  of  order  fe'  at  any  rate ;  and  from  p,  =  0, 
BO  must  £*. 

Thus,  to  the  first  order. 


>  . 


(15) 


These  three  equations  give  Z?„  7?j,  and  2?,  in  terms  of  Q  and  li„. 
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Also,  from  p^  =  0, 

«/rj  =  Constant  at  the  Inner  Surface. 
7.  We  have,  from  §  6,  to  order  <c*  in  riglit-hand  side 

+  cosf  [-ic(^-|CJK'«  +  i(^-2)icJo+^^  -^]. 

Thus,  at  If  =  6i  (l  +  ajCos2f  +  ...), 

to  this  order, 

fc'-A.  =  i<3  +  J?.+  e6;  +  co8f  [-(?6.-SQ6j+i4,(L,-2)6.+  :|'  (|t)]; 

and  therefore  to  our  order  i^,  is  constant  if 


where 


-G6,-f(26t+iJo(L -2)  6,+  ^  (A)  =  0, 


(17) 


T/ie  Pressure. 

8.  We  have  now  to  examine  the  pressure  conditions. 
The  pressure  equations  ai*e  as  follows : — 

Tk  TT 

£-  +^5*  = hi^,  where  EI  is  the  pressure  at  oo ,    (18) 

Pi  Pi 


±-  -f  io* 77-  i/r.  =  a  constant. 

'^i  1 


Also 


'•=(^.)'{(ir-('-f)i- 


(19) 


(20) 


(i.)  Let  us  take  the  inner  surface  where  jp  is  constant. 
We  have  then  to  order  W  at  least 

JL^.^  — Q_  \2k^  Asl  ^cosi  f  A  (X_2)  -f  3  ^« 


and 


2Q  ic*      "^''        qJJ' 


,  3i// __       Qsinfr^o/r     oN.^i  ^     Q^     9^1 


(21) 


(22) 
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The  first  gives   a  term  of  order  6~* ;    the  second  has  its  most 
important  term  of  order  h^. 

Therefore,  in  finding  q*  to  the  two  most  important  terms,  we  may 

omit  (  —  ^  -  J  ,  and  deal  only  with  (  —  ?^  J  . 

Further,   wo  have  already  made  \p^  constant  at  the  inner  surface. 
Thus  it  follows  from  this  pressure  equation  that  we  simply  have 

(ii.)  Pressure  continuous  at  the  outer  surface. 

Using  the  values  for  —  ^  and  —  — ,  we  find  for  the  pressures 

wrh  die  mh  d{ 

at  the  outer  surface  to  our  order 


JP.-I-  jdL 


2Va?-{-  ^  f  L,  +  l-  ^]  -  —1  cos  f  ^constant  terms 
2  \  6,  /      26jj 


Pt 

-P  +Pcos  f+ constant  terms  =  a  constant, 
Pi 

where  P  stands  for 

-8A^:-,^  1+2(26. 4- 4j(^(i>.H-i)-v-6;-4-|) 

Therefore  we  must  have 

ft^;  [2  Fa'  +  |i  (  L.  + 1  -  ^  )  -  ^J  =  Sa%p,  P.  (24) 

We  might  here  get  an  equation  between  the  IT,  F,  and  the  other 
constants,  but  in  our  work  this  is  not  required. 

9.  We  have  now  got  all  the  information  desired.  The  only  point 
left  undetermined  is  the  condition  the  pressure  at  infinity  must 
satisfy  that  the  hollow  may  be  present.  This  is  not  a  matter  with 
which  in  the  present  investigation  we  shall  be  concerned. 

For  convenience  the  equations  already  obtained  are  hei*e  collected, 
and  it  will  be  seen  they  give  us  all  the  information  as  to  the  steady 
motion. 
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In  every  case  the  equations  are  correct  to  the  lowest  order  onlj. 


a 


(25) 


(26) 


<?-|«^:+2i3.6.Q+^(A-2+A)  +  A  =  o,  (29) 


(27) 


(28) 


-0-\Q!b\-\- 


-Q-^Qh\  +|.(i.  +  l)-A(^)=0,         (31) 

=4T-«^«''-if^K2^'-^24)(^('^'^'^-"''-2-&-i) 

-4  (|'A+  ^  6.  (i.-2)  +  ^ -961-26, -|)].     (32J 
From  (30)  and  (31),  we  find 

Therefore  we  have  Ay^  in  terms  of  Q  and  A^^  and  (27)  gives  A^, 
Then,  from  either  (80)  or  (31),  we  find  O^  and,  subtracting  (29)  and 
(30),  we  find  )8,.     Substituting  in  (32),  we  find  F. 


E.g.^  if  /ij  =  0,  we  get 

^['-{t)'=«['-(t)>^(l;W(t) 


Ml 


-^iVi'Min  <*'' 
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Further,  if  61  =  0,  we  get  the  well-known  result  that 

since  Lt,.o  (^  log  x)  =  0. 

We  shall  want  later  the  tangential  velocity  at  the  surfaces  in  the 
steady  motion. 

From  our  work  we  see  that  to  the  lowest  order  they  are  given  by 

nth  Sk 

Referring  to  the  results  in  §8,  and  equations  (25),  (26),  (27),  we 
get  to  the  lowest  order 


Ui  =  tangential  velocity  at 


_     /^i 


17  = 


U,= 


?> 


?» 


Also 


>> 

just  inside   a. 

5> 

just  outside  ic. 

acr, 

ar 

U'      2Q 

'    . 

6, 

4Ta6, 

Hi 


-_     '*« 


4jra6, 


(34) 


(:{5) 


(36) 


(37) 


The  Fluted  Vibrations. 

10.  To  find  the  small  oscillations,  we  assume  that  the  equations  of 
the  inner  and  outer  surfaces  may  be  given  by 

ic  =  6,  (H-ae*^"^*^'0»  (38) 


K  =  &,(l-f/3e'(»^*'^% 


(39) 


whei'e  a  and  P  are  small,  the  order  of  their  smallness  being  determined 
later,  n  a  positive  integer ;  and  we  want  to  find  an  equation  for  X. 
If  we  find  an  equation  whose  roots  are  real  under  all  circumstances, 
the  small  oscillations  are  always  possible,  and  the  assumption  as  to 
the  form  of  the  surface  is  justified.  If  \  is  only  real  under  certain 
circumstances  this  restricts  oui*  fluid  motion  for  stability  to  these. 
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The  motion  of  the  liquid  is  that  which  subsists  when  there  is  no 
vibration,  together  with  small  changes  introduced  by  the  vibration. 
The  former  we  have  been  already  investigating.  The  latter  we  may 
approach  more  logically  through  the  velocity  potential,  because  the 
disturbance  gives  an  acyclic  irrotational  motion. 

11.  Let  ^,  and  ^,  be  the  velocity  potentials  of  the  disturbed 
motion.     Then  we  shall  take 

0,=  ((7+c)MP,e'^'"^*^'\  (40) 

0,  =  (C+e)*(7?P,-hCQ„)  e'^'*^\  (41) 

where  F^    and  Q„  are  the  toroidal  functions  of  order  n  given  by 
Hicks,  or  in  Basset,  §§  273-282  ;  A,  B,  G  small  constants. 

These  are  acyclic,  and  the  disturbance  is  very  small  when  we  go 
to  infinity. 

Now  P«  <x  'c  -  "-*\     Q„  X  ic"  *  * ; 

also  (0  +  c)*%  (2i:)-*, 

when  K  is  small ;  therefore,  when  k  is  small,  we  may  take,  for  0,  ^^^  0n 


J     I  ^\       p^\HZ*Xt) 


^--(^) 


,.  =  [5(A)Vo(^)>.-- 


(42) 


(43) 


where  the  A,  B,  0  are  now  different  constants,  and  this  is  correct  to 
the  lowest  order. 

We  want  now  to  find  corresponding  expressions  for  the  stream 
functions  Xu  Xs- 

For  a  point  outside  the  ring,  we  bave,  following  Basset, 

3^ 


Therefore,  retaining  only  the  most  important  terms,  we  have 

X,  =  ia(-^r^e»(""f*'^^  (4i) 

For  a  point  inside  we  have  to  subdivide  the  integrals,  and  we 
find,  to  the  lowest  order, 


X.  =  .a[2?(^)"-C(^)"]c-- 


(45) 
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where  we  have  omitted  a  term  in  e^,  as  it  may  be  coTinterbalanced  hj 
the  arbitrary  f  anction  of  the  time  in  the  pressure  equation. 

12.  The  bounding  surfaces  must  always  contain  the  same  particles. 
Thus,  if  we  put 

F,  =  -i:+6i  (l+ae'^"'^**'^)  =  0, 
we  must  have  at  each 

dt    w  dj\h  diJ  \  mh  a{A    h  aif/     ' 


where 

Taking  f„  this  gives 


*  =  ^+X- 


If  we  assume  A  and  fi  very  small  compared  to  h,  nnd  look  on  the 
cross-section  of  the  ring  in  steady  motion  as  an  exact  circle,  and  the 
normal  velocity  there  as  zero,  we  shall  be  able  to  omit  the  third  and 
fourth  terms  in  this  equation,  and  to  divide  out  by  c*^"'*^\ 

This  gives  ^  =  -  2ia6,/3  Z'  [7,  +  2ab^  — ] .  (4G) 


Further,  from  F^,  just  inside  the  ring,  we  find,  in  the  same  way. 


and  from  F^^  at  the  inner  surface. 


(47) 


^C^y^^i^)   =-^iab,afu,-\-2ah,^\  (48) 


The  Pressure, 
Id.  The  equations  that  the  pressures  satisfy  are 

•^  +fi-K  29*  =  ^^  arbitrary  function  of  time  =iff(t),  say,  (49) 
Pi 


Pi 


i» 


=  /,(0,8ay.  (60) 
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/.(0  =  const.-fa[B(|;)Vo(|i)-]e' 


("f+M) 


because  the  other  terms  are  either  of  higher  order  than  these,  or  they 
are  constant,  from  the  conditions  to  which  we  have  bound  our  current 
functions. 


But,  putting 


3Xi  — 


2a6, 
2{a 


also  B«»  +  Ca!-"  =  — ^,  [26,/3r-6iaFi(ar*-fO]» 


where 


further 


Fi  =  [7i  +  2a6i— ,  Ac, 

n 


therefore  this  pressure  condition  gives 

&ia[(^i^-4  J-o!-^-^)  (aj*'-a:-)4-J  (x- +;c-")  F?]  =  2/3«;p F,F'. 

(51) 

We  obtain  another  equation  from  the  continuitj  of  pressure  at  the 
outer  surface. 

To  the  first  order 
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Therefore  we  must  have 


+ 


^^^^,  (M.2a»^-ta(5-0))], 


the  other  terms  having  been  already  adjusted  in  the  steady  motion. 
Putting  in  the  values  for  -4,  .B,  and  (7,  this  gives 


From  (61)  and  (52)  we  find  at  once 


[(-^)h'-i^".Kf-^f)-*f^i 


+ 


nP-  (:^+  A  )] 


4('-^)('.''.f-firi)-^(-^i)] 


1 


(63) 


Using  the  results  of  §  9  (37),  this  becomes 


[(^_ i) {^^_.^^^_|l.  _ZL) ^ (..+ i) .^] 


t  1 


4('--i^)(-'^+2-Sp^.''.)*Hi=)<] 


S  1 


=  4w'rF^ 


If  we  now  put    «i   for  — ^,  &c. ;     also  'p  for   (a;'— a;"'*),    7    for 
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(aj"+a:~")  ;  and  remember  that 

and  divide  all  through  by  16a*6'*6^  we  shall  get,  for  the  final  form  of 
our  period  equation, 


•i     '        1 2 


^H-'M"-mz'f'h<'-*m 


i'-b\ 


=  4,.(„.+  Ay(„'^^)' 


(54) 


Before  discussing  this  equation,  and  considering  the  question  of 
the  reality  or  unreality  of  its  roots,  I  propose  to  consider  the 
analogous  problem  in  columnar  vortices,  and  to  see  whether  we  can, 
from  the  period  equation  for  that  case,  verify  the  result  just 
obtained. 

The  Columnar  Vortex  with  a  Hollow  Core. 

14.  We  shall  now  examine  the  case  of  a  cylindrical  vortex  column 
in  an  infinite  liquid,  there  being  a  hollow,  in  steady  motion  bounded 
by  the  surface  r  =  a,  and  the  surface  r  =  5  separating  the  rota- 
tionally  from  the  irrotationally  moving  liquid.  This  column  is  to 
be  at  rest  in  the  liquid. 

Dealing  with  the  current  function,  we  have  the  equations 


ll'A+-i^-f2i  =  0,     a<r<h 
Or^  r    dr 

fj-^-^  =0,     6<r<oo 

dr^         r    Sr 


(55) 


i^i=illogr  +  B-K^ 
«Ai=  Ologr+D 


} 


(66) 


satisfy  these  equations. 
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They  give  i/r  =  constant  at  r  ^=  a^  r  ^=^h. 

Let  /ij,  ft',  and  /n,  be  the  circulations  at  r  =  a,  just  inside  r  =  b,  and 
just  outside  r  =  6. 


Then 


^,  =  !''(-  ^-^y^^  '^"^  (-^  +  ^«'>' 


,.'  =  2r(-^  +  C6«), 


Thus 


/'s  = 

-2irC. 

^  = 

|- («•  +  &')- 

4r 

c  = 

- 

"2t- 

B  and  D  are  unimportant. 

The  pressure  equation  when  \f/  is  independent  of  0  is 

Therefore    ^  =  if  (f'-a«)-2a  log  (7)  -  |  (t"  "  ~0 ' 


where  we  have  made  ^  =  0  at  r  :=z  a. 


Also  outside 


G 


n 


if  IT  is  the  pressure  at  infinity,  and  the  pressure  at  infinity  must  be 
such  that 

°  =  i  +i^-'" («.'-«') -2Cap. log  (A)  +1  p,^l^.  (57) 

This  equation  (57)  gives  the  relation  that  must  hold  between  IT 
and  the  other  factors  of  the  problem  (fii,  fi\  /i,)  (p,,  p,)  ({,  a,  h)  to  allow 
the  hollow  to  exist. 


15.  Suppose  this  motion  to  be  disturbed,  and  the  equations  of  the 
bounding  surfaces  to  be,  at  time  ^, 


r  =  a(l  +  ae*<"***") 


(68) 
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Let  the  velocity  potentials  for  the  disturbed  motion  be 


0j  = 


R 


(t) 


g*(«»+X/) 


(50) 


where  a,  /3,    P,   Q,  and  B  are  small  quantities  whose  squares  and 
products  are  to  be  neglected. 

We  have  the  corresponding  current  functions  for  the  disturbance 
alone, 

and  the  current  function  giving  the  complete  motion  we  are  taking, 
as  in  §  12,  to  be  ur        i  . 

16.  The  surfaces  r  =  a  (l  +  a6>'^"'*''0i 

contain  the  same  particles  throughout  the  motion. 
The  equation  we  have  to  satisfy  is  then  of  the  type 

Neglecting  the  squares,  &c.,  of  the  small  quantities,  and  putting  in 


when  r  =i  a,  and 


just  as  in  §  13,  we  find 


TT  —      ^^» 
Or 


n 


^  (!)■-«  {-')■=-". 


P-Q 
-It 

VOL.  XXVIII. — NO.  082. 


ibii  7, 


(61) 
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We  shall  require  the  following  results,  which  are  deduced  at  once 
from  §  14 : — 


zaw 


a 


U'  —  fiL±/     ^IL  =  2£—  ~ 


2hir 

U  =-^ 

^'       2hir' 


dr 


h 


dr  b 


Also 


V     tr  —  ci: 


b'-d 


-^(bU'-^aU,), 


(61') 


The  Pressure  Equatiotis, 

17.  The  work  here  is  perfectly  analogous  to  that  in  §  13,  though 
simpler,  because  of  the  nature  of  our  current  function. 

(i.)  At  the  inner  surface  ^  =  0.  Therefore,  leaving  out  the  con- 
stant torms,  we  find  from 


to  the  lowest  order 
0  =  iV^'****'^ 


Pi 


[-(f)"-«(i)>-.[f-»"« — i^] 


+2((-U,Sr+Xi)- 


Substituting  the  values  for  Xi  and  vr^,  we  have 
and  therefore,  from  (61), 


( 


aa  s 


(^-^)(^>f  ^^^•^t)+7^(^-^^)}  =  2-^^'^'' 


(62) 


where 


=  .T. 


a 


(ii.)  At  the  outer  surface  p  is  continuous.  The  condition  being 
applied  here  just  as  in  the  three-dimensional  case,  we  find  in  the  end 
the  following  equation  which  must  be  satisfied : — 


[<„«(...  M),,,..|.] 


=  (P+Q)t|  [U'+  ^)  +6/9  [U'^^  +  '-^), 
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where  <r  =  pjpi» 

Putting  in  the  values  found  for  P,  Q,  and  R  in  (61),  this  gives 


n 


=  2a  ^F^r. 


a; 


(63) 


From  equations  (62)  and  (63),  we  have   the  following  determ- 
ining X, 


X  {  (^-  Jr)  [«^.f  ■+2i«' ^]  +«(^"+  i.)  '^l  =  ^'^l^"- 


(64) 


Using  the  results  of  §  (17)  for  ^-i,  <fcc.,  this  becomes 

Or 


4n«7^F'*. 


But 


therefore,  putting 


a  b 


and  dividing  by  a*6\  we  find  for  our  period  equation 


+«,(«'+ A)' J 


.  I,  [_«.,.(,,  A)  ^v=^.]  ,«,(,,  A)' J 

=  4„.(«.+  A)'(„'+A)'. 


(65) 


On  comparing  this  equation  (65)  with  the  period  equation  (54) 
found  for  the  vortex  ring  vibrations  the  agreement  is  evident. 

I  2 


116     Mr.  H.  S.  Ctti-slaw  on  the  Fluted  Vibrations  of  a    [Nov.  12, 

Hie  Period  Equation. 

18.  After,  this  confirmation  of  the  investigation  of  §§  11-13,  we 
may  proceed  to  examine  the  period  equation  found  for  the  vortex 
ring  with  a  view  to  the  conditions  necessary  for  stability. 

The  equation  in  the  general  case  is  a  quartic,  and  its  discussion 
would  be  laborious  in  the  fxti'eme.  However,  by  simplifying  the 
details  of  the  problem,  we  may  get  instructive  infonnation  bearing  on 
the  genei'al  features  of  the  motion. 

Let  there  be  a  hollow,  but  the  circulation  round  the  hollow  zero, 
thus  n,  =  0,     /Ui  =  0. 

The  equation  then  becomes 


4\  (A  +  nuy  =  (5X+ 2  -~ pic^ 


X  i^p 


{  {\-^nu,y^nul}  -2r\^  -  ^  nu'^'j  +  (X  +nt;)« q  j  , 


when  we  have  omitted  the  factor  X  from  both  sides. 
Writing  q/j)  =  r,  this  gives 

X»  (1  +  vfT)  -}-2\-  ^w;^'  +  o-w/  f^  +  nrmi^ 

+  ,(.«;.„.„-l-„«-|±i+4n«''^J] 
+2i'  -^  (au\H.n-l-nu''-  4^  +»•»'«") 

X  — 1\  X  —  1  / 

=  0.  (66) 

If   this   form   of   ring   is   stable   when   /ij  =  0   for    this   type  of 
disturbance,  we  must  have  the  i*oots  of  equation  (66)  all  real. 

Writing  it  in  the  form 

X»  +  6X'  +  cX  +  <i  =  0, 

we  have  as  our  conditions,  both  being  necessary, 

(i.)  6-   -3c  >0, 

(ii.)  6V-4c'  >  d(46»-  lSbc+27d).  (67) 


1896,] 


Circular  Vortex  Ring  with  a  Hollow  Core, 


117 


Even  in  the  simple  form  (66)  the  discussion  is  complicated,  for  we 
ai*e  to  have  every  integral  value  of  n  at  our  disposal,  and  u\  u^  need 
be  taken  only  in  such  a  way  as  to  satisfy  the  condition  holding 
between  them  and  the  other  constants  of  the  problem. 


Hollow  venj  Small ;  iv  very  Great. 


19.  If  a*  is  very  great,  we  find 


2 


c  = [tt'*  (n*  -f  3m — 4)  4-  4(ry*?t'Mj  -h  <r .  m  (n — 1)  i*- ] , 


d  =  n(n-l)((rnJ  +  tOj 


2u' 


+  <r 


Put  ^J 
u 


Zy  and  -y  =z  u'j  we  thus  find 
u 


t/'(l+(r)+2y'(n4-er-h(rwr)+y  [w«  +  3m  — 4  +  4(rM5+an(n— 1)2*] 


+  2M(ti-l)(l-fo-2')  =  0.     (67) 


This  is  the  same  as 


(y  +  2)  [y'(l  +  (r)+2y(n.n-l  +  n<rz)  +  n(n-l)(l  +  <r2')]  =0,     (68) 
which  agrees  with  the  equation 

y*(l  +  a)  +  2y(n.n-l  +  wcrz)+n(n— l)(l  +  <r2')  =0,     (69) 

found  by  Basset  for  the  "  solid  "  ring. 

He  discusses  this  equation  {Hydrodynamics ^  §  228),  and  finds  that 
its  roots  are  real  only  if 

^  >  1     and     5=1; 

I.e.,  when  the  hollow  is  very  small  there  must  be  no  slipping  Dt  the 
outer  surface,  and  the  density  inside  cannot  be  greater  than  that 
outside  if  there  is  no  circulation  round  the  inner  surface. 

We  see  also  that  when  a  hollow  has  just  formed  in  this  ring  there 
are  two  new  periods  inti'oduced  in  addition  to  those  it  holds  in 
common  with  the  "  solid  "  ring. 
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Hollow  Large  ;  x  nearly  Unity, 

20.  In  this  case  our  equation  for  X  becomes,  after  some  rednctiou 
and  neglecting  small  terms, 

X»+nXV+2tO  +  fA[(n-l)Mj  +  2nnwJ  +nV  r(n-l)uJ-J— J  =  0; 

and,  with  the  same  notation  as  before, 

y»+nir(lH-2z)+wi/4(n-l)i5  +  2»»]-f.M«[(n-l);:'-^J  =0.    (70) 

(i.)  When  <7  =  oo ,  we  get 

i/  +  w2/'(l4-2z)  +  nyz[(n-l)i:?  +  2w]+n'(n-l)5»  =  0,      (71) 
and  this  equation  is  solvable  at  once,  giving  as  roots 

y=-z,     -5(n=Fv/n).  (72) 

The  roots  X  =  —  w,  (wdb  Vn)  agree  with  the  values  for  the  periods 
found  by  Basset  for  a  hollow  vortex.  The  roots  being  all  real,  we  see 
that  when  the  hollow  is  large  and  there  is  no  circulation  ix)und  the 
inner  surface  the  ring  is  not  stable  unless  the  outside  liquid  has  a 
density  infinitely  greater  than  that  of  the  inside. 

(ii.)  When  r  =  1,  we  can  examine  easily  the  conditions  for  the 
i-eality  of  the  ix)ot8  of  the  period  equation. 

?;'-3c  =  3V-37i(3w-l) 
=  3n. 

Therefore,  when  n  is  positive,  6'  — 3c  >  0. 

Also 

6V- V-(i  (46»-186r  +  27d)  =  n=  [4**-  ^H.  (73) 

If  <7  is  very  gi'eat,  this  is  always  positive ;  but,  if  <r  is  finite,  it  is 
possible  to  choose  n  so  that  the  expression  is  negative,  and  thus  it  is 
onl}^  for  <r  xevy  great  that  the  case  is  stable  for  this  kind  of 
disturbance. 

21.  The  general  investigation  of  the  reality  of  the  roots  of  our  period 
equation,  cither  in  the  quartic  form  of  (65),  or  in  the  cubic  form  of 
(6Q),  for  all  possible  values  of  a,  r,  «„  u\  u^,  and  m,  is  not  obvious. 
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So  far  I  have  not  been  able  to  get  any  other  definite  results  than 
those  I  have  given  above,  which  correspond  to  those  given  by 
Hicks  (Fhil  Trans,,  1885). 

It  is  true  that  all  have  the  same  peculiarity,  which  causes  the 
difficulty  of  accounting  for  the  masses  of  the  elements  as  compared 
with  the  ether  on  the  vortex  hypothesis.  In  no  one  of  the  cases  I 
bave  obtained  does  our  criterion  of  stability  allow  the  density  of  the 
core  to  be  greater  than  that  of  the  fluid  outside. 

Yet,  in  the  face  of  the  period  equation,  it  would  be  rash  to  say  that 
this  must  hold  in  all  cases.  Though  my  work  has  not  brought  to 
light  any  arrangement  of  density  and  circulation  which  would 
satisfy  the  conditions  for  stability  and  yet  allow  for  the  excessive 
masses  of  the  elements,  the  question  is  reduced  to  the  consideration 
of  this  equation.  At  any  rate,  before  we  reject  the  vortex  atom 
theory  because  of  the  difficulty  in  certain  types  of  ring  of  accounting 
for  the  dilEerence  in  ma^ss  between  gross  matter  and  the  ether,  we 
must  have  more  proof  that  its  roots  are  unreal,  when  we  have  that 
distribution  of  density  for  which  this  dilEerence  seems  to  call. 


Note  on  the  Symmetric  Oroup*     By  W.  Buenside.    Received 
November  9th,  1896.     Read  November  12th,  1896. 

The  symmetric  groups  of  three  and  four  symbols  are  capable  of 
abstract  definition  by  the  relations 

A'  =  1,     ^»  =  1,     (ASy  =  1, 
and  ^*  =  1,     i^»=l,     (ABy  =  l, 

respectively;    while  the    alternating  group  of  five  symbols  can  be 
defined  by  ^'  =  1,     J/»  =  1,     (ABy  =^  I, 


♦  [On  November  23rd,  1896,  I  received  from  Prof.  E.  H.  ^loore,  of  the  Univer- 
Rity  of  Chicago,  for  communication  to  the  Society,  a  paper  dealing  with  the  abstract 
definition  of  the  symmetric  and  the  alternating  groups.  As  the  results  contained 
in  Prof.  Moore*s  paper  are  much  more  complete  than  mine,  I  asked  x>crmiH8ion  from 
the  Council  to  withdraw  my  communication.  Its  appearance  in  the  Proceeding*  is 
due  to  the  Council  having  expressed  an  opinion  that  it  was  desirable  that  both 
papers  should  be  printed. — W.  B.] 
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So  far  as  I  know,  no  attempt  has  hitherto  been  made  to  define  in 
abstract  form  the  symmetric  group  of  more  than  four  symbols,  or  the 
alternating  group  of  more  than  five.  For  the  investigations  of  the 
various  types  of  group  which  can  be  constructed  from  given  factor- 
groups,  a  definition  of  the  factor-groups  in  absti*act  form  is,  except 
in  the  simplest  cases,  essential. 

In  the  present  note  I  have  made  one  step  towai'ds  this  definition 
for  the  case  of  the  symmetnc  gixjup  of  n  symbols,  whatever  n  may 
be,  by  showing  that,  in  addition  to 

^  (3»— 10)  or  i^(3»  — 11)  additional  equations,  accoi'ding  as  n  is  even 
or  odd,  are  certainly  suflScient  to  insure  that  the  group  generated  by 
Si  and  Su  shall  be  the  symmetric  gix>up  of  n  symbols.  In  the  last 
J- anagraph  I  show  that  the  alternating  group  of  six  symbols  (the 
simple  group  of  lowest  order  for  which  an  abstract  definition  has  not 
hitherto  been  given)  is  defined  by 


1.  Let  *i,  *„,  ...,  s,^  I'epresent  the  substitutions 

(rtja,),  (a^a^a^),  ...,  (oiajO,  ...  a„_,a„). 
Whatever  w  may  be,  it  is  easy  to  verify  that 


^n-l  — 


*'»  ^i  ^H      .  » 


and  tlicrefore  that  s^,  s^,  ...,«s.-i  can  be  expressed  in  terms  of  5^  aJ^d  s^. 
The  expressions  thus  obtained  are  rather  complicated.  It  is  simple, 
however,  to  verify  directly  that 

is  a  circular  substitution  of  7i—r  letters  for  all  values  of  r  from  0  to 

71  —  2;  and  th'it  therefore  «^/  («»•  ^j)*^  and  $„_r  are  conjugate  substi- 
tutions in  the  symmetric  group.     The  i*elations 

«j^  —  1      >?*  —  1  /?"'*  —0 

:\'-:  ■.!:;■  ■•  iviO  ujuivalent  to 

[C  '(*;'".)']"-'=  1 .    0-  =  1,  2,  . . . ,  »  -  3) 
The  foim  of  these  I'ehitions  is  capable  of  considerable  inuditicatiuu. 
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Thus  8~  8^  is  the  invense  of  «,«„,  a  substitution  of  oi-der  m  — 1,  so  that 


(8;^S^y=  (8^8,,) 


w-r-l 


For  n— r  =  3,  the  relation  is 


or 


or 


[*:'(m«)']'  =  i, 


For  n-r  =  4,  it  is        [5^*  (*«««)']*  =  1, 

or  (i^:*V«*j*»*j)*=  1 ; 

and  so  on. 


2.  Let  S^  and  /S»„.i  be  two  operations  of  ordei*s  2  and  n— 1 ;  and 
suppose  that 

/i  (fi^2>  ^Sf^.i)  =  1,    /,  (Si,  fif„_i)  =  1,  ...,  fi  (fi^„  fi^„.i)  =  1, 

form  a  set  of  relations  connecting /Sj  and  Su-u  sufficient  and  necessary 
to  insure  that  the  group  genei'ated  by  8^  and  *S„_i  shall  be  simply 
isomorphic  with  the  gi'oup  generated  by  the  two  substitutions  8^ 
and  «,,_!  (i.e.,  with  the  symmetric  group  of  n— 1  symbols)  ;  S^  and 
*2j  'Sn.i  and  «^_i,  being  corresponding  operations. 

Also  let  8n  be  an  operation  of  order  w,  connected  with  8^  and  jS„_i 
by  the  two  relations 

^n-l  =  St^S^Sn  ,  (1) 


and 


r-2 


(sr6\s:s,)'=i. 


(2) 


We  may  then  show  that  S^  and  6'„  generate  a  group  simply  iso- 
morphic with  the  symmetnc  group  of  n  symbols. 

To  this  end,  we  first  prove  that  the  cyclical  gi-oup  generated  by  S^ 
and  the  gi-oup  generated  by  /{?»j  and  fii„_i  are  permut^ble  with  each 
other ;  i.e.,  that,  if  the  operations  of  the  latter  group  are  represented 

by  the  symbols  jT,,  then,  for  eveiy  value  of  r  and  i,  8n  Ti  can  be  ex- 
pressed  in  the  form  Ti'S^.  Since  eveiy  T^  can  be  expressed  in  terms 
of  jS>,  and  6'.«_i,  it  is  clearly  sufficient  to  show  that,  for  all  values  of  r, 

6T,<S,  and  8'„S»  1  can  each  be  expressed  in  the  form  TjoS'i,. 
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Now,  fix)m  (1),  it  follows  that 

8n  8^, I  •• 


8n-l8^, 


and 
Also 


r-S 


8»  8n.\  =  <J:?jS^M  . 


Hence,  if  SI*  8^8^'  belongs  to  the  group  genei'ated  by  /S,  and 
iSn-i  for  all  values  of  r  from  1  to  n— 3,  the  two  groups  in  question 
are  permutable  with  each  other.  We  shall  prove  that  these  con- 
ditions are  satisfied  by  showing  that 


*i 


f-r-I 


ar:'s,sr'  =  s::;s,sr,-',     (»•  =  i,  2, ...,  »-3) 

or  that  iS.i'^"  /S[li  is  pennutable  with  iS,. 
Expressed  at  length  this  condition  is 

Sh""'  (S,»fi^jS»  y*  8^(8^8^82  )  "    bn*  fi^j=  1, 
or  Sn'"  {S^S^y    8n  8^8^  (8^8^  /    S«    S,  =  1.  (3) 

Now  8:l,S,8^^r8,  =  8,8,8:'8X8,S:'8,, 

and,  from  (2),   8^8^^ 8^81 8^  =  8:^8^81, 
so  that  8:\8,S,,,8,  =  8,8:'8,8l8:\8, 

=  S„  8^8 n8i. 

Also,  since  the  group  generated  by  5,  and/S„.i  is  simply  isomorphic 
with  the  substitution  group  of  §  1  when  n— 1  is  written  for  n, 


(8u.i8^8^.i8f)  =  1. 


Hence  also 


1-1 


{s:'s,8^s,r  =  1. 


Writing  now  the  equation  (3)  in  the  form 

8/    (8nS^y  8„Si8,^  S^8n8i8n  8^8 ^  {8^8^)     8^   8^  =  1, 
and  using  the  result  just  obtained,  we  find  that 


8n      {8u8i)  S^S^S^S^^'  {8i8n  )     &'«    ^'|  —  1, 
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or 


-l\r-l  4>r*l 


Su         (SnS^Y'    SnSjS^     {S^Sl  Y'    !^n     S|  =   1. 


(4) 


This  condition  then  must  he  satisfied  for  all  valnes  of  r  from  1  to 
n  —  S. 

3.  Since  8^  and  S^-i  generate  a  group  simply  isomorphic  with  the 
group  generated  by  the  substitutions  «,  and  »„.i,  it  may  be  verified 
by  forming  the  corresponding  substitutions  that 

(s;..s,s::,s,)*  =  i.     (r = 2, 3, ....  «-3) 

Hence,  writing  for  iS„-i  its  value  in  terms  of  Sn, 

[8.  (8„8,y  8:' 8,8,  (8,8:'y  8;'8,y  =  i, 

and,  using  in  this  the  relation 

{S,8,8n  Sj)  =  8j8n8i8„  , 

it  becomes     [8,  {8,8,)"^  818,8;'  (/Sf,iS;y"'iS;\S,]*  =  1. 
For  r  =  2,  this  gives 

Again,  using  the  relation 

8,On8,8n  =  8l8i8n  Sj, 
derived  from  (2),  in  (5),  it  becomes 

[fi^n  (8,8,)'    0,8,8,   (8,8,  y    8,  8,y  =  1. 


(6) 


For  r  =  3,  this  gives 


(0,8,8^  8,)   =  1. 


This  process  may  clearly  be  continued  step  by  step  so  that,  from  the 

equation  at  the  beginning  of  this  paragraph  with  equation  (2),  we 

derive 

(S:S,S;:8,y  =1.         (r  =  3,  4,  ...,  n-2) 

These  equations  are  not  all  distinct,  the  values  r  =  ^   and  r  =i  n—t 
clearly  giving  the  same  equation. 

4.  Returning  to  equation  (4),  we  may  now  verify  step  by  step  that 
it  is  satisfied  for  all  values  of  r  concerned.  Thus,  if  we  put  r  =  1,  it 
is  satisfied  identically. 
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Making  use  of  the  relation 

S^SuS^Sn'  =  S„S,S„  8^, 
(4)  may  be  written 

and  in  this  form  it  is  satisfied  identically  for  r  =  2. 
Using  now  the  relation 

obtained  in  the  last  pai*agL*aph,  (4)  becomes 

s/'  {s^s^y  ShS^s^  (s^s^  )    8h  Si  =  1^ 

and  it  is  satisfied  identically  for  r  =  3.  Proceeding  thus,  we  show 
by  the  aid  of  the  results  of  the  last  paragraph  that  (4)  is  satisfied 
for  all  values  of  ;•  up  to  n— 3. 

Hence  the  cyclical  gi*oup  generated  by  8^  is  peimutable  with  the 
group  generated  by  S^  and  iS»„_„  and  therefore  8^  and  8h  generate  a 
group  whose  oixier  is  e([ual  to  or  is  a  factor  of  n ! .  Now  the  substitu- 
tions Sj  and  ^„  genei'ate  a  group  of  order  n !  (the  symmetric  gi'oup 
of  n  symbols),  and  they  satisfy  all  the  relations  satisfied  by  S,  and 
8n'  Hence  the  order  of  the  group  generated  by  5,  and  8^  cannot  be 
less  than  n!.  It  is  therefore  equal  to  n!;  and  at  the  same  time 
it  is  proved  that  the  group  genei'ated  by  8^  and  8^  is  simply 
isomorphic  with  the  substitution  group  generated  by  s,  and  ««, 
I.e.,  with  the  symmetric  groap  of  n  symbols. 

5.  The  t  independent  relations, 

fr(8,,S„  0  =  1,         (r  =  l,  2,  ...,0 

will  not  be  increased  in  number,  when  in  each  of  them  /8^„_,  is  re- 
placed by  l^,^S^8it  .  In  addition  to  these  i  relations,  8^  and  8„  satisfy 
the  two  further  equations 


J2   o 


and  (8n'S^8'„S^y  =  1. 

Hence,  if  S,  and  /S„_„  the  generator's  of  the  symmetric  group  of  n  —  1 
symbols,  are  connected  by  /  independent  relations,  then  /S^and  S„y  the 
generators  of  the  symmetric  group  of  n  symbols,  are  connected  by  at 
mogt  i  +  2  independent  relations. 
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6.  Now  for  the  symmetric  group  of  five  symbols  we  may  show 
directly  that 

S;  =  l,     (S.'S,5,S.)'  =  1,     (S.S.)*=1.     «:  =  !.  (6) 

form  a  necessary  and  sufficient  set  of  relations  between  £»,  and  ^5. 
For  this  purpose,  consider  the  operations  A  and  B  defined  by 


Since 


s^  s^s^s^  =  5'  (s^s^y, 


A  and  B  satisfy  the  i^elations 

^»  =1,      B'=  1,     (^B)»  =  1  ; 

and  therefore*  A  and  B  generate  a  group  of  order  60.  Now  this 
group  contains  the  opei'ation  A^B  or  S^  S^  S^ ;  and  therefore  it  con- 
tains every  operation  of  the  group  generated  by  5,  and  S^  in  which 
Sf  occurs  an  even  number  of  timos.  The  set  of  operations  8^  T,  when 
for  T  is  put  in  turn  every  operation  of  the  group  generated  by  A 
and  B,  must  therefore  give  every  operation  of  the  group  generated 
by  Si  and  S^  in  which  S^  occurs  an  odd  number  of  times.  The  order 
of  the  group  generated  by  S^  and  S^  is  therefore  120.  Now  the  sub- 
stitutions 82  and  85  .satisfy  the  relations  which  Sf  and  S^  satisfy  and 
genei'ate  a  group  of  order  120.  Hence  S^  and  S^,  when  connected  by 
the  relations  (6),  generate  a  group  simply  isomorphic  with  the 
symmetric  group  of  five  symbols. 

It  remains  to  show  that  the  relations  (6)  are  independent.  If 
they  are  not,  .either  the  second  or  third  of  the  equations  must  be 
redundant.     The  second  cannot  be,  for  the  relations 

.«?■•  =  1,  st  =  i,  (s,s,y  =  i, 


do  not  define  a  group  of  finite  order.f 
Again,  the  relations 


♦Sj  =  1,   iSg  =  1,   {s  s^s^s^y  =  1, 


*  Hamilton.  7V,i7.  .Vtf^.,  KSofi,  p.  446. 

t  Dyck,  *'Grupi»eutheor«tiache  Studien,'*  Math.  Ann.,  xx  (1882),  \  15. 
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certainlj  cannot  define  a  gronp  simplj  isomorphic  with  the  symmetric 
group  of  fire  symbols,  for  the  substitutions 

satisfy  these  relations,  and  they  generate  the  alternating  group  of 
five  symbols. 

Hence,  finally,  the  relations  (6)  are  necessary  as  well  as  sufficient 
to  define  the  symmetric  group  of  five  symbols. 

7.  If  we  now  define  8^  in  terms  of  Sr^u  for  all  values  of  r,  by  the 
relation  ,  _, 

the  symmetric  group  of  five  symbols  is  g^ven  by 

S^,  =  1,     Sj  =  1,     fl^  =  1,     Sfl  =  1. 

Hence  S,  and  8^  will  generate  a  group  simply  isomorphic  with  the 
symmetric  group  of  six  symbols,  if 

s;=i,  flf'.  =  i,  s{  =  i,  s:=i,  s;  =  i, 


and 


r-2 


{sr8,sis,y  =  1. 


Proceeding  thus,  step  by  step,  we  find  that  the  relations 


i8C=l, 


(r  =  2,  3,  ...,  n), 


and 


(S;'S,SjSf,)' =  1,       (r=  6,  7,  ...,»), 


are  sufficient  to  insure  that  8^  and  8^  shall  generate  a  group  simply 
isomorphic  with  the  symmetric  group  of  n  symbols. 

These  relations  may  be  simplified,  and  some  of  them  may  be  shown 
to  be  redundant,  as  follows  : — 


The  equation 
is  equivalent,  when  n  =  5,  to 


s:=i 


(S.-'5,S,S,)'  =  1. 
Let  us  suppose  that,  when  n  =  r,  it  is  equivalent  to 

(s;'s,s,s^'  =  1. 
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Writing  in  this  flv+iSjSr+i  for  8r,  it  becomes 

and  since,  when  n  =  r  +  l,  one  of  the  defining  relations  is 

(8r*l8^8r^l8i)    =  1, 

the  previons  equation  becomes 


Hence,  for  all  values  of  «, 


may  be  replaced  by 


«*,  =  ! 


(7) 


In  the  next  place,  it  follows  from  §  3  that  the  relation 

(5f:;.,s,5;:,s,)'=i, 

which  holds  for  all  values  of  r  other  than  =bl,  is  equivalent  to 

(SC*  8^8^"    Sj)  =  1. 


Hence 


is  equivalent  to 


The  relations 


(8n.r8^8n^r8^)    =  1 


*t  o  \3 


(Sr-'S.S'/'iS,)  =  1. 

(S;'iS,/8CS,)'  =  l,     (r  =  6,  7,  ...,n) 


may  therefore  be  replaced  by 

(S:* 8,S',8,y  =^  h    (^  =  2,3,...,n-4)  (8) 


Now 


and 


(«:'&•.  sis,)'  =  1 


are  equivalent,  and  therefore  of  the  relations  (8)    only  those  for 
which  t  is  not  greater  than  |n  can  be  independent. 


Finally,  the  equations 


s;=i 


may  be  expi'essed  in  a  simple  form  in  terms  of  8n  and  8y     Thus 

s::;  =  1 
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and  it  is  therefore 

equivalent  to 

(S.S,)"-'  =  1. 

Again, 

s:i  =  i 

is  equivalent  to 

(S..,S,)"-'  =  1, 

or  to 

CfiCs,s;'s,)'-'  =  i; 

and 

scil  =  1 

is  equivalent  to 

{s^^iS^s^^iSiy  =  1, 

which,  expressed  in  terras  of  8^  and  /S„  is 

(S^S^SnSiS^  S^8nS^S„  S,)      =  1. 
Using  (7)  in  this,  it  becomes 

or  {s^s,s:' s,s;' s,r' =  1. 

Proceeding  thus,  step  by  step,  we  show  that,  for  each  value  of  r, 
is  equivalent  to  [^Si^*^*   {Sn^ S^)~^*  ]'  =  1, 

[sr' (8,a,y 'Y = I. 


or 


(9) 


or 


Collecting  the  results  thus  obtained,  we  find  that  the  relations 


and 


[S;"'  (S,S,y-'J  =  1,     (r  =  2,  3,  ....  n) 

(8:'S,S:S,y^  l,     (r  =  2,3,...,^  or|-) 


ai*e  sufficient  to  insure  that  S^  and  8^  shall  generate  a  group  simply 
isomorphic  with  the  symmetric  group  of  n  symbols.  Besides  the 
equations 
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giving  the  orders  of  tlie  generating  operations  and  of  their  product, 
there  are  thus  at  most   -^^ —  or   -^^r —  additional  relations  accord- 

ing  as  n  is  even  or  odd. 

8.  When  w  =  6,  the  relations  are 

S]  =  1,     (S,S,Si'S,y  =  1,     (8l8,S:'S,y  =  1, 

It  is  easy  to  verify  from  these  relations  that  H^S^S^  is  pennuiable 
with  SIS^S;' S^.  so  ilmt 

is  equivalent  to  [('S^e^j)  '^'«   ^i]   =  1- 

The  alternating  group  of  six  symbols  will  consist  of  those  opera- 
tions of  the  symmetnc  group  which,  when  expressed  in  terms  of  8^ 
and  8i,  contain  an  even  number  of  factors.     It  may  therefore  be 

genei'ated  by  <S>J  and  8^8^. 

If  now  we  write  -4  =  *SJ" ,     (7  =  S^^S^y 

all  the  defining  relations  of  the  symmetric  group  (the  third  being 
replaced  by  the  equivalent  form  just  found),  except  the  first,  may  be 
wntten  in  terms  of  A  and  (7.  Moreover,  since  8^  does  not  occur  in 
the  alternating  group,  the  first  of  the  above  equations  cannot  be  one 
of  its  defining  relations.  The  defining  relations  of  the  alternating 
group  of  six  symbols  may  therefoi^e  be  written 

^»=1,     0*  =  1,     (GACy  =  i,     (0*^0*  =  1, 
and  {A-'C^'ACy  =  1. 

By  taking  0*  instead  of  C  for  a  generating  operation,  these  relations 
become 

^•'»=I,     C*=l,     (ACy  =  \,     (AC-'y=:l,     (ACT'A-'G'^y^l. 
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On  the  Application  of  Jacobi's  Dynamical  Method  to  the  General 
Problem  of  Three  Bodies.  By  Ernest  W.  Brown.  Bead 
November  12th,  1896.     Beceived  October  25th,  1896. 

(i.)  The  connexion  which  exists  between  the  solution  of  the  problem 
of  three  bodies,  as  obtained  by  varying  the  elliptic  elements  and  by  the 
ordinary  methods  of  continued  approximation,  has  had  new  light 
thrown  on  it  by  the  appearance  of  Professor  Newcomb's  memoir 
"  Action  of  the  Planets  on  the  Moon."  *  This  memoir,  which  is  in 
reality  an  application  of  an  earlier  publication  by  the  same  writer,  f 
contains  a  general  method  of  treatment  for  the  undisturbed  and  the 
disturbed  problem  of  three  bodies.  Owing,  however,  to  the  use  of 
Lagrange^s  method  for  the  variation  of  the  arbitrary  constants,  the 
explanation  and  development  are  somewhat  long,  and  therefore  it 
may  not  be  without  value  to  derive  the  same  results  by  Jacobi's 
method,  which  gives  them  quite  bnefly  and  which  also  enables  us  to 
add  one  or  two  new  properties  of  the  canonical  system  of  arbitrary 
constants  to  be  used. 

The  manner  of  applying  Jacobi's  method  is  substantially  the  same 
as  that  which  I  have  given  eai-lier  J  for  the  explanation  of  Delaunay's 
"  Lunar  Theory,"  and  the  similarity  of  some  of  the  results  will  be 
readily  noticed.  For  the  sake  of  clearness,  only  three  bodies  are  con- 
sidered— the  Earth,  the  Moon,  and  the  Sun  ;  but  there  is  no  difficulty 
in  extending  the  method  to  any  number  of  bodies  by  a  proper  choice 
of  origin  for  the  fixed  rectangular  coordinates.  The  transfonnations 
necessary  for  this  purpose  have  been  given  by  Radau§  and  also  by 
Newcomb  in  the  latter  of  the  two  papers  referred  to  above,  and  they 
will  not  be  repeated  here.  Besides  developing  the  results  obtained  by 
Newcomb  and  obtaining  certain  new  properties  of  the  constants,  I  give 
a  simple  pix)of  of  the  well-known  theorem  enunciated  in  §  (vii.)  below. 
No  assumption  is  made  with  respect  to  the  rectangular  coordinates 
except  that  the  senes  obtained  for  them  are  convergent ;  it  is  assumed, 
however,  that  the  elements  are  expressible  by  convergent  sums  of 


*  Amnivan  EphemeriK  Papers ^  Vol.  v.,  Part  in. 

+  "Creneral  Integrals  of  Planetary  Motion,"  iSmilhsonian  Contributionn,  Vol.  xxi. 
X  rroc.  Loud,  ^falh.  Sor.y  Vol.  xxvu.,  pp.  385-390. 

§  '*Surune  Transformation  dc«  Equations  DiiferentielleB  de  la  Dynainique,** 
Anu.  de  VEcole  Xorniitlc  Supiriturcy  Vol.  v. 
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periodic  terms  whose  arguments  are  all  sums  of  multiples  of  six 
angles  of  the  form  l-\-ht  (/,  h  constants),  and  that  the  coefficients  are 
independent  of  the  six  constants  I:  this  assumption,  which  only 
concerns  the  farm  of  the  expressions,  has  been  usually  made  by 
previous  writers,  and  is  a  deduction  from  the  results  obtained  by 
continued  approximation.  Mention  will  be  made  of  the  remarkable 
results  which  Professor  Newcomb  obtains  for  the  indirect  action  of  a 
planet  on  the  Moon,  on  account  of  its  importance  in  the  calculation 
of  the  secular  accelerations  of  the  mean  motion,  the  perigee,  and  the 
node  of  the  Moon*s  orbit. 

(ii.)  The  folio  wing  scheme  of  notation  will  be  used,  the  rectangular 
coordinates  being  referred  to  any  rectangular  axes  fixed  in  direction  : — 

^>  y?  ^j  ^>    Coordinates  of  the  Moon  refeiTed  to  the  Earth ; 
a?',  y\  z\  r\  „  „       Sun  „  centre  of  mass  of 

the  Earth  and  Moon ; 

r[.  A,       Distances  of  the  Sun  from  the  Earth  and  Moon  ; 

E^  Mj  m\  Masses  of  the  Earth,  Moon,  and  Sun,  respectively  ; 

T,  Kinetic  energy  of  the  system  relative  to  its  centre  of  mass ; 

F,  Potential  energy  of  the  system  ; 

H,  Constant  of  energy ; 

^    EM   .     .  ^  m(J^±M) 


f*  = 


E-tM 


;  t^ 


E-^M-^-vi' 


We  then  have 


^'= ("'-^")'^  {'^'-ETM^y-^  {''ETM^y- 


The  a;-coordinates  of  the  Moon,  Earth  and  San,  referred  to  parallel 
axes  through  the  centre  of  mass  of  the  system,  ai'e  respectively 


Ex 


lYlX 


Jfx mV  (E-^M)x 

E^M     E+M^vi'         E±M      E-\'M-\-m"     E  +  M-i-m' 


with  similar  expressions  for  the  other  coordinates. 

k2 
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Hence     2T=    If  [  (^- ^^,)V...  +  ...  | 

=  f.(±'-\-f-^^)^/{x''-hpi■n' 
..  „■     EM  ,  Em    ,  Mm 

Also      i^  = H >-  H — --. 

r  Ti  Ci, 

By  Lagrange's  method,  the  equations  of  motion  ai*e  therefore 


cx 


HU  = 


/ ..» 


fXX    = 


A^y  = 


aF 


aF 


/••* 

-r 


Four  first  integrals  of  this  system  ai'e  known.     They  are, 

T-F^H, 
fi  {yx''xy)'{'ii  {yx-xy)  =  const., 

t*  (-y— F)+/*'(^y— 2/0  =  const., 
/i  (a-i— rx)  -Hfi'  (xs'— /flc')  =  const. 


(1) 


the  first  being  the  energy  equation  and  the  three  others  the  "  integrals 
of  areas." 

Further,  since  F  is  homogeneous  and  of  degi^ee  —  1  with  respect  to 
the  coordinates,  we  can  obtain  from  the  equations  of  motions  the 
equation  ^ 

i  ^,  (^r'+ziV)  -  2r  =  -  F  =  -  r+ jr. 

at 

We  shall  see  in  §(vii.)  that  the  coordinates  may  be  expressed  a» 
sums  of  periodic  tenns.  Let  Tq,  Fq  be  the  non-periodic  parts  of  T, 
F  when  so  expressed.     The  equations  just  written  down  show  that 

T,  =  -H,     F,=  -2[l.  C2) 

(iii.)  In  Delaunay's  method,  the  Iwdy  whose  perturbations  are  to  be 
considered  is  supposed  to  move  in  a  varying  elliptic  orbit.  The 
angular  elements,  1,  g,  hj  are  the  mean  anomaly,  the  distance  from 
node  to  perigee,  and  the  longitude  of  the  node ;  the  ai*eal  elements, 
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L,   G,  fl\*  are  functions  of  the  mean  motion  (or  major  axis),  the 
eccentricity,  and  the  inclination,  given  by  the  equations 


L  =  -/a(i7-H3r),     6?  =  i^/l-e^     H,  =  0  cost. 


where 


E-f  Jf=nV. 


The  equations  satisfied  by  these  elements  are 


dL^      CR,      d£^      ^      dHj 
dl  '     dt  dg'      dt 


dt 


1  == 


dl  ^ 32?|        d^ __^  3jg,         dh 

dt^      3//      dt"      Sg'       dt"" 


dh' 


where 


,E.=i.-,^±M+,i^i#r.t 


2U 


But,  since  the  expressions  for  the  velocities  have  the  same  form  in 
disturbed  and  undisturbed  motion,  we  have 


2L^ 


Hence 


fjtR,  =  F-ifjt(d^^f-\-z'). 


Similar  expressions  will  hold  for  the  motion  of  the  Sun  round  the 
centre  of  mass  of  the  Earth  and  Moon,  as  disturbed  by  the  Moon. 
Let  accented  letters  refer  to  the  elliptic  elements  of  this  orbit.  If 
we  put 


*  The  suffix  is  used  to  distingxdsh  between  this  symbol  and  the  constant  of 
energy. 

t  The  true  disturbing  function  in  its  most  general  form  is 


If  we  expand  this  in  powers  of  rji'^y  neglecting  the  ratio  M/E  and  the  irrelerant 
factor  m7r^,  we  obtam  ,  ^      a?*'  +  v/  +  22'  \ 

"  (a' P^ — h 


where 


A'*  =  {x^xy +...  +  ...  ; 


this  is  the  part  of  the  disturbing  function  used  by  Dclaunay.     See  Arts.  6,  7,  179 
of  my  Tr^aiite  on  the  Lunar  Tlitwy, 
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and  write  L  for  /ilr,  L'  for  fiL\  &c.,  the  expression  i?,  may  be  taken 
as  the  disturbing  function  for  both  orbits,  and  the  equations  for  the 
elements  will  be 

dL_d]l^  ^  -  «  ^- 

dt^  Sr  ""  ""     dt^      Sl'  ""  '"' 

dU_dR^  dV  _      dR. 

dt  ^'sr  "" ""  dt'^   ar'  •••'  •••' 

Further 

BO  that,  remembering  the  change  of  meaning  for  L,  L\ 

Now  any  linear  tangential  transformation  of  the  twelve  variables 
to  twelve  others  will  leave  the  canonical  form  of  the  equations  un- 
altered, and  the  new  variables  corresponding  to  Z,  gr,  ^,  T,  g\  h!  will 
be  linear  combinations,  with  constant  coefficients,  of  the  six  angular 
elements. 

Put  then  Pi,  Pi, ...  j^ej  ^^r  the  six  new  variables  corresponding  to 
X,  0,  H,  L\  ff,  H\  and  q^,  q^,  ...  q^  for  the  six  new  angnlar  variables ; 
when  one  set  has  been  defined,  the  other  set  is,  in  general,  determinate. 
We  shall  suppose  that  such  a  transformation  takes  place  that  the 
suffixes  1,  2,  3  refer  especially  to  the  lunar  and  4.  5,  6  to  the  solar 
elements,  though  this  is  unnecessary  except  in  §(xi.)  below.  The 
particular  transformation  in  view  is  that  given  by 

Pi  =  A    JPi=^-A    Pti  —  S^—O, 

qi  =  l+g  +  h,     g',  =  5r  +  A,     q^  =  h, 

with  six  similar  equations  connecting  L\  0\  ET,  l\  g\  h\  and  p^j  p^ 

Pt^  9'4»  ^h^  38- 

Finally,  let  E  =  -i2„ 

so  that  B^zT-F^^H.  (3) 

The  twelve  canonical  equations,  which  are  now  the  general  equations 
of  motion  of  the  system,  become 

A  =  -^,     ^.  =  5^      (i  =  l,2,...6).       (4) 
dqi  Cpi 

The  properties  of  B  when  expressed  in  terms  of  the  new  variables 
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are,  first,  that  the  time  is  not  present  explicitly  in  B ;  secondly,  that 
R  is  expressible  as  a  sam  of  periodic  terms  whose  coefficients  are 
functions  of  the  pt  only,  and  whose  argnments  are  all  of  the  form 

(the  y,  being  positive  or  negative  integera  or  zero)  ;  thirdly, 

ii+ij+ ...  4-^6  =  0. 

(iv.)  The  partial  differential  equation  satisfied  by  the  principal 
function  8  is 

dt 

where  B  is  expressed  in  terms  of  the  5,,  and  the  derivatives  of  S  with 
respect  to  the  qi  by  means  of  the  -equations 

Cqi 

It  is  known  that,  if  a  solution  of  the  equation  for  8  containing  six 
arbitrary  constants  c,  has  been  obtained,  all  the  integrals  of  the 
problem  are  given  by  (6)  together  with 

where  8  is  supposed  to  be  expressed  in  terms  of  the  qi,  c„  t,  and  the 
li  are  six  new  arbitrary  constants. 

(y.)  As  no  direct  method  of  finding  the  form  of  a  suitable  solution 
of  the  equation  is  available,  we  shall  build  up  a  solution  by  assuming 
certain  general  expressions  for  pi,  qi,  indicated  by  the  practical 
methods  used  for  the  problem. 

We  assume  that  the  latter  are  expressible  by  convergent  series  of 

the  form 

;.,=  (P),+2P,cos^')  ^g^ 

qiz=   \    +2Q<8inJVj  ' 
where  X^  =  Z,-  +  6,  t, 

and  the  sign  2  denotes  the  sum  of  the  periodic  terms  of  the  forms 
P  cos  N,  Q  sin  N ;  in  these  expressions  the  time  only  occurs  through 
the  angles  X,  in  the  manner  shown,  and  (P),,  P.,  Q„  b^  are  independ- 
ent of  the  li,  being  functions  of  six  other  arbitrary  constants.     As  far 


136  Mr.  Ernest  W.  Brown  on  the  Application  of     [Nov.  12, 

as   algebraic  form   alone   is    concerned,  these  assumptions  may  be 

readily  proved  by   induction  if  we  suppose  the  problem  solved  by 

the  method  which  Delaunay  uses  in  his  lunar  theory,  for,  initially, 

P„  Qi  are  zero,  and  each  operation  gives  expressions  for  the  variables 

which  are  always  of  the  above  forms. 

From  the  expressions  (6)  we  may  eliminate  the  X„  and  obtain  the 

Pi  in  the  form 

;7,=c,4-2P;cos^",  (7) 

where  N'  =i,(7,+i,5i+ ...  +i(,5(„  (8) 

the  c„  Pi  being  functions  of  six  arbitrary  constants  which  we  shall 
take  to  bo  Cp  Cj,  ...  c^,  the  constant  terms  of  Pi,  Pt,  ...  Pa  when  ex- 
pressed in  the  form  (7). 

A  solution  of  the  paHial  differential  equation  for  8  is  now  supposed 
to  have  been  found,  expressed  as  a  function  of  the  Ct,  the  g^,  and  the 
time.     The  pi  being  given  by  the  equations  (7),  we  have,  from  (5), 

Spi  __    9*S     _9py 

and  therefore,  identically, 

2-P<ii'  cos  N*  =  'XP'i^Ji  cos  N. 

As  all  the  angles  N'  are  different,  we  must  have 

P-       P' 

-7^  =  -r^  =  5,  suppose. 

(If  jj  is  zero  in  any  term,  the  corresponding  PJ  must  be  zero.)     Hence 

— -  =  jpi  =  Cj  +  2  sji  cos  N\  (9) 

dqi 

Finally,  since  ^  =  -12  = -IT,     by  (3), 

ot 

a  solution  of  the  equation  for  8,  expressed  as  a  function  of  the  time, 
the  six  variables  Qi,  and  the  six  arbitraries  c„  must  be 

8  =  -m-^^dqi-^-l^ssinN',  (10) 

The  arbitrary  constant  additive  to  5  is,  as  usual,  put  zero. 
The  other  six  integrals  are  now  given  by 

li=  -    =— r--    -hg.  1-2  — sm]\r.  (11) 

CC,  CCi  CCi 
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The  complete  solution  is  contained  in  (9),  (11)  together  with  the 
equation  B  =  H.  It  will  be  noticed  that  for  each  argnment  N'  there 
is  but  one  unknown  coefficient  s  in  the  fonn  in  which  the  solution  is 
represented  above.  The  unknown  coefficients  s  and  the  constant  H 
may  be  found  in  tenns  of  the  c,  by  substituting  the  expressions  (9) 
for  Pi  in  the  development  of  Z?,  and  writing  down  the  conditions  that 
22— B^  is  identically  zeix). 

(vi.)  The  properties  of  the  solution  are  now  obtained  very  easily. 

(a)  As  the  reveraion  of  the  series  (11)  gives  the  gi  expressed  in 
tenns  of  the  angles  X<  or  li  +  6,  t,  we  have 


6,  =  9^  =  _3?i, 


(12) 


by  (2).     And  tliei-efore,  as  H  is  expressible  in  terms  of  the  c,-  and 
the  masses  only,  ^  ^ 

(6)  Again,  H  is  of  the  same  order  as  T,  that  is, 

'  [H]  =  [mass]  X  [length]' x  [time]  "^ 

and  [cj]  =  [mass]  x  [length]' x  [time]"'. 

Also,  making  abstraction  of  the  Gaussian  constant, 

[mass]  =  [length]' X  [time]"'. 

Fix)m  these  we  easily  find 

[H]  =  [mass]'  [c,]  '. 
Thence,  H  being  a  homogeneous  function  of  the  r„ 

OCi 


and  therefore,  by  (12)  and  (2), 


2,c,&i  =  -2H=2ro. 


(13) 


(c)  In  this  last  equation,  let  the  Cj  receive  arbitrary  independent 
variations  h ;   we  find 
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which,  by  (12),  becomes 


2,(^*^6.)  =  -3i^ir. 


Considering  now  that  H  is  expressed  as  a  function  of  the  6,-  and 
the  masses  only,  we  obtain 


and 


36,r  96, 


(14) 


(d)  Again,  since  the  Ci  and  pi  are  of  the  same  order,  and  B  and  H 
are  homogeneous  and  of  the  same  order  with  respect  to  the  c<  or  |?„ 
we  have 

%p,  q,  =  2;,,  ^  =  -  2E  =  -  2^  =  2,c,6,. 

Opi 


(f?)  In  equations  (11),  8  is  of  the  same  order  as  the  Cj,  and  therefore 
2,c,Z,  =  -  t%o,  |5  4.5,c,g,  +  22.c, ^  sin  2^^' 

=  — 2ff^-f2.c<5.  +  2«8inA". 

Hence,  from  (10), 

S=Xcil-SHf.  (15) 

(vii.)  It  is  now  easy  to  obtain  a  proof  that 

2i,  =  0   or   1, 

in  all  the  arguments  of  the  periodic  terms  which  are  present  in  the 
expressions  for  pi,  5,,  and  the  rectangular  coordinates. 

For  this  purpose,  we  first  recall  [§  (iii.)]  that  in  every  periodic 
term  of  the  development  of  22  in  terms  of  jp^,  5<  we  have 


and  therefore 


Hence,  by  (4), 


^ving 


%ii  =  0, 

XPi  =  0, 
Xpi  =  const. 
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Companng  this  result  with  (9),  we  see  that 

2.  Pi  ==  SiCi,     2,j,  =  0, 

the  latter  holding  for  every  peiiodic  term  in  (9).  The  second  result 
must  also  be  true  for  each  periodic  term  in  (10)  and  therefore  in  (11). 
On  reversing  the  last-mentioned  series  and  substituting  the  values  of 
the  qi  in  (9),  this  property  will  still  hold.  Hence,  when|?„  g<  have 
been  expressed  in  tenns  of  the  time,  they  will  be  of  the  form  (6)  and 
in  every  argument  N  we  have 

S  J(  =  0. 

Again,  in  elliptic  motion,  «,  y,  z,  if  referred  to  arbitrary  fixed  axes 
such  that  the  inclination  of  the  orbit  to  the  plane  of  (xy)  is  small, 
can  be  put  into  the  forms 

a;  =  2  A;'  cos  N\     y  =  S  k'  sin  N\     z  =  2/v[  sin  ^, 

where  k\  Jc'i  are  functions  of  j?,,  p„  p^,  and 

ji+jt+h  =  1»  ill  iP,  3/» 

ii-l-ii+i8  =  0'  in  ^» 

the  angles  N'  being  all  different.  Similar  results  evidently  hold  for 
the  solar  coordinates.  Since  2<j<  =  0  in  all  the  arguments  of  the 
expressions  for  j9„  g<  in  terms  of  the  time,  we  see  that,  when  the  latter 
are  substituted  in  tbe  elliptic  expressions  for  the  coordinates,  we 
shall  have 

x=zik  coaN,    x=l,K  coaN\ 

y^%k  BinN,     y'  =  S  JS:  sin  -N"  |  ,  (16) 

z^^k^BinN,     «'  =  2ZiSiniV/ 

where  N  =  %ji\i,    X<  =  h-^hit, 

%iji  =  1     in    ar,  y,  z\  y\ 

%ji  =  0     in     z,  z\ 
and  k,  k^,  K,  iT,,  hi  are  functions  of  the  Cj. 

(viii.)  It  is  now  necessary  to  obtain  expressions  for  deducing  the 
Ci  directly  from  the  equations  (16),  one  object  in  view  being  the  dis- 
turbed problem  of  three  bodies. 


/ 
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We  have,  from  (14), 

=  const,  term  m  ■:r — h  r— , 

where  T,  F  are  expressed  in  terms  of  the  time  as  sums  of  periodic 
terms.     Remembering  the  composition  of  T,  F,  we  therefore  have 

c.=  const.tennin[;.(*|+3^|+i|)+/(*'|'  +  ...  +  ...) 

SFdx  .     .     .  3f  a*' 


Ox  obi  ox    obi  -J 


j>  n 


j>  »i 


36,  "^    36, 

d  r    ,Ox   ,        ,         .     *./3aj'  ,         ,       1 
^^L^   36,  36,  J 

Hence  c,  is  equal  to  the  non-periodic  part  of  the  coeflScient  of  /  in 

But,  from  (16),  we  have,  if 

-^=ii^  +  ---+i(,69, 

:*  =  -  S  A;J5  sin  J^,      |^  =  J  |^  cos  JV-^^y,  sin  JV, 

o6,         obi 

and  therefore,  since  the  angles  N  are  all  different,  the  part  of  c^ 
arising  from  the  product  of  these  is  ^fi^J^Bji,  Similar  results  being 
found  for  the  other  cooi'dinates,  we  finally  obtain 

c,  =  ^  [2A'J?;,  +  i2fc;B/.]  +/  [SZ'B/i+iSKJB;*].  (17) 

A  verification  of  this  result  is  easily  obtained.      For,  from  the 
definition  of  B, 

=  2r,  =  -  2ff, 
which  is  the  equation  (13). 
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(ix.)  In  Delaunay*s  method,  the  values  of  the  Ct  are  deduced  from 
the  expi'essions  of  ^„  g,  in  terms  of  the  time. 

Let  arbitrary  independent  variations  B  be  given  to  the  Z„  and  let 
Sqi  be  the  corresponding  vanation  of  q^.     We  have 

by  (16).     Inserting  the  values  of  ^9^,  qi  from  (6),  and  considering  only 
the  constant  part  of  the  coefficient  of  Bli^  we  find 

c,  =  (P),  +  SP,QJ,. 

This  result  enables  us  to  obtain  the  c<  when  the  values  of  pt,  g,  have 
been  found  by  any  other  method. 

(x.)  The  constants  in  equations  (I)  may  now  be  shown  to  be 
—  2S,Ci,  0,  0,  respectively. 

Since  S.^,-  =  1  in  the  expressions  (16)  for  x,  y,  x\  y\  and  2 j<  =  0 
in  those  for  z,  z\  it  is  evident  that  none  of  the  terms  zy^  xz,  <fcc.,  in 
the  second  and  thii'd  of  equations  (1)  can  give  rise  to  a  constant 
term ;  the  right-hand  members  of  these  equations  must  therefore 
be  zero. 

Substituting  the  values  (16)  in  the  first  of  equations  (1),  we  have, 
since  the  result  must  be  a  constant, 

/i  (y±'-xy)-{-f/(yx'-xy)  = -2/i5A;'i?-2/2Z«5. 

But,  from  (17),  since  Sij,  =  1  in  the  first  and  third  terms,  and  =  0 
in  the  second  and  fourth  terms,  we  obtain 

Comparing  this  result  with  the  previous  equation,  we  see  that  the 
right-hand  member,  and  thei*efore  the  "  constant  of  areas,"  is  —  22|Cj. 

(xi.)  In  order  to  complete  the  theory,  a  few  further  steps  are 
necessary  to  find  the  perturbations  produced  by  a  fourth  body. 

The  property  of  the  system  of  constants  introduced  by  Jacobi's 
method  is  well  known.  If  a  disturbing  body  be  present,  producing  a 
new  disturbing  function  I?^,  the  corresponding  variations  of  the 
arbitraries  Z„  Ci  are  given  by 

±c^  ^  Br:    dh  _  _  Si?; . 

c7.       "*  cci 
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or,  if  we  change  from  Z,  to  X,  =  Z,H-6,^,  and  pat 

Up  =  Rp—H, 


by 


dt 


dt 


Scr 


Professor  Newcomb,  by  considering  the  orders  of  the  various 
classes  of  terms,  has  shown  ("  Action  of  the  Planets  on  the  Moon," 
§  11),  that  the  perturbations  of  the  Sun  produced  by  the  Moon  are 
so  small  that  they  may  be  neglected  when  we  are  considering  the 
action  of  the  Sun  on  the  Moon.  Consequently,  we  may  solve  the 
equations  (4)  for  i  =  1,  2,  3  (that  is,  the  equations  w^hich  refer  more 
particularly  to  the  Moon)  with  constant  values  for  the  solar  elliptic 
elements.  The  values  of  c„  c„  c,,  in  terms  of  a,  e,  y,  n\  e\  may 
therefore  be  taken  to  be  those  given  by  Delaunay*s  theory.  This 
amounts  to  neglecting  quantities  of  the  order  m^a*/a*,  where  m  is  the 
ratio  of  the  mean  motions,  and  a/ a  that  of  the  mean  distances. 

The  same  factor  occurs  when  we  are  considering  those  parts  of  the 
perturbations  produced  by  R^  in  Cj,  Cj,  Cj,  Zj,  l^,  /„  which  arise  from 
the  variable  parts  of  c^,  Cj,  r^,  Z4,  Z5,  Z^,  supposed  substituted  in 
dB/oci,  &c.  But  these  variable  parts  are  those  which  produce  what 
is  known  as  the  indirect  action  of  a  planet  on  the  Moon.  Hence  for 
the  indirect  action  we  have,  to  the  first  orders  of  the  disturbance, 


En^  =  0,     h^  =  0,     ^c,  =  0  ; 

az,  =  0,    ^li  =  0,     ^Z,  =  0. 


(18) 


If,  then,  the  coordinates  of  the  Moon  be  expressed  in  terms  of  the 
six  arbitraries  c^,  Z„  and  the  time,  the  indii^ect  action  of  a  planet,  to 
the  firat  order  of  the  disturbance,  may  be  obtained  by  simply 
inserting  the  variable  values  of  c^,  C5,  c^,  Z^,  Z5,  Zg.  The  application 
of  this  result  to  the  calculation  of  the  secular  acceleration  is 
immediate.  It  will  be  found  in  §  12  of  Pix)fe88or  Newcomb's  paper 
just  referred  to.  We  suppose  c„  Cj,  c,  expressed  in  terms  of  w,  e^  y', 
n',  e**,  and,  considering  ^e*  as  known,  find  the  values  of  8/1,  5e',  ^y*, 
from  the  equations  (18).     The  results  substituted  in 

j^ndt,      jhw^dt,      jhO^dt, 

where  ttj,  ^,  are  the  mean  motions  of  the  pengee  and  node,  will  give 
the  required  secular  accelerations. 
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On  certain  Properties  of  the  Mean  Motions  and  the  Secular  Ac- 
celerations of  the  principal  Arguments  used  in  the  Lunar 
Theory.  By  Ernest  W.  Brown.  Bead  November  12th,  1896. 
Eeceived  October  25th,  1896. 

(i.)  In  an  earlier  communication  to  the  Society*  I  have  shown 
how  Delaunay*s  lunar  theory  may  be  exhibited  in  a  sufficiently 
simple  manner  by  means  of  Jacobi*s  dynamical  method.  This  plan 
of  treatment,  namely,  the  discovery  by  an  indirect  process  of  a  solu- 
tion of  the  pai'tial  differential  equation  satisfied  by  the  principal 
function,  I  have  also  applied,  in  the  preceding  paper,  to  the  general 
pi'oblem  of  three  bodies,  to  prove  the  theorems  obtained  byNewcombf 
with  reference  to  the  properties  of  a  special  series  of  canonical  con- 
stants, and  to  add  one  or  two  results  of  minor  importance. 

In  this  paper  I  apply  the  same  method :  firstly,  to  show  how  we 
may  pass  directly  from  the  elements  of  the  ellipse  to  the  final  system 
of  constants  used  by  Delaunay  after  all  his  operations  have  been 
completed.  Secondly,  it  is  shown  how  the  constant  part  of  the 
parallax  is  connected  with  the  motions  of  the  perigee  and  the  node .. 
the  equation  found  here  is  probably  the  most  general  form  of  this 
connexion.  Certain  previous  results  should  be  mentioned.  In  a 
**  Note  on  a  remarkable  Property  of  the  Analytical  Expression  for  the 
Constant  Term  in  the  Reciprocal  of  the  Moon's  Radius  Vector," J 
Adams  has  proved  that,  if  we  neglect  the  square  of  the  solar  parallax, 
all  the  terms  in  the  constant  part  of  the  lunar  parallax  which  have 
the  factors  e*,  y*  are  identically  zero,  and  further  that  the  coefficients 
of  e*,  e'y',  y*  are  connected  by  two  ratios  to  the  four  coefficients  of 
c*,  y^  in  the  expressions  which  give  the  mean  motions  of  the  perigee 
and  the  node.  I  have  given  a  more  definite  form  to  these  ratios,  by 
obtaining  them  in  the  form  of  four  relations  instead  of  two  ;§  the 
new  factors  introduced  being  certain  functions  of  the  coefficients  of 
the  periodic  terms.  All  these  results  will  now  be  shown  to  be  simple 
deductions  from  a  single  equation  numbered  (13)  below. 

Thirdly,  these  properties  are  used  in  connexion  with  the  remark- 
able theorem  obtained  by  Newcomb  in  the  latter  of  his  two  papera 


•  Frnceediugs   May,  1896.  pp.  385-390. 

t  *'  General  Integ^raLs  of  Planetary  Motion,"  Smithsonian  ContrihutionH,  Vol.  xxi. ; 
**  Action  of  the  Planets  on  the  Moon,"  Amei'.  Eph.  Tapern^  Vol.  v. 
J  Monthly  Notiiest  R.A.S.,  Vc»l.  xxxvili. 
^  "  InvestigiitionH  in  the  Limar  Tlieory,"  Anier.  Jour.  Math.,  Vol.  xvu. 


144  Mr.  Ernesfc  Brown  on  the  Mean  Motions  and  [Nov.  12, 

just  referred  to,*  by  which  the  secular  accelerations  are  obtainable 
immediately  from  the  final  values  of  Delaunay*s  constants  L,  (?,  H. 
In  particular,  I  shall  show  that  the  principal  part  of  the  acceler- 
ation of  the  mean  motion  (that  independent  of  e,  y,  a  la')  is  obtainable 
directly  from  the  corresponding  portion  of  the  constant  term  in  the 
expression  for  the  lunar  parallax  ;  and  that,  when  this  is  found,  the 
principal  parts  of  the  accelerations  of  the  perigee  and  the  node  may 
be  deduced  from  the  expressions  for  their  mean  motions. 

The  basis  which  furnishes  these  results  is  a  consideration  of  the 
constant  parts  of  the  vanous  functions  which  natui-ally  arise  in  the 
solution  obtained  by  varying  the  arbitrary  constants.  In  all  problems 
of  celestial  mechanics  there  are  certain  arbitrary  constants  which 
must  be  determined  from  observation  ;  and  there  are  certain  others 
which  may  also  be  accurately  found  by  observation,  but  which  depend 
on  those  previously  found.  The  comparison  of  the  two  sets  of  values 
forms  so  important  a  test  of  the  sufficiency  of  the  theory  that  no 
means  which  will  give  tests  of  the  accuracy  of  the  theoretical  calcu- 
lations, or  which  will  enable  us  to  obtain  the  second  class  of  constants 
without  serious  i-isk  of  error,  will  be  unimportant  from  a  practical  point 
of  view,  apart  from  any  theoi*etical  interest  which  they  may  possess. 

(ii.)  The  general  canonical  system  of  equations  used  by  Delaunay  is 


dh  _ 

M, 

dG 

dR, 

dH  _ 

aE,. 

dt 

dl' 

dt 

dg' 

dt 

dh' 

dl 
dt 

Sl' 

<h  — . 

lit 

3?' 

dh 
dt 

da' 

+  ,„'  f ^ xx'+yy'+z^ 1  ) 

ls/ix-xy  +  iy-yy+(z-zy  r'  r   )  ' 

Here  x,  y,  z,  x\  y,  z  are  the  coordinates  of  the  Moon  and  Sun 
referred  to  fixed  axes  thi'ough  the  Earth ;  ^,  31,  m'  are  the  masses  of 
the  Earth,  Moon,  and  Sun;  L,  (7,  If,  Z,  g^  h  are  the  well-known 
functions  of  the  elliptic  elements  given  by 

L=a*(^4-3f)*,     6?  =  L(l-e7,     JT=  6f  cosi  =  6?  (l-27»)  ; 

Zr=n^  +  e  — ?r  =  mean  anomaly, 

cf  =  a — TT  =  distance  fi*om  node  to  perigee, 

h  =z  $  =.  longitude  of  node. 

♦  Also  proved  Id  §  (xi.)  of  the  preceding  paper. 
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The  change  necessary  in  order  that  x\  %j\  z  may  be  the  coordinates  of 
the  Sun  refeiTed  to  the  centi-e  of  mass  of  the  Earth  and  Moon  is 
known  to  be  sufficiently  accounted  for  if  we  replace  aja  by 
(E-'M)a/{E+M)  a  in  the  final  results. 

It  will  be  advantageous  to  introduce  a  change  of  variables.     Let 

q^=l  +  g-{-h,     Qi  —  g  +  h,       qi  =  h. 

The  equations  satisfied  by  the  new  variables  will  still  be  canonical, 

and,  if  \ve  put 

xfc  =  —  xt|, 

they  will  become 

^=-  — ,     ^=:^_^^       (z  =  l,  2,  3).       (1) 
dt  dqi'     <^t        dp/ 

The  new  variables,  while  possessing  all  the  special  properties  of 
the  old  ones,  have  this  further  advantage,  namely,  that  jp,,  jp,  are 
small  quantities  of  the  orders  e',  y*,  respectively ;  also,  q^,  g^,  q^  are 
the  longitudes  of  the  Moon,  its  pengee,  and  node,  the  non-periodic 
parts  of  them  being  the  mean  values  of  these  angles. 

(iii.)  The  solution  of  the  equations  (1)  will  be  carried  out  in  a 
manner  similar  to  that  which  has  been  used  in  the  previous  paper ; 
but,  as  the  time  now  occurs  explicitly  in  B  through  its  presence  in 
the  elliptic  values  of  x\  y\  z\  one  or  two  modifications  are  necessary. 
We  suppose,  with  Delannay,  that  z'  =  0,  and  that  x\  y  have  their 
elliptic  values. 

The  equations  satisfied  by  the  principal  function  are 

and  it  may  be  shown  as  before  that  p^,  p^,  p^  are  expressible  by  series 

of  the  form  ^   .         .-,  .„. 

Pi  =  Ci  +  2*;,  cos  N ,  (3) 

<hj  ^»  ^»  being  ai'bitrary  constants,  the  coefficients  s  depending  only 
on  c„  Cj,  Cj,  n',  e\  and  N'  being  an  angle  of  the  form 

where  o  is  an  absolute  constant  and  j^,ji,j\,f  are  positive  or  negative 
integers  or  zero. 

As  §&=^=_a«, 

3^       dqidt  dqi 
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all  the  quantities  being  expressed  in  terms  of  g,-,  Cj,  /,  we  have 

E  =  - B-:iyn  cos N\  (4) 

where  J?  is  a  constant  of  the  same  nature  as  8.  A  solution  of  the 
partial  differential  equation  for  ^S-,  involving  the  ^i,  the  c„  and  the 
time,  will  therefore  be 

S  =  Cig,  +  C2g,  +  c,5,+2?^-f25sin^'.  (5) 

The  remaining  integrals  are  given  by 

l,  =  p=:q,  +  t^^+%^sinN',  (6) 

dci  OCf        OCi 

Zi,  Z„  /j  being  three  new  arbitraiy  constants. 

(iv.)  The  relation  of  the  foregoing  solution  to  that  of  Delaunay  is 
easily  seen.     The  three  expressions 

OCi 

are  the  non- periodic  parts  of  the  variables  q^^  g^j,  g,,  and  therefore 

_dB      _dB       _dB 

3ci  9c,  oc^ 

are  the  mean  motions  of  the  Moon,  its  perigee,  and  node  respectively. 
The  symbol  B  is  the  same  as  that  used  by  Delaunay,*  and  it  represents 
the  constant  remainder  of  his  disturbing  function  after  all  the 
periodic  terms  have  been  eliminated.  We  therefore  see  that  Cj,  Cj-hCj, 
Cj  -H  C.J  +  Cj,  B  are  the  same  as  Delaunay *s  L,  G,  H,  B\  after  the  com- 
pletion of  the  operations.  We  have  therefore  shown  that  the  same 
quantities  are  the  constant  parts  of  Delaunay*s  initial  variables  L, 
O,  H,  and  of  R,  when  the  latter  are  expressed  in  terms  of  the  c^,  the 
7„  the  solar  constants,  and  the  time. 

(v.)  The  solution  contained  in  (iii.)  gives  a  method  of  performing 
any  one  of  Delaunay*s  operations  which  may  possibly  be  useful  in 
certain  cases.  Assume  the  values  (3)  of  the  pi :  to  each  periodic  tenn 
there  is  one  unknown  coefficient  s.  We  substitute  these  values  of  the 
pi  in  the  portion  of  R  under  consideration,  and  equate  the  result  to  the 
expression  of  i?  in  (4).  The  equations  of  condition  thus  furnished 
will  give  B  and  all  the  coefficients  s  in  tenns  of  Cj,  c,,  c,,  n\  e'*. 


*  Thioric  de  la  Lune,  Vol.  n.,  p.  234. 
t  Delaimaj's  £  ia  the  Bi  of  this  paper. 
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Witli  these  results  we  enter  equations  (6),  and  a  reversion  of  series 
will  give  tlie  values  of  Qi,  q^,  q^  in  terms  of  the  constants  and  the  time. 
Substituting  in  (3),  we  then  obtain  jPi,  jpj,  jps  in  terms  of  the  time. 
The  six  new  canonical  variables  for  the  next  operation  are  the  Ci  and 
li-~tdB/dch  and  the  passage  to  it  is  made  in  the  manner  shown  in  my 
paper  on  Delaunay's  method  already  refen^ed  to. 

It  is  not  necessary  to  consider  only  one  periodic  term  of  the  dis- 
turbing function :  we  may  take  two  or  more  at  any  operation,  if  any 
advantage  is  to  be  gained  thereby.  The  method  might  possibly  be  of 
some  advantage,  if  the  determination  of  the  mean  motions  of  the 
perigee  and  node  was  under  consideration,  since  no  reversion  of  series 
is  necessary  in  the  latter  operations.    If  we  decide  to  take  one  periodic 

term  at  a  time,  the  calculation  of  such  functions  as  ^f^  p^,  (pJpiY, 
with  indeterminate  values  of  the  coefficients  of  the  periodic  series, 
might  be  done  once  for  all,  so  that  the  coefficients  s  could  be  determ- 
ined by  mere  numerical  substitutions.  The  reversion  of  the  series, 
necessary  in  order  to  obtain  the  qt  in  terms  of  the  time,  could  be 
treated  in  a  similar  way.  A  somewhat  extended  series  of  calculations 
would  be  necessary  to  see  if  any  real  advantage  over  Delaunay's 
method  of  procedure  is  gained.  It  may  be  mentioned  that  the  intro- 
duction of  e,  y  at  each  stage  will  not  be  necessary,  since  Cj,  c,  are 
respectively  of  the  orders  e',  y^. 

(vi.)  I  now  proceed  to  pi'ove  the  property  connecting  the  mean 
motions  with  the  constant  term  of  the  parallax. 

Representing  by  6„  6j,  65  the  coefficients  of  f  in  the  non-periodic 
parts  of  gi,  5,,  q^,  that  is,  putting 

^i  =  -^^      (i  =  l,2,3),  (7) 

CCi 

it  will  be  shown  that 

where  in  all  cases  {Q\  represents  the  non-periodic  part  of  any  func- 
tion Q  expressed  as  a  snm  of  sines  or  cosines  in  terms  of  the  time  and 
the  constants. 

First,  since  S  is  supposed  to  be  a  function  of  (/„  g„  q„  t,  we  have 

dt  -  ^'%,  ^  dt 

=  %p,4,-B    by     (2). 

L  2 


148 


Mr.  Ernest  Brown  on  the  Mean  Motions  and  [Nov.  12, 


Hence,  remembeiing  the  notation  just  explained, 

The  left-hand  member  of  this  equation  is  the  coeflBcient  of  t  in  the 
non-periodic  part  of  S,  when  the  latter  has  been  expressed  in  terms 
of  the  time  and  the  arbitraries.  If  we  look  at  equation  (5),  and 
suppose  the  values  of  gi,  g^,  g,  in  terms  of  the  time  to  be  substituted 
therein,  it  is  evident  that  the  periodic  terms  5  5  sin  N'  will  only  pro- 
duce periodic  terms.  The  non-poriodic  part  of  <y,  is  Z,-|-&,^  and 
therefore  the  non- periodic  part  of  the  coefficient  of  ^  in  iS>  is 

Hence  C^iPiJdo  =  5jCi  -|-6,Cj-|-6,c,-|-B-h  (E)o.  (8) 

Secondly,  denote  the  ordinary  disturbing  function  by  O,  that  is,  let 


11  =  771'    < 


orx -^  yy' -\' zz 


y(x-xy  +  iy-yy  +  {z-zj 
80  that,  ii  E  +  M  =  K, 

and  the  equations  of  motion  are 


■-i.}: 


(9) 


Oy 


dx\  r  I  ay\r  J  dz\  r  I 


"We  shall  now  neglect  the  ratio  of  the  parallax  of  the  Moon  to  that 
of  the  Sun.  As  the  results  obtained  below  refer  only  to  the  constant 
parts  of  the  various  functions,  and  as  this  ratio  is  well  kno>\Ti  to  occur 
in  these  constant  parts  to  an  order  not  less  than  m^d^la^^  the  error 
committed  ynW  be  almost  negligible.  It  amounts  to  about  2"  in  the 
annual  motion  of  the  perigee  (that  is  to  say,  a  quantity  of  the  same 
order  as  the  difEerence  between  the  observed  value  and  Hansen's 
theoretical  value),  and  is  less  than  0"'001  in  the  secular  accelerations 
per  century.  The  accuracy  of  the  results  obtained  for  the  latter 
quantities  will  therefore  not  be  impaired  by  this  limitation. 

We  have,  on  expanding  U  and  neglecting  the  ratio  of  the  pai'allaxes 


and  therefore 


Ojr         Oy        Oz 
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Multiply  tlie  equations  of  motion  by  a?,  y,  «,  respectively,  and  add. 
Using  the  last  equation,  the  result  may  be  written 

where  2T  =  ±^-\-f-\-z'. 

Since  the  first  term  cannot  give  rise  to  a  constant  portion,  this  equa- 
tion gives 

2(T)„=(-^)-2(0),.  (9') 

\  r  /  Q 

Again,  from  the  theory  of  elliptic  motion, 


and  therefore,  by  (9), 


T 

= 

K 
T 

T- 

■E 

— 

*"  +a 

Taking  the  constant  parts  of  this  equation,  and  eliminating  {T)^ 
by  means  of  the  previous  value  obtained  for  it,  we  get 

(E).+2(0),  =  -i(^)  (10). 

Thirdly,  the  jpi  are  of  the  order  [time]"^  X  [length]',  that  is,  of  the 
order  [mass]*  [length]*.  As  the  coefficients  of  the  elliptic  values  of 
a*,  y,  z  are  expressible  by  means  of  p,,  p.,  jp,  only,  and  are  homogeneous 
with  respect  to  these  quantities,  ar,  y,  2  must  be  of  the  order  [p]*, 
abstraction  being  made  of  the  masses.  Hence  O  is  of  the  order  [p]*. 
Euler's  theorem  of  homogeneous  functions  then  gives 

dpi         dp,         dp, 
Using  this  riBSult  with  (9),  we  find 

=  -6n-2E. 

Taking  the  non-periodic  terms  in  this  equation  and  combining  with 
(10),  we  obtain 

\  r  /o 
whence,  by  (8),  h,c^^h^c^^\c^^B  =  f  (  — )  ,  (H) 

the  required  result. 
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(vii.)  Before  proceeding  to  the  special  applications  of  tliis  equation, 
one  or  two  general  properties  may  be  noted. 

(a)  Let  arbitrary  variations  2c,  be  given  to  the  c<.     We  have 


S<(^2c,  +  c,26,)  +  2^  =  f2(y)  . 


But  hi  =  —SB/ici,  and  therefore,  if  we  suppose  {ic/r\  to  be  expressed 
in  terms  of  &i,  &„  5„  and  the  solar  constants. 


''~^db.(^)o 


(12) 


[The  result  corresponding  to  this  in  the  general  problem  of  three 
bodies  is  given  by  the  equations* 

(/3)  The  equations  (12),  (7)  show  that 

3c£  _  3c£.      dbj  ^  9bt' 
86,/      ohf      dci.       9c,- 

(y)  A  formula  for  obtaining  the  c,  from  the  expressions  for  the 
rectangular  coordinates  when  the  latter  ai'e  known  can  be  deduced 
from  this  result.f    We  have 

=  A(r+0+-5.)  ,     by     (9'), 

.   ,.  .     ,dT  .    idx    9    ,  9y    9    ,   9z    d\l  K    ,  ^N 

=  non-penodic  part  0f;r-  +  (:r-  x—  +  ^7r-+r-^  TT-ll  —  +") 

^  ^  96,       \96,  9jj      96<  dy      db^  dz'\  r  I 

/ .  9iB         I  •  ^*  _L  _i_  ^ 

?»  I  •'^  "^ —  "T  ...  "T"  ...  -riC  r       T  ...  T"  ...   I 

V    c^h.  Shi  J 


» 


f> 


Assuming 


(Z  /  .Ox 


.  9aj    .  .  9v    .  .9 


d6i 


dz\ 


«  =  2A;cos^,     y  =  2^sin^,     «  =  5A;'sin^, 
where  'N  is  defined  as  before,  we  obtain  from  this  result 


*  See  6  (vi.)  ({;)of  my  paper  *  *  On  the  Application  of  Jacobi's  Dynamical  Method  to 
the  Problem  of  Three  Bodies." 


t  Ibid.,  §(vm.). 
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a  result  similar  to  that  found  by  Newcomb  (Action  of  the  Planets  on 
Moon^  §  8)  in  the  general  problem. 

(5)  We  can  also  show,*  as  in  the  general  problem,  that,  if  p„  gr,  be 
expressed  in  terms  of  the  time  by  series  of  the  forms 

p,  =  (P),+5P,cosJ^, 

q^^l^^hit-^-^ZQimnN, 

the  Ci  may  be  found,  if  necessary,  from  the  equations 

c.  =  (P).+SP<Q.;,. 

We  suppose  the  Z,  to  receive  variations  3Z„  and  we  then  have 

The  constant  pai*t  of  the  coefficient  of  11^  in  hS  is  easily  seen,  as  before, 
to  be  c„  and  the  result  follows  immediately. 

(viii.)  Connexion  between  (j^jr)^  and  the  Mean  Motion  of  the  Perigee 
and  the  Node,  Adams'  Theorems. — Replace  6,,  6„  6,,  which  are  re- 
spectively the  mean  motions  of  the  Moon,  its  perigee,  and  its  node,  by 
the  letters  which  usually  represent  these  quantities,  namely,  n,  Wj,  0^, 
The  equation  (11)  is  therefore  written 

nCi+iriC,  +  tf,c,-hJ5  =  f  f-^)   ;  (13) 

V  r  /o 

and  the  equations  (7)  become 

dB  dB      ^  dB  .,,. 

CCj  OC^  oc^ 

We  now  consider  all  the  quantities  in  these  equations  to  be  expressed 
as  functions  of  n,  e',  7',  «',  e'*,  ic,  where  e,  y  are  the  eccentricity  and 
the  sine  of  half  the  inclination,  defined  in  Delaunay's  manner.  These 
definitions  are  used  for  the  sake  of  clearness,  although  it  will  be 
€vident  that  any  of  the  various  possible  modes  of  defining  them  are 
available.  The  definitions  of  n,  Wj,  Oi  are  fixed.  It  may  be  remarked, 
however,  that  the  expression  61  Cj +  610,4-6,0,  is  an  invariant  for  any 
linear  tangential  transformation  of  the  variables  p,-,  qt, 

Di£Eei*entiate  (13)   partially  with  regard  to  n,  e',  y',  successively. 

Since  a^  =  CB  acj  ^  as  Bcj  ^  SB  dc, 

3«      9c,  3«      9c,  dn      9c,  9?i 

9ci         9cj     />  9r3i       o 
cn         o7i>         on 


♦  Ibid,,  §(ix,). 
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1  -I-  c,  ^      r  c,  ^ TK^  [  — }   > 

On  on  On  ^  r  /o 


^'^3?  = 


^8, 


(15) 


where  dir^/Sn,  3ir,/9e*,  <fec.,  evidently  denote  tlie  partial  differentials  of 
ir„  ^1  with  respect  to  n,  e',  y',  when  expressed  in  terms  of  n,  eS  y',  7i'^ 
e'*.  It  will  be  noticed  that  these  three  equations  have  the  advantage 
of  not  containing  B. 

By  means  of  these  forms  of  (13)  we  can  deduce  Adams'  theorems 
[see  reference  given  in  §  (i.)]- 

Define  a  by  means  of  the  equation  k  =  nV,  and  write 

Ty)  =  A  +  Be'  +  Cy'  +  Ee*+2F£'V  +  Gy*+..., 
TT,  =  n(P+He«-hKy>+...), 

where  A,  B,  ...  P,  H,  ...  T,  M,  ...  are  functions  of  m,  e^  only.  Sub- 
stitute these  results  in  the  second  and  third  of  equations  (15).  These 
being  identities,  we  can  equate  to  zero  the  coefficients  of  the  vaidous 
powers  of  e',  y'. 

Equate  the  coefficients  of  p',  y'  to  zero.  Remembering  that  c„  Cj 
respectively  contain  the  factors  e*,  y'  in  all  their  terms,  we  find 

B  =  0,     C  =  0. 

This  is  Adams'  first  theorem. 

Equate  the  coefficients  of  e*,  c'y',  y*  to  zero.     We  find 

c,H  = 

Cj/e',  Cj/y'  being  limited  to  terms  of  the  form  na^f(m,e*).  Hence, 
eliminating  c^,  r,, 


=  ina'Ee\     c,M  =  f  wa'Fy',  | 


(16) 


E 
F 


H 


F 
"G 


M 


the  second  theorem  of  Adams.     The  further  results  which  he  obtains 
for  the  higher  powers  of  e',  y*  follow  in  like  manner. 

It  is  of  some  interest  to  compare  these  results  with  those  obtained 
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by  the  use  of  rectangular  coordinates.*  In  the  paper  referred  to,  I 
found  t  HT,  =  6E,     MT,  =  6F, 

KT,  =  6F,   NT,  =  ea, 

where  T„  T,  were  certain  functions  of  m,  e'*,  obtained  from  the 
coefficients  of  the  periodic  temis  in  the  expressions  for  the  moving 
i-ectangular  coordinates  there  used.  A  comparison  of  the  two  sets  of 
results  gives  ^^  ^  ,^^,^,^^     ^^  ^  ,^,^^^ 

On  comparing  the  values  obtained  for  T„  T,  in  the  memoir  referred 
to,  and  those  found  for  Cj,  c,  in  §  (vii.)  above,  the  correctness  of  these 
two  identities  may  be  easily  verified. 

One  or  two  fui*ther  results  of  the  equations  (15)  may  be  mentioned. 

If  all  powers  of  e',  y'  be  neglected,  the  first  of  them  gives 


c 


s 

1  —  a 


a 


f  (^)  .  (17) 


If  we  consider  the  first  powers  of  e',  y'  only,  we  find  from  the  same 
equation,  combined  with  Adams'  first  theorem, 

coefficient  of  e'  in  Cj  =  —  Cj  ^ , 

On 

071 


When  c,,  c,,  c,,  Wj,  Oj  are  known  in  terms  of  n,  e',  y',  n',  e*",  the  value 
of  the  constant  term  of  the  lunar  parallax  can  be  obtained  to  the 
same  degree  of  accuracy  as  Cj,  so  far  as  its  part  independent  of  e,  y  is 
concerned,  and  to  two  orders  higher  than  Cj,  Cj,  so  far  as  the  parts 
depending  on  e*,  e'y',  y*  are  concerned.  The  integration  of  equation 
(17)  presents  no  difficulty,  since  the  form  of  the  expression  for  the 
parallax  is  known,  and  it  contains  no  term  independent  of  n. 

By  using  the  value  of  the  constant  term  of  the  parallax  obtained 
by  Adams  J  in  a  different  manner,  we  have  a  useful  verification  of 
Delaunay's  results. 

♦  **  Investigfations  in  the  Lunar  Theory,"  Amer.  Jour.  Math,,  Vol.  xvii. 

t  The  meaning  given  to  E,  F,  G  is  slightly  different  from  that  above. 

J  Given  in  his  paper  referred  to  in  §  (i.).  The  values  of  c„  r,,  c^  in  terms  of  w, 
**»  7'»  w'»  ^  are  given  by  Newoomb  in  §  li  of  his  memoir  on  **  Tlie  Action  of  the 
Planets  on  the  Moon  *'  ;  the  values  of  it],  0,  are  found  in  §  12  of  the  same  paper. 
The  latter  were  calculated  by  Delaunay  (Comptes  Rendus,  Vol.  lxxtv.,  p.  19),  and 
by  Cayley  {Monthly  Notice*  £,A,S.,  Vol.  xxxu.,  pp.  8-16,  74  ;  Coll.  Works,  Vol.  vii.,^ 
pp.  532-634. 
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(ix.)  The  Secular  Accelerations. — Professor  Newcomb  has  shown 
[see  references  at  the  end  of  §  (i.)]  that  the  secular  accelerations  may 
be  obtained  by  means  of  the  equations 

^Cl  =  0,     iCi  =  0,     ^Cj  =  0. 

Here  c^^  c^,  c^  are  supposed  to  have  been  expressed  in  terms  of  n,  e*, 
y*,  n',  e'*,  i:.  A  variation  ^e'*,  due  to  planetary  action,  induces  varia- 
tions ^n,  ^e',  ^y",  which  may  be  found  by  means  of  the  above  equations* 
The  secular  accelerations  are  then  given  by 

j^ndt,     j^ir^dt,     j^O^dt. 

Applying  the  variation  3  to  the  three  equations  (15),  we  find,  since 
^Cj,  2c,,  2c,  ai*e  all  zero, 

C  On  on  ^  ''^  '^ 


3e'  3e'  3e*  ^  ^  ''^ 


(18) 


We  shall  use  2e',  2y',  2e''  to  denote  the  variations  of  e\  y',  e*^,  re- 
spectively. 

The  presence  of  the  factor  e*  in  c„  2e'  and  of  y'  in  c„  2y'  enables  us 
to  calculate  the  principal  parts  of  Bn,  2ir,,  Bd^  without  the  intervention 
of  c„  c,,  c„  when  Wj,  ^„  («:/r)o  are  known. 

(a)   Neglect  all  powers  of  e\  y\     The  first  of  equations  (18)  gives 

^"=Uir.(7)J'"-!5&(7).!- 

giving  the  part  of  2n,  independent  of  6*,  y^. 

When  hi  has  been  thus  found,  the  coiTesponding  poiiiions  of  e',  y' 
ai-e  given  by 

07i  de^ 


CTT, 


o»  de'' 
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(/>)  Neglect  all  powers  of  e*,  y'  above  the  first.  Denote  by  (^n)^*, 
ihi)^i  the  pai*t8  of  8n  which  contain  the  factora  e\  y*  respectively. 
Using  Adams'  first  theorem,  we  find  from  (18) 

which  give  the  terms  in  Sti  containing  the  factors  e',  y'. 

To  calcnlate  the  parts  of  Jjt,,  Jtf,  which  contain  the  factors  e',  y*  it 

will  probably  be  simplest  and  most  accurate  to  find  ie*,  hy*  from  the 

equations  »         a      »         n 

5c,  =  0,     cc^  =  0, 

using  the  known  yalue  of  In.     We  then  substitute  in  the  equations 


d^ 


87' 


ae-* 


a-/'       a» 


ae' 


de* 


The  degree  of  accuracy  obtained  will,  in  general,  correspond  to  that 
with  which  dirjde'^  is  known.  The  terms  of  higher  orders  are  almost 
insensible. 

I  hope  shortly  to  publish  a  venfication  by  this  method  of  some  of 
Delaunay's  results  for  the  secular  accelerations  ;•  a  preliminary  exami- 
nation of  some  of  the  terms  exhibits  erixDrs  which  are  not  unimportant. 


♦  [Xoie  added  March  29th,  1897.— See  Monthly  liotieet,  R.A.S,^  March,  1897, 
where  complete  numerical  results  are  given.] 
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Iiitroducticyn. 

Aa  in  the  following  pages  I  have  made  considerable  changes  in 
the  notation  which  I  employed  in  my  former  papers  on  this  subject, 
I  may  say  a  few  words  in  explanation  of  my  reasons. 

I  use  a^  as  synonymous  with  my  former  symbol  a  :  /3  for  the  sake  of 
brevity  and  to  avoid  the  necessity  of  brackets.  Thus,  a^/3^  :  a^  is 
synonymous  with  (a  :  /3)  (j8  :  y)  :  (a  :  y).  In  dealing  with  n^ipZica^^o;*^ 
of  the  secmid  order  (i.e.,  implications  whose  elementary  constituents 
are  themselves  implications)  the  advantages  of  the  abbi'eviation  ai-e 
self-evident.  The  atoms  (as  it  were)  of  two  different  substances 
combine  into  molecules  of  a  third  substance. 

I  use  (  ::)  as  synonymous  with  (  =  )  chiefly  to  avoid  the  necessity 
of  brackets.     How  this  is  effected  will  appear  further  on. 

I  use  the  symbol  e  instead  of  my  foinner  symbol  1  (unity),  and  rf 
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instead  of  zero,  to  express  lasting  and  necessary  truth  and  lasting  and 
7i€cessary  falsehood  respectively  ;  while  I  use  ^to  denote  any  statement 
which  may  be  either  true  or  false,  and  therefore  belongs  neither  to 
the  class  c  nor  to  the  class  17.  Thus  (2  -f-3  =  5)  belongs  to  the  class  e  ; 
(2+3  =  5)',  I.e.,  the  denial  of  this,  and  (2+3  =  7)  both  belong  to 
the  class  17 ;  and  (x  =  2)  belongs  to  the  class  $,  The  symbol  c'  is,  of 
€ourse,  equivalent  to  rj,  and  17'  is  equivalent  to  e  ;  for,  if  any  state- 
ment a  belongs  to  either  class  (c  or  17),  its  denial  a'  belongs  to  the 
other.     These  and  other  class  symbols  r,  t,  ir,  &c.,  will  be  treated  in 

their  due  place  ;  as   will  other  symbolic  innovations,  such  as  a^  -^, 

P 
a>/>,  «</3,  &c.     It  will  be  noticed  that  I  have  used  the  symbols 

o^  and  e  in  analogous,  but  not  quite  identical,  senses  in  my  Fourth 
Paper  on  this  subject  in  the  Free.  Land.  Math.  Soc.  (See  Vol.  xi., 
No.  163.) 

Definitions. 
Dep.  1. — All  intelligible  statements  may  be  divided  into  two  classes 
— the  true  and  the  false.     The  small  Greek  letter  r  will  denote  any 
statement  of  the  fonner  class,  and  the  small  Greek  letter  i  will  denote 
any  statement  of  the  latter. 

Def.  2. — All  intelligible  statements  may  also  be  divided  into  three 
classes,  namely : 

(1)  TJiose  necessarily  and  always  true — these  may  be  called  cer- 
tainties, and  will  be  denoted  by  the  symbol  c  ; 

(2)  Those  necessarily  and  always  false — these  may  be  called  absurd^ 
ties,  impossibilities,  or  inconsistencies,  and  will  be  denoted  by  the 
Greek  letter  rj ;  and 

(3)  TJiose  which  belong  neither  to  the  cla^s  e  nor  to  the  chiss  ri,  and 
may  therefore  be  either  true  or  false — these  may  be  called  variables^ 
and  will  be  denoted  by  the  Greek  letter  $. 

The  statement  (2  +  2  =  4)  belongs  to  the  class  e;  the  statement 
(2x3  =  7)  belongs  to  the  class  17 ;  and  (ar  =  5)  belongs  to  the  class  6. 

Def.  3. — The  symbol  a^  asserts  that  the  statement  a  belongs  to  the 
class  of  statements  denoted  by  /3.  Thus  a'^  asserts  that  a  is  true ; 
a'  asserts  that  a  is  false ;  a*  asserts  that  a  is  always  true ;  n"  asserts 
that  a  is  always  false ;  and  a*  asserts  that  a  is  neither  always  true  nor 
always  false. 

But  (especially  when  we  are  considering  statements  of  the  classes 
T  and  t  only)  the  symbol  r  is  usually  left  understood,  and  the  symbol 
(  will  be  replaced  by  an  acute  accent.     Thus  a  =  a^,  and  a  =  a*. 
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Dep.  4. — The  symbol  a'  :  /3*'  asserts  that,  whenever  a  belongs  to  the 
class  X,  and  so  long  as  a  belongs  to  the  class  x,  then,  and  so  long, 
will  /3  belong  to  the  class  y.  Thus,  a'^ :  /3'  (or  briefly  a  :  fi)  asserts 
that,  whenever  a  is  true,  (i  is  true ;  and  a^  :  /3*  (or  briefly  a  :  /3') 
asserts  that,  whenever  a  is  trne,  p  is  false.* 

Def.  5. — The  symbol  a'/3*'  makes  two  assertions  :  it  asserts  that  a 
belongs  to  the  class  x,  and  that  /3  belongs  to  the  class  y.  If  no 
indices  be  expressed,  the  index  r  is  understood.  Thus  a/3  asserts 
that  a  and  /5  both  belong  to  the  class  r ;  that  is,  that  they  are  both 
true.  Similarly,  a/3'  asserts  that  a  is  true  and  P  false.  By  the  same 
convention  a'/3*y-  makes  three  statements,  and  so  on. 

Dep.  6. — The  symbol  a'H-i3*'  is  an  alternative^  and  makes  only  o?m? 
assertion,  namely,  that  one  at  least  (and  possibly  both)  of  the  state- 
ments a'  and  /S"  is  time.  The  symbol  a  +  /3',  on  this  convention,  is,  of 
course,  equivalent  to  a^4-/3*. 

Def.  7. — The  symbol  ^'  (a,  /3)  asserts  that  the  complex  statement 
denoted  by  <p  (a,  fi)  belongs  to  the  class  x.  For  example,  the  symbol 
(a+/3)*  :  a*/3*+/3*a-  asserts  (see  Defs.  10,  11)  that,  when  the  symbol 
a  H-  /3  (which  is  short  for  a'  -f  j3')  belongs  to  the  class  0  (that  is,  when 
it  denotes  a  variable)^  then  a  is  a  variable  and  /3  an  uncertainty ;  or 
else  /3  is  a  variable  and  a  an  uncertainty,     (Proved  on  p.  169.) 

Note.'-fi"  =  (0%  and  a-  =  (a')*. 

Def.  8. — When  any  symbol  a  denotes  one  statement  only,  it  is  called 
a  singular  statement^  or  simply  a  singular ;  when  it  is  applicable  to 
more  than  one  statement^  it  is  called  a  plural  or  cla^s  statement.  Thus 
(2x3  =  6)  and  (2x3  =  7)  are  two  singular  statements  belonging 
respectively  to  the  plurals  or  class  statements  e  and  17. 

Dep.  9. — The  symbol  a^,  when  a  and  ft  are  both  class  statements, 
asserts  that  every  statement  of  the  class  a  belongs  also  to  the  class  ft. 
Hence  we  have  r*  =  iy,  0*  =  ri,  6*  =  e,  O'  z=z  rj,  6*  =  >/,  c'^  =  e,  ij*  =  e. 
(See  Def.  3.) 

Note. — The  symbol  (a^  =  x)  here  is  understood  to  mean  (a")'.  The 
accompanying  diagram  will  illustimte  the  mutual  I'elations  of  the  five 
class  statements  r,  1,  e,  »;,  6.  The  two  upper  squares  con- 
stitute the  class  t  (or  ti'ue  statements)  ;  and  the  two 
lower  squares  the  class  t  (or  false  statements).  The  two 
squares  to  the  right  constitute  the  class  0  (or  variable 
statements)  ;  and  the  two  squares  to  the  left  constitute 

*  Observe  that  a  :  j3  makes  no  assertion  as  to  whether  fi  is  true  when  a  is  not 
true.     (See  Def.  15.) 
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the  iwn-varidbles  or  constants  (see  next  Def.).  The  e  statements  are 
restncted  to  the  square  re ;  and  the  iy  statements  to  the  square  117. 

Dep.  10. — Statements  which  do  not  belong  to  the  class  c  are  called 
uncertainties ;  those  which  do  not  belong  the  class  >/  are  called  possi* 
hilities;  and  those  which  do  tiot  belong  to  the  class  0  are  called 
constants^  or  fwn-vartables.  Thus  a^/^-'y**,  or  its  equivalent  a'^fi^'y^* 
(see  Defs.  11  and  12),  asserts  that  a  is  an  uncertainty,  that  /3  is  a 
possibility,  and  that  y  is  a  constant — neither  always  true  nor  always 
false. 

Def.  11. — The  symbol  a"^  is  the  denial  of  a'',  and  a.^  is  the  denial 
of  a^ ;  so  that  a^  =  (a^)',  and  a""  =r  (a")'. 

Dep.  12. — The  symbol  a'*'  means  (a*)*',  and  asserts  that  a*  belongs 
to  the  class  y.     Similarly,  a**^  means  (a'*')* ;  and  so  on. 

Note. — This  law  does  not  hold  for  subscripts.  Thus,  a^  means  a^^), 
and  tiot  {cix)j,.  The  symbol  of  denial  o  affects  the  whole  expression 
following  it.  Thus  a^^  means  a,f^:ry)^  aiid  a*'*'  means  a'''* ;  that  is, 
(a''')*.  It  is  clear  that  a*"  is  not  always  synonymous  with  a*'*.  For 
example,  when  a  is  a  singular  {i.e.,  when  it  denotes  one  statement 
only),  we  have  a**  =  (a')*  =  a' ;  but  a«*  =  (a*y  =  a- ;  so  that  a"  asserts 
that  a  is  always  false ;  while  a**  merely  asserts  that  a  is  not  always 
tru^e, 

Dep.  13. — To  remove  all  possible  ambiguity  as  to  the  meaning  of 
the  symbol  a'  :  /3'  and  of  its  synonyms  a  :  fi  and  a^,  we  may  say  (as 
an  alternative  to  Def.  4)  that  a^  means  (a'/J")' ;  that  is  to  say,  it 
asserts  that  the  combined  statement  that  a  is  true  and  fi  false  is  a 
statement  ivliich  is  always  false.  Briefly,  this  definition  asserts 
a:P  =  (a/30'. 

Dep.  14. — The  symbol  a  : :  /3  means  (a  :  /3)  (/3  :  a)  ;  the  symbol 
a\p  means  /3  :  a ;  the  symbol  a>/3  means  a^fi^;  the  symbol  a  </3 
means  fi>a',  the  symbol  a  :  /3  :  y  means  (a  :  /3)  (/3  :  y)  ;  the  symbol 
a !  /3  !  y  means  (a  !  /3)  (/3  !  y)  ;  the  symbol  a  >/3  >  y  (with  its  equivalent 
y</3<a)  means  (a>^)(j9>y). 

Dep.  15. — The  symbol  -z-  (called  a  causal  implication,  to  distinguish 

it  from  the  general  implication  a^)  means  a^a'^  or  its  equivalent 
a^e,^ ;  in  which  c.^  is  the  denial  of  fl',  and  is  therefore  synonymous 
with  /3^ 

Def.  16. — The  symbols  (a,  /3  :  y)  and  (a,  /3)^  are  each  synonymous 
with  ay+/3^ ;  and  (a  :  /3,  y)  and  a^.,  are  each  synonymous  with  a^+a,. 
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Also     ^^   means    —  -h  — ,  and   ^5 —  means    -^  H .      Also   «"'• 

y  y       y  p,  y  /5       y 

means  a'*-|-a^  and  (a,  /3)"  means  a**-{-fi**. 

Dep.  17. — The  symbol  (a, /3  =  m)  means  (a  =  u)  (/3  =  w)  ;  and 
(u  =  a,  ^)  means  (w  =  a)  +  (m  =  /i). 

When  a  and  /3  are  singulars,  and  w  is  &  plural  (or  cZas«  statement), 
the  symbol  (a  =  w)  means  a**,  and  (a,  /3  =  u)  means  a"/3".  But,  when 
a  and  /3  are  plurals  (or  class  statements),  and  w  is  a  singular,  then 
(t*  =  a,  /3)  means  w'  +  w". 

Def.  19. — The  symbol  u  sometimes  denotes  an  indefinite  class 
statement.  Thus  <p(a,  P)z=u  or  <p**(a,p)  means  that  nothing  is 
asserted  as  to  the  class  to  which  0(a,  /3)  belongs  ;  it  may  be  of  the 
class  e  or  rj  or  0,  But  w  is  often  used  in  other  senses  also,  like  any 
other  letter. 

Dep.  20. — The  symbol  tt  denotes  any  or  all  of  the  premisses  of  a 
proposition  to  be  proved ;  w  denotes  the  conclusion,  or  any  of  the 
conclusions,  to  be  proved  ;  and  p  denotes  a  proposition  proved  in  the 
course  of  the  argument. 

p  may,  or  may  not,  be  equivalent  to  r  :  oi,  the  proposition  to  be 
proved. 

v  throughout  the  argument  is  understood  to  have  the  force  of  e, 
and  provisionally  to  represent  e,  though  (unlike  e)  the  statement  or 
statements  which  it  represents  may  conceivably  and  without  incon- 
sistency be  false. 

The  way  in  which  n,  w,  and  p  are  employed  will  be   seen  in  such 

statements  as 

p^u:v^a:ft=^  TTiii   :  17  =  ir  :  a>, 

which  may  be  read  thus  : — "  Now  it  has  been  proved  that  u  implies 
V ;  which  is  equivalent  to  proving  that  a  implies  /3 ;  which  is  the 
same  as  proving  that  roi'  contains  an  inconsistent  or  impossible  factor 
(i.e.,  one  of  the  class  17)  ;  which  is  the  same  as  proving  t  :  a>,  the 
proposition  requii^ed  to  be  proved. 

Dep.  21. — The  following  conventions  will  enable  us  to  shorten 
and  simplify  expressions  by  avoiding  the  necessity  of  repetitions  and 
a  confusing  multiplicity  of  brackets  : — 

(1)  Let  it  be  understood  that  the  symbol  (=),  though  synonymous 
with  ( :: ),  has  a  longer  reach ;  so  that  a  ::  )S  =  y  means  (a  ::  /3)  =  y, 
and  not  a  ::  (/3  =  y),  which  would  be  expressed  by  a  =  )3  ::  y, 

(2)  Let  it  be  understood  that  the  symbol  (||)  is  synonymous  with 
( : )  but  of  longer  reach ;  so  that  a  ||  /3  :  y  means  a  :  (/3  :  y)  and  not 
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(a  II  /3)  :  y,  or  its  synonym  (a  :  /3)  :  y,  which  would  be  expressed  by 
a  :  /3  II  y. 

(3)  Let  (II)  be  of  equal  reach  with  (=)  ;  let  (!),  (::),  (>),  (<)  be 
all  of  equal  reach  with  (:),  and  of  longer  reach  than  (-h). 

Any  of  these  symbols  of  relation  is  understood  to  affect  the  whole 
expression  to  the  right  or  left  of  it  till  it  meets  another  srjmhol  of  equal 
or  superior  reach ;  then  its  power  in  that  direction  ceases.     Thus, 

a-i-P  :  yH-^>m  ::  n=r  :  tt  +  v  II  a:p 
means    (A  =  B)(B  :  C)  ;    in   which  0  =  (a  :  /3),    B  =  [r  :  (w  +  v)} 
while  ^=  (D:E)(E>m)(m  ::  n);  in  which  D  =  a+i3,  ^  =  y  +  ^. 

Prop.  1. — Let  x,  y  be  class  statements^  and  a,  /3  singular  statements, 
of  which  a  asserts  that  a  certain  singular  statement  A  belongs  to  the 
class  Xy  and  /3  asserts  that  A  belongs  to  the  class  y.  Then  it  is  clear 
(see  Def.  9)  that  a^  :  a^.*  And  if  A  (while  remaining  singular)  be  a 
representative  statement,  representing  any  (i.e.,  every)  statement  of 
the  class  or  classes  considered — just  as  an  arbitrary  illustrative 
triangle  drawn  on  a  blackboard  represents  any  triangle  of  the  kind 
discussed — then  we  have  a^  =  a^,  and  thei*efore  ^(a!*)  =  0(a^). 

And  if  we  have  a  series  of  class  statements,  x,  y,  z,  <Skc.,  thus  corre- 
spoiidiDg  respectively  to  a  senes  of  singular  representative  statements, 
a,  P,  y,  (fee.,  we  shall  have  ^(a^,  y',  a;*,  &c.)  =  ^(a^,  /3^,  a„  &c.) ;  in 
which  a,  /8,  y,  &c.,  respectively  take  the  places  of  x,  y,  z,  &c.,  except 
that,  when  the  latter  are  indices,  the  fonner  are  subscripts. 

Hence,  the  standai-d  equivalent  syllogisms 

in  which  a,  fi,  y  denote  classes,  remain  valid  when  we  change  indices 
into  subscripts,  provided  we  interpret  the  class  symbols  as  now 
denoting  not  classes  but  singular  representative  statements,  and  consider 
a  as  short  for  "  A  belongs  to  the  class  a,"  /3  as  short  for  "  A  belongs 
to  the  class  /3,"  and  y  as  short  for  "  A  belongs  to  the  class  y."  (See 
my  Second  Paper  on  the  "  Calculus  of  Equivalent  Statements.") 

Prop.  2. — To  prove  the  following  four  formulas : — 
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♦  More  fully,  xv  :  (A'  :  Av)  :  a^. 
vol..  XXVIII. — NO.  585. 
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Defs. — The  capitals  A,  B,  C,  &c.,in  the  following  proof  of  Form  (1) 
denote  farmuhe  assumed  (t.e.,  statements  of  the  class  e),  which  will  be 
given  aftei'wards.  The  nuvihers  in  the  proof  represent  each  the 
equational  statement  of  its  own  line.  The  symbol  1"*  asserts  that  the 
statement  1  is  deducible  from  the  formula  A ;  2^  asserts  that  2  is 
deducible  from  the  formula  B ;  and  so  on.  The  letter  P  denotes  the 
left  side  of  the  identity  to  be  proved ;  and  Q  its  right  side.  The 
symbols  e,,  e,,  e,,  &c.,  denote  particular  statements  of  the  class  e. 


=  (a«  •  a«/5«)03„  :  a„/3J 

=  (a«  :  ««)(««  :  /5„)(/3«  :  aJ(/3.  :  /3«) 


(P) 
(20 

(40 

(50 

(6) 


Her 


A  =  (a-|-/3)„  ::  a„/5„, 

B={a::  /3)  ::  («  : /3)(/3  :  «), 

G  =  a  :  a-|-/3 ;  and,  a  fortiori,  aft  \  a  +  )8, 

i)=(a  :/5y)  ::  (a  :/3)(«  :  y). 

Next,  to  pix)ve  formula  (2).     This  is  simply  effected  by  changing 
the  general  implications  a„,  )8„,  (aH-/3)u>  <fec-j  ii^^  causal  implications 

JL    -'__,  ""^    ^  &c.,  throughout — both  in  the  proof  and  in  the  assumed 
u  "*    u        u 

foi-mula  A,  which  is  valid  for  causal  as  well  as  for  general  implica- 
tions.    Formula)  (3)  and  (4)  may  be  proved  similarly. 

Of  course,  the  preceding  proof  is  much  longer  than  is  necessary ; 
but  I  have  given  every  step  to  show  the  working  of  the  notation. 

Prop.  3. — The  formula 

A^B.C,  :  (A-^B-^-G  :  aH-/3-hy) 

(which  holds  good  for  any  number  of  terms)  will  enable  us  to  resolve 
any  expression  of  the  form  anix  +  &y  +  cz,  <fcc.,into  its  elementary  factors, 
by  taking  A  =  amx,  B  =  by,  G  =  cz;  while  a  successively  repi^sents 
a,  m,  x;  and  ft  successively  b,  y ;  and  y  successively  c,  z^  <fec. 
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As  an  example,  take  a«>'H-/3y'-|-ay.  This  resolves  into  eight 
elementary  factors  which 

=  (a+/3  +  a)(a-|-i8  +  y)(a+/  +  a)(a-hr'H-y)()8'+/3  +  a) 

x(/3'+/3  +  y)(/3'-hy+a)(/3'+y'  +  y) 

=  (a  +  /3)(a-h/3-hy)(a-fy)c^e,€,(/r-h/-f«)c, 

=  (a  +  /3)(a-|-y'); 

the  two  factors  underlined  and  the  four  e-factors  being  omitted, 
since  they  are  implied  in  their  co-factors ;  for  a-|-/3  implies  a-f/J  +  y, 
and  a  +  y' implies  /3'-|-y'-fa;  while  every  statement  implies  e.  (See 
next  proposition.) 

Note. — The  same  result  may  be  obtained  more  briefly  by  first  re- 
ducing to  its  primitive  form  the  expression  to  be  resolved.  (See  my 
Third  Paper  on  the  "  Calculus  of  Equivalent  Statements  "  in  the 
Proc.  Lond.  Math.  Soc.)  Putting  P  for  the  given  expression,  we  have 
P  =  «/r-H/V  +  "y  ;  therefore  P'  =  (a +/3)(p'  +  y)(a'-hy')  =  (a -f /3y') 
(/3'  +  y)  =  a'(/3'H-7).     Hence  P  =  a-h/3y'=  («  +  i3)(a  +  y')- 

Prop.  4. — To  prove  the  formula)  (1)  a  :  e  =  e;  (2)  i?  :  a  =  c ; 
(3)  Oiri^fi;  (4)  €:e  =  v;  (5)  0' :  i?  =  i?  ;  (6)  «:0'  =  ,,; 
(7)  e  :  a  =  €  ::  a  ;   (8)  a  :  >y  =  a  ::  i;. 

Defs. — The  symbols  €„  c„  <Skc. ;  i/j,  i?„  <fec. ;  and  S^,  0j,  <fec.,  denote 
particular  statements  of  their  respective  classes ;  and  (to  avoid 
accents)  the  symbol  ly,.,  for  every  value  of  the  number  r,  represents  c^, 
the  denial  of  e^,  and  vice  versa. 

For  (1)  we  have,  by  Def.  13, 

a  :  ei  =  (a*;,)"  =  jy"  =  e  ;  for  ai/i  =  i?,.* 

Similarly,  we  get  a  :  e,  =  c,  and  so  on,  for  every  possible  singular 
or  particular  statement  of  the  class  c.  Hence,  the  formula  (a  :  c  =  e) 
holds  good  univei-sally. 

Similarly  we  may  prove  (2).     To  prove  (3)  we  have 
«i  :  Vi  =  (0,€,y  =  e;  =  I? ;  for  O.e,  =  0„ 
and,  by  definition  of  a  variable,  0^  is  not  always  false ;  so  that  ^  is 

*  Put  into  words,  the  Htatement  {caii  »  i}})  asserts  that  ai^j  is  another  or  second 
statement  of  the  claAS  i}. 

^1 
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impossible.  Similarly,  we  show  that  0^  :  rj^=  rj;  that  0^:  ly,  =  ly ; 
and  so  on.     Hence  $  :  rj  z=ri  universally. 

To  prove  (5)  we  get  in  like  manner  0{  :  i;,  =  (0{y  =  rj ;  for,  since 
$y,  by  definition,  is  neither  always  true  nor  always  false,  its  denial  0{ 
cannot  always  be  false.  Similarly  for  O2,  ^j,  <fec. ;  so  that  ^'  :  17  =  0 
is  true  universally. 

FormulaB  (4)  and  (6)  are  proved  in  the  same  way. 

From  this  we  see  that  ly  :  17  is  equivalent  to  c,  even  when  the  17  of 
the  antecedent  and  the  rj  of  the  consequent  represent  different  state- 
ments. But  this  does  not  hold  good  in  the  case  of  ^  :  ^ ;  for  the 
implication  6^  :  0^  is  not  necessai-ily,  nor  even  generally,  of  the 
class  e. 

For  all  values  of  a  we  have  also 

(7)  €  :  a  =e  ::  a  =  a'  ;   (8)  a  :  17  =  a  ::  17  =  a^ 
This  requires  no  formal  proof. 

Prop.  5. — To  find  the  weakest  premiss  that  must  be  added  to  any 
given  insufficient  premiss  or  premisses  r  to  justify  the  conclusion  w. 

Dep. — a  is  said  to  be  stronger  and  fl  the  weaker  statement  when  we 
have  a>/3.     (See  Def.  14.) 

Let  s  be  the  strongest  inference  obtainable  from  ttw'.  Then,  since 
(by  hypothesis)  ttw'  :  s,  we  get  its'  :  w,  in  which  /  is  the  weakest 
obtainable  co-factor  of  ir  to  justify  the  conclusion  w.  Now  from 
TTs'  :  01  we  get  s'  :  n-\-w.  But,  the  antecedent  of  an  implication  being 
generally  stronger,  and  never  weaker,  than  the  consequent,  it  follows 
that  no  values  of  /  can  be  weaker  than  7r'-|-a;;  so  that  ir'-fw  is  a 
liniit  of  weakness  to  the  supplementary  pi*emis8  required. 

Note.—^incQ  a  :  /3  =s  fi'  :  a\  it  follows  that  a>i3  =  a'</3' ;  so  that 
the  stronger  a  statement  the  weaker  its  denial,  and  vice  versa. 

Prop.  6. — To  find  the  weakest  premiss  that  must  be  added  to  the 
usual  premisses  of  the  defective  syllogism  Darapti  to  justify  the  con- 
clusion. 

interpreting  the  representative  singular  statements  as  in  the  con- 
cluding portion  of  Prop.  1,  and  as  in  my  Second  Paper  on  the 
"  Calculus  of  Equivalent  Statements  "  (see  Froc.  Lond.  Math.  Soc.)y 
Diirajpti  may  be  expressed  as 
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Putting  ir  for  the  two  combined  premisses  o^a,,  and  u  for  the  con- 
clusion /3y,  we  have 

jr«'  =  a^/?y 

=  {°(/3y)'},()3y),    (see  Prop.  2,  Defs.) 
=  a(liyy + fiy  :  V 
=  o-|-j8y  :  ij 

=  °,08y). 


(1-) 
(2') 
(3^) 
(4*) 
(5") 


=  a.w  =  a^ia  . 


Representing  a  proved  proposition  by  the  symbol  p  (Def.  20),  we 

have,  therefore, 

p  =  irw'  ::  a" tit' 

=  (iroi'  :  a!^ii/)((i^ta   :  irw') 

=  (iroi'  :  a')(a'ai'  :  ir) 

=    frw'  :  a'.  (7^) 

Hence,  by  the  preceding  proposition,  the  weakest  premiss  required 
is  a",  and,  to  justify  the  conclusion  w,  DarapH  should  be  written 

that  is,  a^a^a.,  :  w. 

The  formulsB  assumed  in  this  proof  are 

^  =  Def.  13;     B=a„/3^::(a+i3)„;     0  =  ai8'+/3::a  +  /3  ; 

and  D  =  Def.  20,  which  implies  that  the  second  factor  (a''a>'  :  v)  is 
equivalent  to  e,  and  therefore  unnecessary.  And,  even  if  it  were 
otherwise,  we  should  still  have  p  :  (W  :  a'),  which  would  give  the 
same  result. 

Prop.  7. — Now  let  us  suppose  Barbara  to  be  defective  (though  we 
know  the  contrary),  and  ascertain  the  weakest  premiss  that  must  be 
added  as  a  factor  to  its  usual  premisses  t  to  justify  the  conclusion  w. 

Here  tt  =  a^/3„  and  m  =  a^ ;  so  that  we  have 

=  (a/3'),(/3y  ),«. 
=  (a/3'+/3/:i7)a, 

=  [(a+/3)(a  +  y  )()3'-hy)  :  v]  a,      (see  Prop.  3) 
=  {(«  +  ^V)(/3'+y')  :«?}«, 
=  (aiS'+/3y'H-ay':,,)a, 

=  i?(for  a,a^  =  17). 
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Hence,  the  weakest  premiss  required  is  the  denial  of  t) ;  that  is,  e. 
Now  e  is  the  weakest  factor  that  exists,  since  (like  unity  in  mathe- 
matics) its  presence  or  absence  as  a  factor  of  any  statement  does  not 
alter  the  value  of  that  statement.  In  other  words,  Barbara  is  a  valid 
syllogism,  requiring  no  additional  premiss  to  justify  its  conclusion. 

Note. — It  is  worthy  of  notice  that  the  assumption  ww'  is  the  one 
made  by  Euclid  in  reductio  ad  ahsurdum  proofs.  He  always  finds 
irw'  :  17,  or  no/  :  v' ;  either  of  which  is  equivalent  to  w  :  «.  Were  he 
to  find  irw'  :  *,  ike  statement  s  being  consistent  with  «•,  it  would  show 
that  his  premisses  must  be  increased  by  the  premiss  s'  (the  denial 
of  s)  to  justify  his  conclusion  w. 

Prop.  8. — To  find  the  weakest  factor  that  must  be  added  to  the 
premisses  of  the  defective  syllogism  Bramantip,  to  justify  the  con- 
clusion. 

Here  ir  =  a^/\,  and  w  =  a^ ;  so  that  we  have 
7r<i>'=  a^/3^ay  =  a/3'-|-)8y'H-ay  :  ri 

=  a-h^Sy'  :  I?     (see  note  to  Prop.  3) 


therefore 


p  =  TTw' ::  a^TT  =  (ttw'  :  a,ir)(a,ir  :  ww') 
=  (ttw'  :  aj  (a,  :  w')  =  (voi'  :  aj  (a,  :  a^) 


=  irw    :  a, ; 

for  the  formula  a,  :  a„  is  of  the  class  e  for  ail  values  of  a  and  u. 
Hence  we  get  'ntit'  :  a' ;  so  that  (as  in  the  case  of  Darapti)  the 
weakest  additional  premiss  required  is  a*^. 

Prop.  9. — To  prove  the  equivalence   of  a^e.;,  and  a^a^,,  the  two 
definitions  given  of  the  causal  implication  -r-  (see  Def.  15), 


f^n^cfi  =  "/»  («'+«).tf      (see  Prop.  2,  Defs.) 


(3-) 
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Here  ^  =  a'  +  a : :  e, 

B=(a+/3X„::a,,+/3„ 

0  =  aa'::i/. 


'»«» 


a 


A'o^e. — It  is  evident  that,  when  )8  is  a  variable,  —  =  a^;  for  in  this 
case  e^  =  e.  It  is  also  clear  that,  in  all  cases,  -5-  :  e,« ;  so  that  we 
have  -r-  =  a^a^  e,,  e^, 

which  we  can  strike  out  as  redundant  either  e„^e^  or  a^e,^. 

It  is  worthy  of  remark  that  Barbara  is  valid  in  the  form  -r- .  —  :  — , 

IS     y      y 

as  well  as  in  the  form  a^fly :  o^.     The  proof  is  easy. 


The  Limits  of  Statements. 

Prop.  10. — To  find  the  nearest  limits  of  A",  where  A  is  some 
functional  statement  involving  simpler  statements  a,  /3,  y,  <fec. ;  and  n 
is  one  or  other  of  the  class  statements  e,  tj,  $. 

Dep. — In  any  implication  a  :  /?,  the  antecedent  a  is  said  to  be  a 
superior  limit  to  the  consequent  /> ;  and  />  is  said  to  be  an  inferior 
limit  to  a.  When  we  have  a  :  /3  :  a?,  a  and  /3  are  both  superior  limits 
of  a*,  but  P  is  the  nearest  superior  limit ;  and,  when  we  have  a\  p\  x 
(or  its  equivalent  a;  :  /3  :  a),  a  and  /3  are  both  inferior  limits  of  .c,  and 
P  is  the  nearest  inferior  limit.  Any  implication  ^  :  J/,  constituting  a 
formula^  is  understood  to  mean  (^  :  j/r)'  (j/r  :  tp)^.  Similarly  for  ^!  j/r. 
Since  >;  :  a; :  e  is  always  true  whatever  x  may  be,  it  follows  that  ly  is 
a  superior  limit,  and  e  an  inferior  limit,  to  any  statement.  It  is  evi- 
dent that  a  :  a;  :  /8  :  a  is  equivalent  to  a  : :  x  : :  /3,  which  implies  both 
a  :  a;  :  /3  and  /3  :  a;  :  a.  In  other  words,  when  a,  /3,  and  x  are  all  three 
equivalent,  a  and  /5  may  each  be  considered  either  a  superior  or 
inferior  limit  to  a; ;  just  as  in  mathematics  a— /3  may,  without  in- 
validating our  argument,  be  considered  positive  or  negative  when 

a  =  ft. 

We  seem  here  to  be  entering  upon  an  important  development  of 
the  subject,  analogous  to  my  method  for  discovering  the  limits  of 
multiple  integrals,  as  explained  in  my  First  Paper  on  the  "  Calculus 
of   Equivalent  Statements."     This   development  may  possibly  form 
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the  subject  of  a  future  communication  to  the  Society ;  here  I  shall 
only  give  two  or  three  simple  cases,  just  to  show  the  working  of  the 
principles  and  notation  already  explained. 

The  pix)blem  now  before  us  is  to  find  W  and  S  in  the  double 
implication  W  :  A**  :  S;  where  A  is  short  for  A  («i,  /3,  y,  &c.),  and 
denotes  some  function  of  a,  /3,  y,  &c. ;  u  denotes  one  or  other  of  the 
class  statements  e,  17,  0 ;  W  denotes  the  weakest  obtainable  antecedent 
or  premiss  from  which  we  can  di'aw  the  conclusion  A** ;  and  S  denotes 
the  strongest  conclusion  which  can  be  inferred  from  the  premiss  A*, 
In  the  result  W  and  S  are  to  be  both  expressed  in  terms  of  a',  a",  a*, 
fl%  /i\  R\  &c. 

Two  or  three  simple  examples  will  illustrate  the  nature  of  the 
problem.     Let  -4"  or  -4"  (a,  /3)  denote  (a/3/.     We  get 

^«  =  (a/3)*  =  a-"*  (a/3)*      [for  a'""*  =  c  (Def.  16)] 
=  a*(a/3)*H-a'"*(a/3)* 
=  aV3*  +  a"-(a/3)* 

=  a'/3*-h  a*  (a/3)*     [for  a'  (a/3)*  =  17] 
=  a'/3*  +  a*/3''"*(a/3)* 
=  a')S*+a-|3'  +  a''^"''(a/3)* 
=  a')3*  +  a^3'  +  a*)3*(a/3)* 
=  T^+aV3''(a/3)^ 


In  this  case,  therefore,  W 
and  8 


a'/3*-Ha''/3-, 

Tr+a''/3*=  IF-i-a*/3*  +  a''/3' 

=  a'(/3^  +  /3')+/3*(a*  +  aO 

=  a'/3*"+/3V" 

=  a*/3"'  +  /3V*. 

Resolving  W  and  S  into  their  simplest  factoids,  and  then  employing, 
the  abridged  notation  of  Def.  16,  we  get 

W  =  (a,  /3).  (a,  fi)%     S  =  a-i^-  (a,  /3)*, 

so  that   W  :  {o(iy  :  S  may  be  read  : — 

"  If  we  know  that  one  of  the  factors  of  a/3  is  a  certainty,  and  one  a 
variable^  we  may  conclude  that  a/3  is  a  variable, 

"  And,  if  we  know  that  ci/3  is  a  variable,  we  may  conclude  that  both 
its  factors  are  possibilities  ("'"/J"'),  and  otie  at  least  a  variable  (a,  /3)*.'* 
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Similarly,  for  W :  (a/3)'  :  8,  we  get 

(a,/3)':(a/3)':Oi,/3)'  +  «*/3*; 
and  for  W  :  (a/3)*  :  fif,  by  inspection,  we  get 

aV3*  :  (a/3)'  :  a*/3'. 
Here  Tr  =  iS  =  (a/3)\ 

The  values  of  W  and  S  in  the  case  of  W  i  (a+j3)*  :  6^  may  be 
found  in  the  same  way  independently ;  or  it  may  be  derived  from 
the  values  of  W  and  S  found  before  in  the  solution  of  W :  (a/3)*  :  S 
as  follows  : — 

From  the  evident  formula     a*  =  (a')*, 

we  get  (a+/3)*=(a'/3')^ 

Hence,  changing  a  and  /3  into  their  denials  in  the  results  already 
obtained  for  (a/3)*,  we  get 

Tr=  (a-,  fiy  (a-,  fty  =  («,  py  («,  fiy  =  a^P^^a^fi^ 

S  =  (a')-'  (/S')-  (u',/3')*  =  a-/3-  (a,  /3)*  =  a*/3-' +  a^^^*. 

For  W :  (a+/3)'  :  6'  we  get,  in  the  same  way,  either  independently 
or  f ix)m  a  proved  formula, 

W  =  a''/3'  =  S, 

For  TV  :  (a-h/3)' :  /S,  we  get 

W=  (a,jS)'  =  a'-h/3-, 

^  =  (a,  /3)'  +  a''/3*=  a-  +  /3-  +  a*p*. 

We  will  now  solve  W  :  A**  (a,  /3)  :  /S  when  ^  (a,  /3)  is  an  impltca" 

tioii^  beginning  with 

Tr  :  (a  :  /3)* :  8. 

Here  (a  :  fiy  =  a"^'' ^'-"^  (a  :  /3)* 

=    (a'/3'-hoV>''+aV3* 

H-a''p'  +  o''/3''  +  a73* 

+  a''/3*  +  a*/3''-ha*iSO(a:/3)*  ^ 

=      a'/3^  (a  : /3)* ; 

for  all  the  nine  terms  in  the  bracket  except  the  l<i8t  are  inconsistent 
with  (o  :  fiy. 

Our  final  result  therefore  is 

(a  :  /3)'  :  a'/J* ; 

so  that  in  this  case  W  =  i|,  and   S  =  a*/3'. 
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The  result  17  :  (a  :  /3)*  :  a*/3'  may  be  read : — 

"  From  no  data  expressible  in  terms  of  a\  a",  a*,  /3',  jS",  /3'*,  or  their 
comhifiations,  can  we  infer  that  (a  :  /3)  is  a  variable, 

"  But,  if  we  know  that  (a  :  /3)  is  a  variable^  we  may  infer  that  a 
and  /3  are  both  variables.** 


Next,  take 


W:  (a:  p)'  :  S. 


This  may  be  briefly  obtained  from  a  former  result  as  follows  : — 

(a  :  /3)-  =  (a/3')"  =  (a/3')' 

(see  Defs.  12,  13).     We  have  therefore  only  to  change /3  into  /3'  in  the 
result  obtained  already  for  (a/3)^  tlius  getting 


that  is. 


W  =  a'-h(/3')'  =  a'+ZS',      5  =  a'  +  ZJ^  +  a^iS*. 


But,  it  will  be  instructive  to  work  out  this  case  independently,  as 
follows  : — 


(a  :  )3)'  =  a-'"*/3-'"*(a  :  /3)' 

=  a''  +  j3*  +  a"'/^''*(a  :  /3)* 
=  a''-|-/3-H-a'/3'"*(a  :  /3)' 
=  a'  +  jS'-f-a'/i^Ca  :  /3)' 


[for  a'-f /3'  implies  (a  :  S)*] 
\iov  a'ft"'*  {a  :  /3)- =  17] 
[for   a*/?"  (a  :  /3)   =  »;]. 


Thus  we  get,  as  before, 


Lastly,  take    W 


So  we  get 


(a  :  fiy  :  S, 

/3)''  =  a"'"'/3'''''*(a  :  /3)'' 

=  a-/3"*  +  a''/3''-|-a^/3^(a  :  /3)'' 

=  a-  (jS'  +  ZS*)  +a73''H-a''/3''  (a  :  fl)" 

=  a'/3"H-a'/3*4-aV3''-|-a''/3''  (a  :  ft)\ 

Tf^=a-)3'  +  a*/3'H-a''/3' 
=  a*/3-  +  a*^'' 
=  cc''/>''-|-av3'*. 
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=  a-(/3'  +  i3*)+a*(i3^-h/5') 

The  folloiii'iiig  method  of  solving  W  :  (a  :  fiy  :  8  deserves  notice, 
as  it  involves  an  important  principle  not  appealed  to  in  oiu'  previous 
solutions  of  W  :  A"*  (a,  /3)  :  S, 

(a  :  /3)'  =  (aj3')"  (see  Defs.  12,  13) 

=  (a/3')'-  (see  Note  to  Def.  12  and  Formula  42) 

=  (a/3')'^ 

Now  (Definition)  let  W  placed  immediately  before  a  function  lose  its 
force  as  an  independent  statement  —  like  the  symbol  d  in  the 
differential  calculus — so  that  W^^  (a,  /3)  denotes,  not  the  product 
of  the  factors  W  and  9"  (a,  /3),  but  the  iveakest  premiss  (or  ante- 
cedent), expressed  in  terms  of  a%  a",  a*,  /3',  /J',  /3*,  from  which  we  can 
infer  the  conclusion  0"  (a,  /3)  ;  and  let  the  symbol  8f^  (a,  /3)  in  like 
manner  denote  the  strongest  concltmon  (expressed  in  terms  of  a*,  a',  &c.) 
inferable  from  the  premiss  9"  (a,  ^).  Also  let  Wv^  S'v  [where  v 
denotes  9"  (a,  /3)]  be  abbreviations  for  (Wv)\  (Sv)',  Assuming  this 
definition,  and  having  just  shown  that 


we  get 


(a  :  /?)'  =  (a/3')",. 

W(a  :/3)'=  Wiafyy 

=  S-  (a/3')' 

(1") 

=  a'/J^  +  a-/}', 

(2'> 

S(<x:(iy  =  S  (o/3')" 

=  W  (a/3')' 

(S") 

=  {(»,W 

(4''> 

=  {a'  +  (|3')'}' 

(5'> 

=  (a'  +  /3-)' 

=  a-'/J-. 
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We  thus  get  the  same  results  for  W  (a  :  fty  and  8  (a  :  fiy  as  we 
obtained  before  by  another  method.     The  assumptions  A,  B^  G  are 

A  ^  the  nearest  superior  limit  of  any  statement  a  is  the  denial  of 
the  nearest  inferior  limit  of  its  denial  a',  and  vice  vertta, 

B  is  our  Def.  of  Sv  and  S'i\  combined  with  the  I'esult  obtained 
for  (a/B)". 

G  is  our  definition  of  (a,  /3)"  (Def.  16). 

As  an  instance  of  the  application  of  this  method  to  an  implication 
of  a  higher  degree,  let  it  be  required  to  ascertain  for  what  values  of 
a,  )S,  n  the  implication  (n.  :  w^)  is  false. 

Proceeding  by  a  chain  of  what  may  be  called  inductive  sorites^ 
we  get 

(n. :  u,y !  (w.)-  (%)" !  w{tiy  w{u,y 

!  (u''-|-a*)(n*/3-  +  ti*i8')  !  a*(w/3--fu"'/3''). 

Hence,  («.  :  Ug)  is  false  in  at  least  three  cases,  namely,  a*w*/3'',  a*tt*/3*, 
<i'u*fi\ 

This  inductive  process  is  useful  in  detecting  fallacies. 

The  pj'eceding  solutions  are  given  as  an  introduction  to  a  general 
method  of  dealing  with  the  limits  of  statements,  and  thence  with  bhe 
limits  of  chances,  when  these  last  limits  can  be  deduced  from  the 
data,  while  the  exuct  values  of  the  chances  cannot  be  found.  To  this 
class  belongs  Boole's  "  Challenge  Problem  "  (as  I  believe  it  is  called), 
which  I  have  discussed  in  my  Fourth  Paper  on  the  "  Calculus  of 
Equivalent  Statements  "  (see  Appendix  to  Fourth  Paper).  Boole's 
result  (on  which  he  staked  the  validity  of  his  "  General  Method  ") 
is  therein  shown  to  be  wrong. 

Implications  of  Gonstants, 

When  a  and  /3  are  constants,  we  get 

c  :  a  =  a,      a  :  /5  ^  a'-f-/3,      (a  :  /3)'  =  a/3', 

and  universally,  in  the  case  of  constants,  the  implication 

f  (a,  b,c)  III/  (a,  b,  c) 

will  be  equivalent  to  the  alternative 

0'  (a,  6,  c)  -h  i/r  (a,  h,  c)  ; 

the  symbol  0'  (a,  h,  c)  denoting  the  denial  of  0  (a,  b,  c). 

♦  For  a  more  complicated  example,  see  Appendix,  Note  1 . 
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This  affords  a  simple  mechanical  method  of  testing  the  validity  of 
formulsB  which  only  contain  constant  constituents.  Suppose,  for 
example,  the  constituents  of  Darapti  to  be  the  constants  a,  b,  c;  so 
that  we  write  it  a^^  :  h^.  This,  by  the  preceding  principle,  is  now 
equivalent  to  a^-^-b^,  which  (on  the  same  principle)  is  equivalent 
to  a  (bcY  +  fee,  that  is,  to  a  -f  fee ;  a  result  which  may  be  true  or  false. 
It  is  true,  for  instance,  in  the  two  cases  a*  and  (be)' ;  but  it  is  false  in 
the  case  a^  (bey. 

Let  us  next  suppose  the  constituents  of  Barbara  to  be  the  constants 
a,  fe,  c;  so  that  Barbara  may  be  written  a^b^,  :  a^.  Applying  the 
same  test,  this  finally  reduces  to  the  form  (fe'+fe) -ha'+c,  which  is 
•evidently  equivalent  to  e-^-a-^-c;  that  is,  to  c.  This,  of  course,  only 
proves  Barbara  in  the  case  of  constants ;  a  general  proof,  applicable  to 
constants  and  variables  alike,  has  been  already  given. 

Other  Meanings  of  the  Symbol  o". 

Hitherto  we  have  used  the  symbol  a'  to  assert  that  the  statement 
a  belongs  to  the  class  of  statements  denoted  by  /3 ;  the  index  /J  in 
such  cases  generally  representing  one  or  other  of  the  three  mutually 
exclusive  classes  e,  17,  6,  to  one  or  other  of  which  every  intelligible 
and  unambiguous  statement  must  belong.  But  we  obtain  some 
remarkable  analogies  to  mathematical  formulae  by  departing  from 
this  restriction.  For  example,  let  a'  first  be  used  as  a  synonym  of 
/3^  (just  as  a !  /3  is  a  synonym  of  /3  :  a),  and  assert  that  the  state- 
ment a  is  implied  in  the  statement  p.  Thus  interpreted,  a'  will  still 
remain  synonymous  with  c.,  but  a**  will  change  its  meaning  and  be 
no  longer  (as  hitherto)  synonymous  with  a,,  but  with  17.,  which  =■  e. 
With  this  new  definition  of  the  symbol  a'',  we  get  the  following  three 
analogies  to  mathematical  formuleB*. — 

(1)   a«/3"  =  (a/3)-  ;      (2)   u*u'  =  u'^' ;      (3)   a"  =  e, 

the  last  of  which  coiTes ponds  to  a*  ^  1  in  mathematics ;  and  we  also 
get,  as  before  (see  Prop.  1), 

but  with  a  different  interpretation  of  the  symbols ;  the  indices  now 

representing  singular  statements,  and  not  classes. 

Let  us  now  give  a  third  interpretation  to  the  symbol  a'',  and  make 

it  this  time  synonymous  with  the  alternative  a-|-j3',  so  that  we  shall 

have  ^  a 

/3.  =  €  :  a^ 
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Thus  interpfeted,  we  flhall  still  have  the  thi-ee  prerious  mathematical 
analogies  and  three  syllogiHtic  formulm,  and,  in  addition,  we  shall 
hare  the  mathematical  analogies 

("■)•  =  («•)■  =  •■■- 

But,  on  the  other  hand,  we  shall  now  have  also 


which  does  tiot  hold  good  in  mathematics,  : 
a'  is  used  as  a  synonym  of  /3.. 


c  yet  when  the  symbol 


synonym  ot  (3  +  a)  may  be  shown  geometrically  by  the  accompanying 
thfee  diagrams. 


Fio.  1. 

FiQ.  2. 

f)"W(3-/ 

(i  )'(••)•<«■)• 

Explanatory  Note 

(i)'M(«-)- 


To  fix  our  ideaa,  let  ns  suppose  first  that  the  classes  v,  a,  /3  are  the 
thi'ee  infinite  collections  of  points  enclosed  in  three  circumfei'ences, 
drawn  each  through  three  random  points  in  the  square  t — circles 
which  do  not  fall  wholly  within  this  square  not  being  counted — and 
that  the  figures  above  are  the  results  of  actual  trials.  N^ext  let 
T,  a,  fl  be  three  elatemcntg,  respectively  asserting  that  a  certain 
random  point  P  will  fall  in  the  circle  ir,  that  it  will  fall  in  a,  that 
it  will  fall  in  ^.  Tilt  the  three  raiuhm  circhg  ir,  a,  j8  are  formed, 
the  implications  -^  and  a,  are  variali^,  since  they  may  turn  out 
true  or  false  in  the  future  result.     But  when  the  trial   has  taken 
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place,  and  the  three  circles  are  formed^  then  we  choose  one  of  them 
TT  as  our  universe  of  discourse^  and  in  this  universe  the  point  P  is 

taken  at   random.     The  implications  -^  and  a^   are  now  constants 

(since  the  circles  are  now  formed  and  fixed)  belonging,  according  to 
the  result,  either  to  the  class  c  or  to  the  class  tj ;  while  a,  /3,  and  /3* 
(meaning  /3  -H  a)  are  all  three  variables  in  Fig  2  ;  a  and  /3  alone  are 
variables  in  Fig.  1  ;   and  a  alone  a  variable  in  Fig.  3. 

The  statevient  a  asserts  that  P  will  be  one  of  the  points  in  the  class 
a,  and  /3  asserts  that  P  will  be  one  of  the  points  in  the  class  /5. 
Inspection  of  the  diagrams  will  show — 

(1)  That  all  thi'ee  statements  -^^  «/9,/3*  (meaning )S -|- a')  are  always 
true  of  Fig.  1.  ^ 

(2)  That  —  and  a^  are  always  false  of  Fig.  2,  since  they  each 

assert  the  evident  untruth  that,  whenever  P  falls  within  the  boundary 
a,  it  also  falls  within  the  boundary  /3,  while  /3'  (meaning  the  alterna- 
tive /3  -h  a')  is  a  variable,  being  neither  always  true,  nor  always  false. 
The  alternative  /3-ha'  is  true  eveiy  time  P  falls  within  /3,  and  it  is 
also  true  every  time  P  falls  outside  a  ;  but  it  is  false  when  its  denial 
afl'  is  true,  that  is,  when  P  falls  within  A  and  outside  /3. 

(3)  In  Fig.  3,  a^  and  fl*  are  both  true  ;  but  —  is  false,  since  it  con- 
tains the  false  factor  c,^   f  see  definition  of  -^ ) »  the  denial  of  the  true 

statement  e^  (or  )3*)  which  in  Fig.  3  is  'necessarily  true,  since  the 
boundary  /3  includes  the  whole  universe  of  possibilities  v. 

Note  1. — Observe  that  in  the  case  of  Fig.  3  the  statement  )3  is  a  . 
constant,  since  there  it  is  always  true ;  whereas  in  Figs.  1  and  2  a  and 
ft  are  both  variables. 

Note  2. — It  is  evident  that  the  statement  ft*   (when  synonymous 

with  ft-\-a)  refei*s  to  a  single  instance  only  ;  whereas   —  and  a^,  after 

P 
the  classes  tt,  a,  ft  have  been  formed,  refer  to  a  general  law  and  many 

cases.     Hence,  the  equation 

(a")'  =  a"' 


is  an  identity  when  the  symbol  a^  is  understood  to  be  a  synonym  of 
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a+/3';  for  then  the  equation 


becomes  the  equivalent  of 

(,+„■)+,/=„ 

which  is  evidently  an  identity.     But, ' 
^.,  the  eqaation  /„■,._    > 


'  IS  synonymous  ' 


becomes  synonymons  with     r  :  «,  ^  ("y).! 

which  is  not  always  true,  as  the  a<!Company- 
ing  dia^^ram  (Fig.  4)  will  show.  With 
reference  to  a  point  P  taken  at  random 
within  the  boundary  t,  let  the  statements 
M,  1%  a  respectively  assert  the  falling  of  this 
random  point  within  the  JLcfld  boundaries 
which  the  letters  indicate  in  the  fignre.  It 
is  evident,  by  reference  t-o  the  figure,  that  « 
(like  r  and  ..)  is  a  variable  ;  that  «.  is  ahcai/s  *'"'■  *" 

false,  since  the  boundaries  ti  and  a  are  Ji^ed 

(the  always  true  statement  beinfir  «™);  and  that  (nf).  is  altcayg  trtte, 
so  that  the  equation 


=  (»■). 


becomes 


r  its  e 


iiivalent 


which  is  an  impossibility,  since  the  left  side  0'  asserts  the  impossi- 
bility that  a,  certain  statement  of  the  class  0  belongs  to  the  class  q, 
and  the  equation  asserts  that  this  impossibility  OJ  is  a  particular  case 
of  the  class  of  certainties  t. 


Appendix. 
Formrdte  atid  Nofex.  (See  Dof.  p.  167.) 
The  following  formulre  are  idtmlities,  and  therefore  trae  for  all 
values  of  their  constit«.ents,  that  is,  they  are  all  statements  of  the 
class  e.  Thus  F^  =  i„  F,  =  «„  F,  =  e„  Ac.,  which  means  that  the 
first  formula  F^  is  one  instance  of  the  class  e  ;  the  second  formula  F. 
a  second  instance  of  the  class  e,  Ac.  The  numerical  symbol  m" 
asserts  that  F„  is  deducible  from  F,  ;  the  symbol  jji„  asserts  that  F.. 
implies  F„  ;  the  symbol  iii"'  asserts  that  F„  is  deducible  fivm  F^F,  \ 
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the  symbol  wi„  ,.  asserts  that  F^  implies  F^  Fr ;  and  the  symbol  m**''  is 
equivalent  to  w^w",  which  asserts  that  F^  is  dedncible  from  F^  and 
also  from  F^. 


1. 
2. 
3. 

4. 


r>. 


6. 


7=**. 


8. 
0. 

10. 


12. 


{ 


aa  =  1} ;     aa   I  ij  ;      (aa')''. 

a-ha'  =  e;      c:a-|-a';      (a+a')*. 

(a  =^)  =  (a  ::  i8)  =  (a  :  i8)(i8  :  a)  =  a,/3.. 

a:e  =  a,  =  €;     i|:a=:i|.  =  €;     a:a  =  a.  =  €; 
i7:€  =  €;      i;:i|=c;      e:i|=:i/. 

a,.  =  1 ;    1-  =  1 ;    a-  =  1 ; 
1^  =  1? ;    »7^  =  1 ;     €^  =  €. 

a  :  /8  =  e  :  a'+i8  =  ojS'  :  I,  =  (a'+/8)-  =  (a/T)". 
c  :  a  =  (c  =  a)  ;     a  :  ly  =  (a  =  i|)  =  a^  =:  a**. 

a«  :  («/3;.. :  (ai3y)«  :  &c. 

a  :  a-hjS  :  a4-)8-hy  :  &C. ; 


{ 

1^  = 


11       f«+p  =  «+«i8; 

U  4-/3  +  y  =  a  +  a'/i  +  a'/^y,  &c. 


^fifly  :  a^. 


13".  "/f)8^a^  :  i|. 

15.  < 


16 


10.13 


"/»  •    »/»M- 


17. 

a/»S  =  **/»T» 

ttw^T     ~  <*.^  +  tt->' 

18»'^       (a  +  /3X  =  aA 

19".           a^  +  /5.^=(a-h/J),. 

VOL.  XX 

VIII. — NO.  586. 

N 


\  »  • 


15. 


>rder  to  prove  the  pi'oposition  v  :  m  ;  bat  not  in  ord 
cloflion  «rf.     (See  Def.  20.) 

/(^.),  =  »:  =  If ;  w^  =  e:  =  c, 

58.  e,  :  ^  =  (^  :  ^,  =  i| ;  though    if i  :  if [  =  if ^  :  c 

a         e  If 

-  =  —  =  ip ;  =  €. 

e         a  i| 

a     .  «^  .  «&:   ^e 

fi         n         n 

M  W  M 
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{l>efH.  I.  16.  12.) 


|(..^  =  „)  =  (.=  „)W  =  ..)  =  (a  +  ».„^, 

l(,  =  a,  «  =  (,.  =  .)  +  (»=«  =  ,,...  +  „A 

((a,^)^,,.:,,,). 

!(.:«:  (A:  a.). 
a-  =  a- ;   .-  =  a'.      (Ddfll.  1,  12.) 
o"  =  o-  ;  o-  =  a*.      (Dels.  1,  12.) 


(See  Pi-op.  10  ami  Def.  p.  171.) 


ll'(,.ft-=a-;3-  =  ,S(.«-. 
JH'(a;8)'=(a,«'=..-+/5-, 
I  S  (.;8)'  =  (a,  «•  +  ■•/?  =  ■■  +  (!•  +  ■•/?. 
I  »•(«  +  «•  =  (a,  «•  (..  3,'  =  ..•/!• -l-.'/S'. 
Is  (.+(3)'  =  »-/3-  (»,  »•  =  ..•/?-+"-/?. 

|ir(„+/j)-  =  (,,«-  =  „-+^, 

\  .S  (.+«•  =  (.,  «-  +  a'^  =  «-+/3-+  u-/!-. 

H'(o  +  W  =  a-/5' =  «(«+«•. 
(ir(a.«-  =  ,       1         ,s,„p.^.,„,,) 

(ir(.:«'  =  .-  +  ^, 

\s(i.:iiy  =  u-+ii-+.-^. 

j  ir («:«•=  .-^ +«■/!•  =  a-^ +  «■/)•, 
ts(.,«-  =  a"^. 

-I        ~  '      '  L  in  whick  u  deuoteit 
(S«=WVJ  ,(a,« 


■   »(«,Ay),  *c. 
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54. 


55. 
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uv  I  W  (uv)  !  Wu  Wv, 

uv  :    8  (uv)  :  Su8v, 

tt  +  v  !  W(u-^v)  !  Wu-\-Wv, 

w  +  v  :    S(u-\-v)  :  Su-^-Sv. 
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I 

J  I ,  in  which  a"  denotes  any  of  the  six  statements 

i  SaT  =  a"]  a%  a",  a*,  a-,  a*^,  a*\ 


Note  1. — As  a  good  example  of  the  application  of  the  seven  formulaB 
F^g  to  F55,  and  of  the  principles  on  which  they  are  founded,  let  us 
take  the  following  : — 

The  formula  (a  :  ft)  :  (m.  :  Ug)  is  always  true ;  but  not  always  its 
converse,  tlie  implication 

(tt.  :  Uf)  :  (a  :  P), 

Let  it  be  i*equired  to  ascertain  for  what  values  of  ti,  a,  )9  this  last 
implication  must  be  time,  and  for  what  values  false. 
Let  ^  (m,  a,  )3),  or  simply  9,  denote  the  implication 

(w.  :  Ug)  :  (n  :  P), 
We  get  by  induct  ire  sorites,  using  Ffio.6i.49, 


f 


Similarly,  we  get 


Wf\  (u.iu^y-^-iaipy 
(O'0O"+0O*  (M,)''-i-(c.''+i3-) 

(ir  +  a')(u'p'-^u*P')-\'a''-\-fi' 
a'  (mV3"  +  «*^)  -H  a"  -H  /S- 
n*  (u'P"  -H  u'p"  -h  u*ft')  -H  a"  -h  /3* 
a*  (w'/S**  -H  n'")8')  +  a"  H-  p*. 


The  results  obtained  are  easily  verified.     For  example,  the  term  a"* 

in  the  first  result  informs  us  that  ^  (m,  i|,  P)   is  always  true,  which  is 

evident;  for        ,  ,,v        ,  n     ^       />x 

9  (f/,  17,  /3)  =  (ti, :  t*^)  :  (i,  :  p) 


=  (w,  :  M^)  :  €  =  e ;    for  -4  :  c  =  e. 


whatever  A  may  be. 
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Again,   the  term  u'a*^    in   the    second   result   informs    us 
0  («,  ^,  v)  is  always  false.     This  also  is  evident,  for 

0  (€,  tf,  n)  =  (e. :  e,)  :(»:!,) 
=  1- 


that 


Note  2. — The  leading  principle  which  runs  through  this  paper  is 
that  symbols  of  abbreviation  should  be  employed — not  as  invariable 
substitutes,  but  as  synonyms  —  for  all  expressions  (verbal  or 
symbolic)  that  are  found  by  experience  to  recur  frequently.  None 
of  the  symbols  adopted,  not  even  the  symbols  (-f)  and  (=),  need 
always  be  used  in  the  same  sense ;  though  it  is  advisable  to  be  as 
conservative  as  possible  in  regard  to  the  meanings  attached  to 
symbols  of  very  frequent  recurrence ;  and,  of  course,  every  change  of 
signification  should  be  accompanied  by  a  fresh  definition.  The 
following  mathematical  example  will  illustrate  this  principle,  and 
also  the  meanings  of  the  important  symbols  W  and  8, 

Let  ^  (x)  be  any  function  of  x  in  the  mathematical  sense,  and  let 
the  symbols  0"  (a?),  9*  ix)^  ^*(^)  ^®  logical  statements,  asserting  re- 
spectively— that  0  (a?)  is  real  and  positive  ;  that  it  is  real  and  negative ; 
that  it  is  imaginary — any  function  of  x  not  belonging  to  one  or  other 
of  the  three  classes  w,  v,  tr,  not  entering  into  our  universe  of  dis- 
course. Let  af,  ^^  (or,  y),  Ac.,  be  similarly  interpreted  as  statements 
when  the  indices  are  u,  r,  or  w ;  while  they  retain  their  customary 
mathematical  meaning  with  other  indices.     As  a  special  and  simple 

case  take  .  /       \ 

0(«.  y)  =«+y; 

and  let  it  be  required  to  find   W  (X'\-yy   and  S(x'\-yY  in  terms  of 
»•*,  «',  aj",  y",  y*,  y".     We  have 

(x^-yY  =  (aj«+a;'4-a;-)(y"+y'-*-y'')(a;+y)- 

=  aj"''»"'y"'''*  (aj-fy)"         (by  Def.  16) 

=  (a;V+aj-y*+ajV+«V)(«  +  y)" 

[omitting  terms  inconsistent  with  (ar-l-y)"] 

=  x^y"*  +  (a^f  -f  xY  i  «V)  (« + y)" 

[for  xY  implies  (j!  +  y)"]. 
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Hence,  we  get     W(x-\'yy  =  a?*y** 

fif  (a;  -h  y  )••  =  aj"y«  -f-  (^y + xY + aj"'y") 

Thus,  the  weakest  premiss  fi-om  which  we  can  infer  (x-\-yy  (/.c,  that 
the  number  or  f inaction  a;-ry  is  real  and  positive)  is  a;"y"  (/.c,  that  x  is 
rcaZ  atwi  positive  and  that  y  also  is  real  and  positive).  And  the  strongest 
conclusion  we  can  infer  from  (ic+y)"  alone  as  our  data  is 

that  is,  that  either  x  and  y  are  6o//i  Imaginary,  or  else  that  neither  of 
them  Is  Imaginary  while  one  at  least  of  them  is  real  awl  positive. 

Observe  that  in  the  expression  («  +  y)"  the  symbol  (4-)  has  its 
usual  mathematical  meaning  of  addition;  whereas  in  {x*-\-y**)  and 
other  places  the  symbol  (-♦-)  has  its  logical  sense  of  the  conjunction 
or.  Yet  there  is  no  ambiguity,  for,  since  x  and  y  ai-e  numbers  (or 
fractions),  x-^y  must  also  be  a  number  or  fi-action  ;  and,  since  x*  and 
y**  are  statements  (ov  propositions) y  oj^-hy"  must  also  be  a  statement, 

[postscript. 

To  show  the  utility  of  this  logic  of  three  dimensions  (c,  ly,  ^),  1  may 
mention  that  (since  I  wi'ote  the  preceding)  it  has  enabled  me  to  dis- 
cover a  well-concealed  fallacy  in  the  arguments  of  two  of  my  en  tics. 
Dr.  Venn  and  Dr.  Schroder.  The  latter,  on  pp.  258-260  of  the 
second  volume  of  his  Algebra  der  Loglk,  says  (if  the  t)*anslation  given 
me  be  accurate)  that  formula  13  of  my  Third  Paper  in  the  Proceedings 
should  be  an  eqnation,  and  not  merely  an  implication.  Translated 
into  the  notation  of  this  Fifth  Paper,  Dr.  Schr6der  asserts  that 
{ap)„  :  u„  +  P„n  the  converse  of  formula  13,  is  also  certain.  Denoting 
this  statement  by  0,  we  readily  get  (see  p.  172)  the  result 
^"I  a'p^t'  {aPy,  which  shows  that  Dr.  Schroder's  assertion  0  is  wrong 
when  a  and  13  are  contradictory  variabhs  and  u  an  impossibility. 

Dr.  Venn,  on  p.  377  of  his  Symbolic  Logic  (first  edition),  says  that 
my    compound    implication     (a?  :  y)  i  (z  :  w)    is    synonymous    with 

Boole's  equation 

(1— .ry)zu;  =  0; 

an  assertion  founded  on  the  assumption  that  Boole*s  equation  is  also 
synonymous  with  my  implication  zw'  :  xy.  Dr.  Venn's  assertion 
therefore  implies  that^  is  certain  when  it  denotes  {x^  :  z^)  :  {zw  :  xy). 
Now,  by  the  process  of  p.  172,  we  get  ^''I  (j;*y'^-f  a^y")  ;j*zr'';    so  that 
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there  are  two  cases  at  least,  afy^'z'w"'  and  afy^ifuf,  in  which  f  is  an  tm- 
possihility.  This  may  be  verified  by  substituting  for  ar,  y,  Zj  w  in  the 
statement  ^  their  class  values  or  indices,  as  on  pp.  180  and  181. 

Dr.  Venn  and  Dr.  SchrOder  appear  to  have  both  stumbled  over  the 
same  fallacy,  and  one  which,  in  a  logic  of  only  two  dimensions  (unity 
and  zero),  is  extremely  difficult  to  avoid.  They  confounded  truth 
with  certainty,  and  falsehood  with  impossibility;  labelling  the  first 
two  indiscriminately  with  the  symbol  1,  and  the  last  two  with 
the  symbol  0.  When  Dr.  Venn's  Symbolic  Logic  first  appeared,  I  did 
not  discover  his  error ;  but,  in  the  light  of  this  new  logic  of  three 
dimensions,  its  detection  becomes  a  mere  matter  of  accuracy  in  work- 
ing out  an  easy  algebraic  process. — April  25^^.] 
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Let  P  (a,  b,  c)  denote  the  surface  spherical  harmonic 

)y^ 


a\b\c\         W    W    W     r' 


where  n  =  a-^-b-^c,  and  r*  =  ar'-hy'-l-^'.  This  definition  only  applies 
when  a,  b,  c  are  positive  integers  or  zero  ;  in  the  case  when  any  one 
of  these  is  a  negative  integer,  P  (a,  b,  c)  is  defined  to  be  zero. 

If  the  solid  harmonic  r^'P  (a,  b,  c)  is  differentiated,  with  respect  to 
X,  y,  z,  m  times  in  all,  there  results  a  solid  harmonic  of  degree  7*— m, 
which  it  must  be  possible  to  expi-ess  as  a  sum  of  harmonics  of  the 
type  r""'*'P  (a,  6',  o').  In  this  communication  a  general  formula  is 
obtained  expressing  symbolically  the  result  in  this  form,  and  appli- 
cation made  to  zonal  and  tesseral  harmonics.  It  is  also  shown  that 
a  precisely  similar  general  formula  holds  for  the  functions  obtained 

by  diffei-entiating  —^  instead  of  — ,  and  for  hyper-spherical  harmonics 
in  any  number  of  variables. 
1.  To  prove  that 

^   r^'P  (a,  6,  c^^-r**''  [(a-f  I)  P(a-f  1,6-2,  c) 

+  (a  +  l)P(«+.l,  &,  c-2)-(2«-tt)P(o-l,  6,  <•)].         (I) 
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We  have 


£-(a^)'(|r(|)'f='-[<--^^''(£|)''(|)'(|)'7 


<^-'"(ir(D"(lri]- 


Now 


C^x^     ^Cy'    ^Ct' 


(2) 


'3y'    *9. 


Therefore 


<-^^-')(|)-(|)'(D'^»<->'(£)'(|)"(|)'^ 


a\'*'/9\'-'/3\'i 


=  '  (&)'  (|)'  il)'  i  *  ■•  (£)'"  (|)'  (|)'  r  ■ 

""-'»•«■«    <'"+*'+'^(|)'"(|)'(|)'7 

from  (2)  by  help  of  thU  e<|uation,  we  find 

'"■-"  Ir' ih' (M  {!■)■  \ 


'Sy'    ^Si 


ax-'/Ox^-vSx^  1 


^V  1 


--'(I)    (a^)'-'(|Jf--©:(|)'C|)'"';-    "' 
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/     9  9\    1       n 


S\'-'/B 


Operating  with  ( ^  j    (—1       |  — j   on  this  equation,  we  obtain 


SwBn'  /3\'  1 


^da?/    ^Oy/    \dz^    r  ^dx'       ^Cyf       ^dz'    r 

-(|)-(|)*(e!)'f-<'-"(a!)""(4)'''(l)'T  =  »- 

Similarly 

,(|.V(S)*(3ri_.(|rvi)'(|)'-'i 

^da;/    Vdy/    ^dz^    »*  ^da;/        \dy/    \dz/       r 

-(i)-'{|,)"(l)7-<"-')(i)'-'(i)'(ir^»- 


Multiplying  the  last  two  equations  by  —26  and  —2c,  and  adding 
the  left-hand  sides  to  the  right-hand  of  (3),  we  have 


.-(:» 


■"I^""(^)"(r)*(l)- 

dx  \daj/    ^dv/    ^oz^    r 


-'-•>(£)■"' (|)-(a^)'l-<-«(|)-(|)'(3!)-i 


-<--"'©■■■  (|)'©  7- 


This  result  is  equivalent  to  the  formula  enunciated.  It  is  to  be 
particularly  noticed  that  the  formula  holds  even  when  one  or  more 
of  the  indices  of  the  P-functions  involved  is  a  negative  integer. 
Thus,  if  h  is  zero  or  unity,  6— 2  is  negative,  and  in  accordance  with 
the  definition  P(a-hl,  6—2,  c)  is  zero. 

2.  In  order  to  obtain  the  result  of  any  number  of  differentiations 
it  is  convenient  to  introduce  a  symbolical  notation. 

Let  \  be  an  operator  which  changes  the  a  in  P  (a,  6,  c)  into  a— 1, 


so  that 


y'Pia,  b,c)  =  P  (a- in,  6,  c)  ; 


let  /i  change  6  into  6  —  1,  and  let  v  change  c  into  c— 1. 
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We  maj  therefore  write 

P(a,  b,  e)  =  X  V  •r  'PfO,  0,  0); 
or,  Kinoe  P  (0,  0,  0)  =s  1,  we  ffhal!  write  more  simplj 

P(a,  6,  c)=X-;»-*r-'. 
With  thin  notation  we  therefore  hare,  ifM=a  +  6+f, 

r-"  (?-)'  (^)*  (/O'  -=  (-1)--!  ^!  c!  X- Vr- 
NrJa;/    vit//    \r;r'     »" 


kr;aj'    ^riy/    uJz 


VX'     ^C/«'     ^Cr/    X^»' 


ir.w-(-.)-5:;,^-«.(3^.|.|)i 


anil,  if  /»  (f'-ffz)  denotes  a  homogeneons  integral  function  of  degree  n 

in  «,  y,  ^, 

Any  homogeneouA  integral  function  of  x,  y,  z  which  satisBes 
Laplace*»  equation  may  be  expressed  symbolically.  For,  if  H^  (oryz) 
denotes  such  a  function  of  degree  n, 

a    a_  _ 

Oy     Cz'    r 

f     ,..  2*n!    _.       XT    /3      3       3\     1 
C^n)!  \9x     c/i     3y/  ^/-^ 

The  harmonics  F  (a,  6,  c)  are  not  all  independent ;  for,  in  con- 
sequence of  Laplace's  equation, 

(a+l)(a+2)P(a+2,6,c)  +  (6  +  l)(6  +  2)P(tf,  fc  +  2,c) 

+  (c  +  l)(c  +  2)P(a,  6,  c  +  2)  =  0; 
or  in  the  symbolical  notation 

(3*         3*        r'  \  1 

if/ denotes  any  homogeneous  integi*al  function, 


(4) 


ax»   a/« 

^j^jmiMaivalent  of  Laplace's  equation  as  applied  to  the 
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3.  The  formula  (1)  of  §  1  may  now  be  written  symbolically, 

ex  ^ 

+  (a  +  l)X-^->>-*i'-(^-'>-(2»-a)\-(-'>^-*i'-'] 

and  generally 

.^-r-^,(X-\^  >,,.->) 
cx 

=  )•"  'X/iV  (X'+^'  +  v')-^"  *^  I-  ["(X^^/iVvT-*^^^"'^^"'^  '^"'^1 

f)X  L  Auy  J 


Hei*e,  as  elsewhere  in  this  paper,  the  genei*al  functional  symbol 
i-epi-esents  an  integral  homogeneous  function  of  degree  indicated  by 
the  suffix.  To  differentiate  again  with  respect  to  x,  we  i*epeat  the 
opei*ations,  writing  n  — 1  for  ti^  and  thus  obtain 


=  !•""' X/«r 


ax 


\fiy 


Differentiations  with  respect  to  y  and  z  follow  the  same  rule,  and 
therefore,  if  /+  gr  +  ^  =  w, 

=.-v.(>......r--(|y(|)-(i)'"--''^-'-;^'-"-'--^ 


and  more  generally 

a    a    a 


X/iF 

(5) 
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The  last  resnlt  maj  also  be  written  in  the  equivalent  form 


r*- 


dx     dy     dz^  ^"^3^5'  3y'  3z' 

(«) 


4.  It  is  a  good  illustration  of  the  formulsB  to  verify  that  the  values 
of  the  differential  coefficients  just  found  are  such  as  to  make 


Tanish.    This  expression,  bj  formula  (5),  is  equal  to 
After  a  few  transformations  this  reduces  to 


r»-*r-4(2n  +  l) 


X«  +  /l'  +  F* 


«..i..« 


X*/A*l' 


and  this  expression  vanishes  in  virtue  of  equation  (4). 

5.  The  following  lemma  sometimes  facilitates  the  application  of 
the  formulsQ  of  §  3. 


If 


then 


«i/*/«  («,  y.  *)  *,  (I- ,  f,  I)  — 

\a«  ay  dz'  «y« 


differs  from 


a    a   a\  1 


<-"■-"*  (cV  a' •£) 


a^a? 
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by  terms  each  of  which  contains  a  positive  power  of  x,  y,  or  2 ;  and 
consequently  in  the  symbolical  notation 


x,./.(x.,..)..(9    l-.D^i 


dk    3/1    3v/  V»' 


-(-l)-V.*(,^.|-,|Ji. 


d\    3/1    3v/  ^t*y 

To  prove  this  lemma  it  is  sufficient  to  examine  the  case  in  which 

/..  (^1  y,  z)  =  «"y*^»   ^^^   ^»  («» y>  «^)  =  ^y'*** 


where 


a-k-b-^c^^  rtij     and    /+gr  +  A=n. 


In  this  case,  if  we  first  suppose  a  </,  b<g,  c  <  A, 


J,  /^       ^N  _, /lilA! a/-V"  V-'. 


Therefore 


^  ^  vax  •  av '  aJ  ^*  ^  ^    az-v'^- 


=<-)---^-©(|)'(l,)^, 

=  ( -1)-  xy./.  (a;,  y, .)  *,  (1 ,  |. ,  l)  -L . 
Next  suppose  a  >f ;  then  ^  =  0.     And 

and  therefore  contains  a  power  of  x  with  positive  exponent. 


6.  A  transformation  of  the  formula  (6)  of  §3  may  be  obtained 
in  the  following  manner. 


Let 


A    (^     ^     3\  1   __ff^(x,y,z) 
^""VS^'  3y'  3J  r  "        r"-**        ' 


Then,  by  Dr.  Hobson's  "  Theorem  in  Differentiation,"  Proceedings, 
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Vol.  XKiv.,  we  see  that,  for  operations  on  a  function  which  satisfies 
Laplace's  equation, 


a    a    a 


*"^ax'  a/  dzf~^    ^  (a^oi'^-lax'  ay'  dzr 


Now,  by  the  formula  (6), 


^3aj     uy     oz'  ^dx     Sy     Czl 


a    a    a\  1 


'''"lax'  a:'  aJ 


ax  a^  ^yiXfty' 


To  expand  this  expression  write 


cU.     3Xi     3\j     Cfi     3/i,     3;«j     8v     3i',     3if5 

where  suffix  1  indicates  differentiation  of  (X'+/«^  +  v')"**,  and  suffix  2 
indicates  differentiation  of  ^m* 

Then,  by  the  extension  of  Taylor's  theorem,  if  ^^'  (A,  ^,  v)  denotes 

—  H^  (X,  /I,  v),  Ac, 


we  have 


"•vax'  3/1'  3J 


-     w^  /  A    A    A\  J.  n^'^)  /  3      3      3  \  3 


3Xj    3/1,    3f,' 


'3Xi    3/ii    3*^/  3X3 


^3x, '  3/i/  3i'/  3^,       *  V3x,'  3ii/  dvjdy^ 
\  TT/xx)  /  3_     3      _3  W  3  \* 

■"2!^-  U/  37;  3.MaA,/"^- • 

But,  by  §  7,  of  Dr.  Hobson's  paper,   p.  65,  if  x«  (a?,  y,  «)   satisfies 
Laplace's  equation, 

X-(|-'  !■•  ^)'"  =  «(»-2)...(.-2m  +  2)x„(x,y,«)r-'". 
^Ox     Oy     oz' 
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Heuce 

_a    a    a 

ax    dft    Ov 
=  (2«  +  l)(2»-l) ...  (2»-2m+3)(X»+^»+K»)"*»-ff.(\,  f,, ,.). 


"-(I'S'I)*^'-"'^"'" 


«,  /  a    a    a 


vax  a^u  a  J  ' 

=  (2n  +  l)...(2n-2»«+5)(X'+,.'  +  i'y«-|  /r„(X,,i,  v). 

dX 


Therefore,  writing 
and 


p'  =  X» +/!»+»•, 


vax. 


^ax,  ax,   a/j,  a^i,   av,  a*",/ 
'-'■(|'|'a!)'^-*-(£'|'al)7 

=  (2n+l)(2»-l)  ...  (2»-2m+3)  X/i» 

L       2. 2«-2«t+3      2.4.2«-2in  +  3.2n-2m+6         J 

1     A     1^  J. 


H.(A,,.0^.(3^,3-,9;)^, 


where  suffix  1  indicates  differentiation  of  H^^  and  suffix  2  indicates 
differentiation  of  ^„. 


If 
we  have 


lH*l 


( 


'^    2-m!  2«n!     ^'-  la* '  aj, '  a.- /     ^"  va; '  ^ '  dzf  7 

*aa;     ay     Oz'  ^vx    Oy     Oz'   f 

=  (2n+l)(2»»-l)  ...  (2n-2m+3)  Xfiy 

^h+ e!" + p^Q'  ,    1 

L       2.2n-2»i  +  3     2.4.2n-2ftt+3.2«-2>»+5^'"J 


ir.(x,,,.)7r.(|,|-.^J^. 


(7) 
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With  this  result  we  may  compare  the  following  formula  for  the 
differentiation  of  a  harmonic  K^  of  degree  —  (n  +  l).  By  Dr. 
Hobson's  theorem 


=  (-1)- 


(2m-f2n)! 


xfl ^ + "^ 1 

L       2  (2n  +  2m-l)  ^  2.4  (2n+2m-l)(2n  +  2m-3)      "•J 


L       2r2n  +  2m— 


'0« 


-3)      '-J 


(2n  +  2m— 1)      2.4(2/i  +  2w— l)(2w  +  2m— 3) 
S^  («,  y,  «)  ^n  (a?,  y,  «),  (8) 


where 


0  =  2(—  — +—   — 


and  suffix  1  indicates  differentiation  of  H^^  suffix  2  indicates 
differentiation  of  X,. 

The  operators  enclosed  in  square  brackets  in  (7)  and  (8)  differ 
only  in  form  by  the  interchange  of  —  (n  +  1)  and  n. 

7.  With  a  view  to  applying  the  formulsB  of  §  3  to  the  differentia- 
tion of  a  solid  zonal  harmonic  it  is  desirable  to  introduce  some  addi- 
tional considerations. 

It  is  obvious  that  the  result  of  the  formula  (5)  would  not  be 
affected  if  the  expressions 

were  expanded  in  ascending  powers  of  X,  /i,  and  v~*.  We  will  there- 
fore consider  a  harmonic  S  (a,  b,  c)  defined  by  the  equation 

S  (a,  6,  c)  =  X-V-*v-'  {!  +  »'-'  (A«  +  /i*)}  -^"**\ 
where  a-|-6  +  c  =  n, 

and  where  the  right-hand  side  is  to  be  expanded  in  ascending  powers 
of  X,  /i,  and  v*.  When  a  and  b  are  positive  integers  this  hai*monic  S 
consists  of  a  finite  number  of  P-harmonics  ;  for  after  some  term  the 
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exponents  of  X  and  fx  are  positive,  and  the  succeeding  terms  repre- 
sent P-harmonics  of  zero  value.  If  a  or  6  is  a  negative  integer,  the 
/S'-harmonic  is  zero ;  but,  if  c  is  negative,  S  is  not  necessarily  zero. 
If  a  +  6  -H  c  =  0,  S  (a,  by  c)  reduces  to  a  single  P- harmonic  of  order 
zero,  that  is,  to  a  constant.     For  in  this  case 

S  (a,  h,  c)  =  \-y-'y-'  {1+v-^  (^'-f/i')}"* 

where  the  summation  extends  to  all  values  of  p  and  q  which  make 

a— 2p,  6— 2(/,  c  +  2p  -h  2g  positive  integers  or  zero.     But,  since  the  sum 

of  these  three  quantities  is  zero,  the  only  values  of  p  and  q  applicable 

are  such  as  make  each  of  the  three  quantities  zeix) ;    and  therefore 

P  =  2^>  q  =  J^'     Hence,  if  either  a  or  6  is   odd,  S  (a,  b,  c)  vanishes, 

when  ,  ^ 

a-\-b-\-c  =  0; 

but,  if  a  and  6  are  both  even, 

>S  (a,  6,  <;)  =  '-—     -' —  /-  . 

2     •  '2  •    2  • 
Or  we  may  write  this  last  result  more  simply.     If 

c  =  tt  +  fe. 


c! 


2  ^  I     ^  f  £_  f 


(9) 


•  ».  • 


2       2      2 


8.  The  differential  coefficients  of  the  /S-harmonic  are  easily  found 
by  formula  (5).     We  have,  putting 


f(K-\  p-\  y-')  =  X->- V'[l  +  v-^  (X'+A*-)]-^'***\ 


(}x 


(}       v'^-' 


^^^r'*50,,6,r)  =r'-^X^v-^--)[l  +  v-(^^  +  /^')}-^''  *^g^  ;^;.y.. 


=  -(a-fl)r"^S(a+l,  6,  r-2). 


Similarly, 

a 


^2/ 


r"5(a,  /^  r)  =  -  (6-|-l)  /•"-'  ,Sf  (a,  6  +  1,  c-2), 


'-r"^(a,6,r)  =  (2w-0  /'  '  ,S  («,  6,  c-l)  ; 
VOL.  XXVI II. — NO.  .587. 
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and  thei-efore 


(a^)  (4)' (a!) -'"■'■'> 


*:       '  n\hl  (2n-c-h)\ 


h) 


xS(a+f,h  +  g,r-2f-2g--h).     (10) 

The  expression  for  r**S  (a,  h,  c)  in  temis  of  a\  y,  z  follows  at  once. 
For,  if  /.  7 

the  sum  of  the  indices  of  the  /S-harmonic  last  wntten  is  zero, 
and  the  value  of  this  harmonic  can  be  found  from  formula  (9). 
Hence  the  coefficient  of  a'^y':^  in  r^S  (a,  6,  c)  is 


flglhl        III  6!(2«-c-/0! 


(2n-c-h)\ 


iyiH-c-h 


(»- 


~2')'    2     ' 


^(-1) 


_ni'-*) 


O'in  ~c    h 


2' 


(g-h.ni  (h-\-q)l  r2n-c)! 


2 


(12) 


9.  The  differential  coefficients  of  the  P-harmonics  may  now  be 
found  by  expressing  tlie  P-harmonics  in  tenns  of  S-harmonics. 
Such  expression  is  always  possible.     For 

P  (a,  b,  c) 

=  6Xa,5,r;-h(w  +  i)(^(a--2,6,(r-|-2)-fS(a,/y-2,c-f2)]+....    (13) 

The  number  of  iS^-harmouics  in  this  expression  will  be  finite,  for 
after  some  term  of  the  series  one  of  the  first  two  indices  of  the 
/?-barmonic  will  be  negative,  and  the  succeeding  terms  will  be 
/S-hamionics  of  zero  value. 

The  expansion  of  7-"P  (a,  6,  c)  in  powers  of  »r,  y,  z  may  be  obtained 
from  the  formula  (12)  with  the  help  of  (13). 

In  pai-ticular  the  zonal  harmonic  P„  is  equal  to 

P(0,  0,  70  =  i'-"  =  /J3^(0,  0,  ?o. 
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Therefore 


(£)'(s)'{|)"-- 


=  (-!/"/!  </! 


n! 


(»-//)! 


'•"■'■'-*  S  (/,  y,  n-2f-2g-h).      (14) 


For  convenience,  write  f-^O'^^  =  ^'^• 


Then 


S(f,g,n--2f-2g--h) 


/;!  q\  II  (m — /)i  — i) 


Hence 


X  S  (  - 1 )-«  ^^"f^"  .t2i±it^i}  P(/_  2p,  g  -  2q,n  -  2u,  +  h  +  2^  +  25), 

jj.  tj .  LI.  yjt      III      J) J 

(15) 

where  the  summation  extends  to  all  positive  integi*al  values  ofp  and 
q  which  miika  f—2p,  (/—-</,  n  —  2ni-{-h-\-2p-\'2q  all  positive  or  zero. 

When  /  =  0  and  (/  =  0,  we  therefore  require  ^  =  0  and  q  =z  0  ; 
and  thercfoi-e 

(^-  Vr"P,.  =  — ^  - .  >•"  '*P  (0,  0,  u-h) 


{n  —  n). 


Ag-ain,  by  formula  (12),  the  coefiicient  of  .v'^^if^;:^  '^  '^'   in  r"r„  or 
7-",S(0,  0,  w)  is 


(-1/^^ 


^^„(2f/)!n! 


2^--      (2/)!  (2i/)!  (n--J/-2r/)!/!  f/!  0>c/)! 


Ni>^ 
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Hence  writing  m  for  f-\-  g,  and  gathering  together  terms  for  which 
the  sum  of  the  exponents  of  x  and  y  is  2m,  we  find 


ni 


f 


^P  =  2  t-ir 

■*  2'-     (m-2w)!(7»!) 

-whence  we  deduce  the  known  expansion 


i  (a^+y')"a" 


—  2lN 


P,  (cos  6)  =  cos"  e 


---^r^8in»flco8"-»fl+ 


+  (-l)-!L(".z:j^L.-  (»-2m  +  l)  gin«-tfco8-«-0+...  . 

(2.4  ...  Jill)' 

This  result  may  be  regarded  as  a  verification  of  the  formulae 
obtained. 

We  are  now  in  a  position  to  determine  what  the  iS^-harmonic  really 
represents.     In  equation  (14)  write  a  for  /,  h  for  g,  c  for  h,  so  that 


and  take 


m  =  a+6-|-c, 
n  =  2m. 


We  have,  therefore, 
r" S  (a,  b,  c)  =  (-ly 


o!  6!  (2m 


)!  \dxf  vaJ  \Bzf 


Jim 


Sm* 


(16) 


Equation  (13)  therefore  shows  that  every  P-harmonic  may  be 
obtained  by  differentiating  a  solid  zonal  harmonic ;  and  the  result 
may  be  thus  stated.     The  expression  for 


(-ir 

alblcl 


'    \aJ    (ay/    \8z^    r' 


where  a-f6  +  c  =  n,  may  be  obtained  by  expanding 

X->-*v-^  {H-i'-^(X^+/iO}"'*, 

in  ascending  power's  of  X,  jjl  and  v'\  leaving  out  all  terms  which  have 
any  exponent  positive,  and  replacing  any  term  \~^  fi'^  v'^  which 
occurs  with  negative  or  zero  exponents  by 

(_iy^.X2n-|)!  /ay/8wa)V.p,^„. 

/!  g\  (2w)!   \cxf    \?yf    ^dz^ 
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11.  We  will  next  consider  the  tesseral  harmonics.     Let  Y(a,  6,  c) 
be  a  harmonic  defined  by  the  equation 

r(.,M,  =  <-.)-.•■  (|)-(i)-(|)'i. 

where  n  =  a-\-h-\'C,  (  =  as+iy,  i?  =  x  —  iy^  and  r*  =  «;*  +  £»?. 

These  harmonics  are  not  all  independent,  but,  in  virtue  of  Laplace's 
equation,  4 y  (a+ 1,  6 -h  1,  c-2)  =  -  Y  (a,  6,  c)  ; 

and  therefore  the  harmonics  Y  (a,  6,  c)  and   Y  {a\  6',  c )  will  differ 
only  by  a  numerical  factor  if 

2a-fc  =  2a+c'  and  2fe  +  c  =  26'4-c'. 

The  real  and  imaginary  parts  of  Y  (a,  6,  c)  are  tesseral  harmonics. 
Thus,  in  the  notation  of  Ferrers*  Spherical  Harmonics,  where 

Y((,,  0,  «-<r)  =  ^**y^  '  r:  (^)(C08  <r^+t  8in<r0), 

r(0,  <r,  n-a)  =  -^"--^-T:  (|u)(co8a^-f  sin<r^). 
In  the  symbolical  notation, 

r(«.  ^  0  =  ^V^'  (,^ -I-)"  (I-  +4)' (I)'  -^ 


3x      3/i^  ^3x      3/i^  ^3y/  V'' 


12.  We  have  therefore,  by  (6)  of  §  3, 

3^ 

l[<v.^..>-..(|.-.|_)-(|..,|-)-(i)-i] 

:  (^L"  A;i.  [(2»  + 1 )  K  +  (X' + /.' + .^)  1] 

VIA    a/i/  vix    a/ij  la..'  h"' 
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: — ,  and  thercfoi*e 


3„/      X/i 


^'^^'-Mfmiow 


\fii 


=  (-1)"2''**(2»  +  I)  cY(n,  b,  c~l). 
^  r.»'      oy-      cr ' 

therefore,  by  the  lemma  of  §  5, 


=  Xfit' 


"(^'■|:^■(e^•■|)'■'(^4^ 


dfji^       ^d\        dfi'       ^dy 
4-c(c  +  l)( 


a    ._a 


/.)  (ax'^'a,i)  w  Ja;^ 

=  (~l)"-'2''**[atyOe-h/>-l,c+l)-fc(c  +  l)Y(a,  6,  c-l)] 

Hence 

r'r(«,  fc,  r)  =  [(:2H  +  l)c  +  4a/<-c(c  +  l)]  !'(«,  ?>,  c-I) 

=  (2a.  +  c)C26  f  r)  y(a,  /,,  c-1)  (17) 

=  -iC-^''+OC-i''  +  ')l'('»-l, ''-!,<;+ 1).   (17a) 


.-   M-Il 


1      M 


Again, 


-"  ;^r"  Y(«,  6.  ,)  =  /--'"-"i  (=f--t|-)  r"Y{n,  b,  c) 
<'f  ^fu-        Cy' 
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Now,     (i—ipj  (x-iyy(z  +  iyyir  =  26  (.c-ty)"(.r+»V)'-V  ; 
therefore,  by  the  lemma  of  §  5, 

x,.(x-.»(|.-i|)"(A+i|-)'(|.)'^l- 
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Also 


=  (-l)»2'-'6Y(a,  6-1,  r). 


therefore,  by  the  lemma, 

V.(...H.,{|-.3i)-(|..,i)-(|)-i 

a     a^r/l+^-ax'-'/a 
V'  va\  *a,u 

a    .a\""/a  .  .a_\va 

7/1'        'c;a       v/x 
=  (-l)-'2-"-'[(a+l)6r(a,  6-1,  c)+c(c-l)r(a  +  l,6,c-2)] 
=  (-l)-'2"'*'[(rt+l)6-jc(c-l)]  y(a,  6-l,e). 


=  «(..!.  V. (I -.|)- (34. .1)- (I)' J; 

^oX       dii/       \8X       (J/i^    ^di'/      A/i' 


Hence 


C7f 


=  [i(2n-Hl)fe-(a+l)6+lf-(c-l)]  Y(a,  6-l,c) 

=  i[2fe(2w-2tt-l)-fcfc-l)]  Y(a,  6-1,  c) 

=  }  (2/;-fc)(26  +  c-l)Y(a,  6-1,  c) 

=  -(26i-c)(26  +  c-l)  Y(a+1,  6,  c-2). 
Similarly 


(18) 
(18a) 


a 


r--''      /*Y(<(,  6,  c)=     l(2a  +  c)(2u+c-l)Y(a-l,b,c)        (19) 


a. 


=  -    C2a  +  c)  (2a  +  r  - 1)  Y(a,  6  + 1,  c  -  2). 


(19.') 
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Hence,  if  nt  =  /+  g  +  h, 

•-(ir(i)'(i)"-^<-'-> 


(2a-^c)\  (2h  +  c)\ 


2^^*-^(2a  +  c-2^-/i)!  (26-hc-2/-fe)! 


Y(a-sf,6-/,c-.M;     (20) 


but  the  result  is  zero  if  either  2a+c  <  2g -{■  h  or  2h -^  c  <  2f-^h.  If 
a—g,  h—f,  or  c  —  h  is  negative,  Y(a-'g,  h—f,  c^h)  should  be  replaced 
by  a  form  obtained  by  use  of  the  forms  (17a),  (18a),  (19a).  This 
will  be  equivalent  to  transforming  Y(a— ^,  ^""Z*  c  —  h)  directly  by 
the  formula 

4r(a  +  l,  6  +  1,  c-2)  =-r(a,  6,  c). 

The  expansion  of  r''Y  (a,  6,  c)  in  powers  of  (,  rj,  z  may  be  at  once 
obtained  from  (20).  For  the  coefficient  of  (^ifs^,  where/-f-gr  +  A  =  w, 
is  equal  to 

The  coefficient  will  be  zero  unless  both 

2a  +  c>2g-\-h     and     2b -^ c  >  2f -\- k. 
Neither  inequality  can  hold,  since 

Hence  the  only  case  in  which  the  result  is  not  zero  is  when 

2a  +  c  =  2^-|-/i    and     26  +  c  =  2/+^. 
If  those  conditions  are  satisfied,  the  coefficient  is 

1       /     iNa-,(2a-hc)!  (26-hc)! 
flglhr       ^      ~  2^"^v 

Therefore 


2^    f\(f+<r)\  (n-<T-2/)!' 

r  Y  (0,  <.,  n-c) ^    -2^/     (/+<,)r/!  (»-<r-2/)! ' 

whence  the  expressions  for  tesseral  harmonics  involving  powers  of 
(?08  0  and  sin  d  follow  direotlv. 
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13.  The  preceding  results  are  applicable  with  very  slight  modifica- 
tion to  the  functions  obtained  by  differentiating  —  instead  of  — . 

r*  r 

If  P,  (a,  h,  c)  is  defined  to  be  equal  to 

(-i)V>. /Sr/ay/ay  i 

alhlcl  \?)J    \?)J    W    r-' 

where 


a-{'h-^c  =  n, 


it  will  be  found,  exactly  in  the  same  way  as  in  §  1,  that 

^-r^P.ia,  b,  c)  =-r»-'[(a  +  l)P,(a+l,  6-2,  c) 

vx 

+  (a  +  l)P.(a  +  l,  6,  c-2)-(2w  +  *-l-a)P.(a-l,  6,  c)]. 

The  right-hand  side  only  differs  from  the  result  of  §  1  in  having 
n-f-^  («— 1)  instead  of  w.     Hence,  with  the  symbolical  notation 

p,  (a,  6,  c)  =  K'  t^;'  y:\ 

the  results  of  §  3  will  hold  if  we  make  the  necessary  modification. 


Therefore,  if 


/4-sr  +  A=  m. 


.Ml 


-./av/s 


(21) 


and 


a    a    3 


*"  ^a*  a^  a«'       "^a*'  ay'  a*' 


a    a    a\i 


a    a    a 


=  x.;,...(xj+/,;+.^)"'— ♦>,(^,  ^,  ^) 


3x,    3/1,    Oi', 


(x;+/^;+k;)-*'^,.  (|.  ,  |_  ,  ^)    1   .     (22) 


A  formula  of  the  same  kind  holds  when  there  are  p  variables 
0*1,  a*,,  ...  a?p     and     r*  =  a:J+a^+... +a^. 


If  we  write 

(-1)" 


..»..  /  a  V  /  3  Y 


•ii  •  ''.» •  ...  •»») • 


r)  \"p    1 
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»T^  shall  liua 

♦-( 


dxf'  'Sir,     BiT,  oj','  »"' 


l^  +  A'  +  .-.+A;)"''"./'. 


S      a  3  \       1 


aA.'  3a,*  "■  5\/x,x,...  \, 


lULil  the  I'eliilioiis  botwouii  tlit'  tlifforotit  functions  siiv  f,'h-cn  liy 


4 

^3)  ^ 


Ik   When  Uiei-c  .ii'f  p  +  1  vxirinhles  ,r„  ,,■.,,  ...  .<■,,.„  wi-  wi-ite 


ind  the  stamiard  li_vjioLf!]>l 

luriuiil  liiti' 

niDiiic  is  of  the  form 

■•r:,(!.,co>^e,)r::(,i,-i,. 

:o.  »,);■:. 

[,.-:i,  c.is^J  ... 

...  i>:; 

:;  (2,  «.se„_,)  "'!';;  (,.„_,f)„),      (2o) 

i>:,ii>.cu^6)  =  ^ure],-> 

„.„,_<, 

'7^;::;:^"------]- 

Jn    orAcr  lo  :,ho"-  hou   1 

■hi.s   hiinn. 

i.ni.;  iiiiiv  lic  al.iiaiiicd   liy  differ- 
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entiation  of  l/'r'"',  let/(j-(,  x,,  ...  te^.,}  be  a  homogeneous  function  of 
degrae  n„  wbicli  satisfies  the  equation 

(-'■ 

Then,  by  Dr.  Hobaon'B  "Theorem  in  Differentiation,"  Proccedittgn, 
Vol.  xxiv.. 


^.[■-of 


ry_ 


"■/(■•■..». ,..). 


jrical  conatant,  and 

a-       ,   ?• 


Peffoi'niiiig  the  di Sere ntiati one,  we  obtain 


=  .,[„.-..,-(^K»^fi.co,--.-,....]=i^M,.,. 
wheit;  ,-,  =  rsiiie,  =  U  +  J'!+...+J:J.i)' 

We  may  now  tiiko 


/('„ ... 

,  _  ,.,.,-, a"-    /a       a 

where 

v>.,(.>., ...»,.,)  =0, 

and  therefore 

/(-,...- 

'■,..)  =  '■;"■■«;  (p-i.  ■»•».)  ♦..('.■ 

ccliiiK  in  lliis  nfiy,  we  shall  tinnlly  obtain  the  hnvni 
LiLfd  (litTficntialioii. 
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15.  Wo  can  now  illustrate  the  application  of  formula  (23)  to  the 
differentiation  of  hyperspherical  harmonics.     Let  the  harmonic  be 

7^Y(n,  «i,  w,,  ...  n,_,) 

=  Ct^P:,  (p,  cos  e,)  ...  Py-]  (2,  cos  tf,.0  ^^  (n,.,^,) 


(-l)V'"*'' 


♦p-i  9 


a    a 


9"-"-  ^   I  o_      d_  d    \    1 


Then 


—  (  —  1)"^  •••  \>+i  (\"l"  •••  H"^p+i) 


ax. 


=  (-1)"X, ...  V,  [(2»+p-l)X,  +  (A,'+...+0£-] 


9  \"-"' 


W    •^"'Vax.' ■••  aA,Jx....v.- 


Now 


a  x"-**'  1 


/d  \"-»*.  1  _    .      ./a  \-».-ii 


Also      (^-2  +...  ^-y-)  «r"'*V«.  (^^>  .-.  ^p.i) 

=  (n-n,  +  l)(n— n,)  ^P^'V",  (^«»  —  «p+i)- 
Hence, by  an  obvious  extension  of  the  lemma  of  §  5  to  p-\-\  variables, 


ax, 


ax,'     ax. 


=  (  —  1)""^  (71— n,)(w-?7i-f-l)  F(W  — 1,  Wj,  Mj,    ...   Uj,.^). 
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Hence  ^"^"~^^x—  r"y(n,  n^,  n,,  ...  n^.i) 

=  (w-ni)  [2»-hp-l-(n— 1^  +  1)}  y  (»— 1,  M,,  n,,  ...  n^.,) 
=  (n— »,)(n+n,+;?— 2)  r(n— 1,  n,,  «,,  ...  n^.,). 

The  differentiations  with  respect  to  ar„a^,  ...  may  be  similarly  effected, 
but  the  results  are  not  so  simple. 


Note  on  the  Electric  Capacity  of  a  Conductor  in  the  fonu  of  Two 
Intersecting  Spheres.  By  W.  D.  Niven.  Received  and 
communicated  November  12th,  1896.  Received  in  revised 
form  February  27th,  1897. 

I.  In  the  course  of  an  interesting  solution  of  the  problem  of  "The 
Electrical  Distribution  on  a  Conductor  bounded  by  two  Spherical 
Surfaces  cutting  at  any  angle  "  (Proc.  Land.  Math.  Sac,  Vol.  xxvi., 
p.  156),  the  author,  Mr.  H.  M.  Macdonald,  has  alluded  to  a  paper  of 
mine  contained  in  Vol.  xii.,  and  has  called  attention  to  the  dis- 
crepancies between  his  results  and  mine.  He  says  :  "  In  the  paper  by 
W.  D.  Niven  mentioned  above,  an  attempt  is  made  to  deduce  the 
capacity  of  such  a  conductor  from  the  solution  of  a  functional  equa- 
tion for  a  particular  value  of  one  of  the  vanables,  but  the  result 
obtained  does  not  seem  in  tlie  case  of  the  spherical  bowl  to  agree 
with  Lord  Kelvin's.  The  results  obtained  hereafter  also  differ  from 
those  given  by  Niven." 

In  answer  to  this,  I  have  to  say  (I)  that  the  capacity  of  a  hemi- 
spherical bowl  as  given  by  me  agrees  with  Mr.  Macdonald's  own 
result,  but  (2)  that  in  the  other  case  where  the  results  come  into 
compaiison,  viz.,  when  the  conductor  is  bounded  by  a  hemisphere 
and  its  base,  I  have  to  plead  guilty  to  numerical  mistakes  in  re- 
ducing this  particular  case  from  the  general  formulae.  In  the  latter  case 
the  accurate  expression  for  the  capacity  is  that  given  by  Mr.  Macdonald, 

/o  n  where  a  is  the  radius. 

V  3  J 

That  the  difference  between  the  general  expressions  obtained  by 

us  for  the  capacity  is  only  one  of  form  is,  in  fact,  shown  by  Mr. 

Macdonald  in  a  note  which  follows  this  paper  (see  p.  214). 


viz.,  2a  [  1 
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2.  On  a  I'evision  of  my  previous  paper,  I  find  that  the  work  was  pre- 
sented in  a  needlessly  difficult  form,  and  that  the  proof  of  the  main 
pi'oposition  only  applied  for  an  inclination  of  the  two  planes  enclosing 
the  electrified  point  less  than  two  light  angles.  The  i^esults  them- 
selves may  also  be  expressed  more  simply  and  compactly.  I  thei-efore 
take  the  opportunity  of  supplementing  that  paper  by  a  new  pix)of 
which  is  applicable  to  either  case.  I  shall  consider  specially  the 
case  when  the  inclination  of  the  planes  (y)  in  the  region  containing 
the  electrified  point  C  is  gi*eater  than  two  right  angles. 

Let  the  plane  of  the  paper  pass 
thivugh  the  inducing  point  0,  and 
cut  the  two  conducting  planes  in 
0.4,  OB, 

Let     CO  A  =  a,     00  =  R, 

and  let  the  inducing  charge  be  — R. 

The  potential  at  any  point  P  due 
to  the  electricity  induced  in  OA  must 
be  a  function  of  P's  coordinates  5,  ?*,  0, 
where  ::  is  the  ordinate  perpendicular 
to  the  plane  of  the  paper,  and  r,  0  Sive 

the  polar  coordinates  in  that  plane,  with  0  as  pole  ;  0  being  measured 
fi'om  OA  in  the  direction  of  the  hands  of  a  watch. 

Denoting  this  potential  by  f  (z,  r,  0),  and  in  like  manner  the 
potential  due  to  the  induced  chai-ge  on  OB  by  g  (r,  r,  (/),  where  $' 
denotes  the  same  point  P's  angular  distance  measured  in  the  same 
direction  fixim  OB,  so  that 


0'  =  7-tO, 


we  slijill  have,  thix)ughout  the  region  ^  =  0  to  2ir  — y, 


f{:,r,0)+g{z,r,y  +  e)=R/CP. 


(1) 


If,  instead  of  being  placed  at  C,  the  charge  be  placed  at  C\  so 
situated  that  its  angular  distance  from  OB  is  equal  to  tliat  of  C  from 
0^4,  the  effect  will  be  to  produce  the  same  distributions  on  OB,  OA, 
respectively,  as  formerly  existed  on  OA,  OB.  The  ])otentials  at  z,  r,  0 
will  then  be  connected  by  the  equation 


U  (z,  r,  6) -^f  (z,  r.  y -^  0)  =  R'CT. 


C^) 
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3.  If  we  denote  e*^!"^^  by  E,  so  that 

then,  by  the  addition  of  (I)  and  (2),  we  obtain 
and,  by  the  subtraction  of  (2)  fi*om  (1), 
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(='•) 


W 


Since  ^  is  a  differential  opemtor  with  regaixi  to  $j  the  expressions 
on  the  right  hand  of  (3)  and  (4)  will,  when  substituted  for  K,  satisfy 
Laplace's  equation 

and  thei-efore  so  also  with/(r,  ?-,  0)  and  g  (z,  r,  0). 

4.  In  preparation  for  the  application  of  the  operators  in  (3)  and 
(4),  it  becomes  necessary  to  find  expressions  for  1/CF  and  l/CI' 
which  will  lead  to  finite  I'esults.  In  my  fonner  paper  this  was 
effected  for  the  particular  values  5  =  0,  r  =^  R,  but  Mehler  has  ex- 
pressed 1/GP  in  a  form  which  is  as  easy  for  the  operations  in  the 
general  as  in  the  particular  case  [Heine,  ii.,  §  75  (32)].  The 
required  expression  may  be  established  as  follows : — 


Writing 


where 


we  have 


f*  =  c'+/«J'  +  /-*-2/?rco8tt 

=  2/?r  (cosh  <T  — cos  0), 
2/?rcoshff  =  rHi2*  +  r, 


7?^     I'R I     _ 

/         V-'*   -v/cosho-— COS 


cos^ 


=  V     /^ -^ 

'  V  r    v/sinh-^  +  sin-^^ 

^  1    I'R  r 


iy  +  isinh  ^ccos^ 


=  L    IM  [*' sin  lOd^ 

r  Y    r    1^  sin*  Ad  +  sinh*  Aacof 


COS'  9 
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Now,  putting  eiah  311  cos  ^  =  sinh  jv, 

df  = 


coflh  jt- 


y^'^  v^cosli  ff— cosh 
and  observing  tliat 

sm'^e  +  Biuh'ii 
we  obtain 


(fl+/.)sini(9-.-D), 


dv 

ycoeh  a  —  cosli  c 
But,  if  :  bo  a  complex  number,  then  (Hobaon's  Trigonometry,  §  295) 
_  j_ 1 1^  .   _L  ■  ^ A 


whore,  it  is  clear,  the  raal  part  of  z  must  be  less  than  unity. 
On  writinfT  x^e'^". 


this  becomes 


q  r*  coah  d  - 

^1  "^^ 


•^d(. 


Honoe  cmoc  J  (9  +  ir)  +  cosec  i  (»-.V)  =  4  ["?2!lL_f  )i5?iji  j, 
J„  coahirf 

B  ^  ^2_  /B  [-c.h(.-«)t  r- c..t,  ,_.^, 

ili''^       Jo  ycoshir— coeh« 


""    '   Vr). 
whei-e  -  ,    k,  (cosh  ») 


eosh(ir-fl)i 
coshTi 


h,  (cosh  »)  ii£, 
cos  £« 


V-i   ' 


D  %/cosho-— cosh  K 


(ir. 


r>.  Heine,  by  the  employment  of  Cauchy's  method,  has  found  two 
other  foi-ms  of  tlio  integral  expressing  — ^fr,  (coahff),  or,  more 
briefly,    -^,  K,  one  of  which,  vi*„ 


I-  be  esiiililished  by  the  method  of  the  preceding  article. 
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and 


6.  The  longitudinal  angles  of  any  point  P  in  the  region  not  con- 
taining the  charge  relatively  to  0,  C  being  ^  +  a,  ^  +  y— a,  we  have 
til  as 

7?M    J.    M-      9     /^   r  cosh  (^-f  jy-ir)  f  cosh  (jy-g)  ^^,  ^^ 

72/J.-JL\--2     /^   r8inh(^fiy-a)fsinhay-a)^,  ^. 
\6'P       C'P/  V   ^    Jo  coshirf  '^' 

Now,  observing  that 

-l-ooshOi=     C08h(g-iy)f 
1  +  ^  2co8h|yf 

-J^sinhgf  =  -^f.^^:*y)^ 

l-E'^  2sinhiyf 

on  referring  back  to  (3)  and  (4),  we  see  that 

From  these,  by  addition  and  subtraction,  we  obtain 

V  ^    J  0  cosh  JTC  sinh  yf 

/         m  _-      /  -R    f*  cosh  (ir-'0)(  sinh  g^  j^  ^^  ^i^v 

V  ^    J  0        cosh  w-f  sinh  yf 

Since  sinh  (y— a)  f  and  sin  gf  are  each  of  them  less  than  sinh  y(, 
the  expressions  just  found  are  more  convergent  than  the  original 
integrals  from  which  they  have  been  derived. 

7.  It  will  be  observed  that /and  g  are  unchanged  when  2ir^$  is 
put  for  0,  so  that,  as  was  to  be  expected,  the  potentials  at  points 
similarly  situated  with  respect  to  the  two  sides  of  either  plane  are 
e(iual  as  regards  the  charge  on  that  plane. 

The  potential  U  due  to  the  induced  charges  at  any  point  z,  r,  $  in 
the  region  containing  the  electrified  point  is  therefore  given  by 

U=f(z,  r,  e)+g  (z,  r,  tf-2^  +  y), 

where  0  may  have  any  value  between  2t  — y  and  2r.     This  gives 

N 


-Vf 


cosh  TT^  sinh  yx 


k,d$, 


(8) 
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where  N  ^  cofih  (ir— tf)  f  sinli  (y— a)f-|-co8li  ('3w  —  $—y)8inhai 
=  J  {sinh  (ir-hy-a-tf)  f +Binh  (-ir  +  y— a  +  ^)  f 

+  8inh  (3»r-y-ha— ^)  f-sinh  (3a— y-a-^)  (] 

=  sinli  Iff  cosh  (27r  — y +a  —  ^)  f 

+  8inh  (y  —  it)  f  cosh  (2fr^a—6)  (. 

The  value  of  U  thas  found  is  finite  and  continuous,  vanishes  at  an 
infinite  distance,  k^  being  then  zero,  and  satisfies  the  boundary  con- 
ditions.    It  is  therefore  the  solution  required. 

Case  o/  y  <  IT. 

8.  The  proof  contained  in  the  foregoing  articles  is  expressed  for 
the  case  when  the  angle  in  the  region  containing  the  electrified  point 
is  greater  than  two  right  angles.  Taking,  however,  the  figure  in 
§  3,  and  placing  the  electnfied  point  C  in  the  acute  angle,  we  shall 
have  the  some  proof  identically,  provided  angles  are  now  measured 
positively  when  described  from  OA  in  the  direction  opposite  to  the 
motion  of  the  hands  of  a  watch. 

Writing  for  a  moment  0'  for  the  longitudinal  angle,  we  have  the 
same  expressions  for  /(;;,  r,  0')  and  g  (z,  r,  O'),  and  the  potential  U 
due  to  the  induced  charges  in  the  region  containing  the  electrified 
point  will  be  given  by 

U  =  f(z,  r,  e')  +  g  (z,  r,  0'-2T  +  y), 

y  now  being  the  acute  angle  AOB,  and  6'  the  angle  measured  posi- 
tively from  OA  to  a  point  in  the  acute  angle. 

Putting  6  for  2ir—d'  and  observing  that 

/(^,r,2ir-0)=/(^,r,^0, 
we  have  then  ^  =  f  (^^  r,  ti)  ■\- g  (z^  r,  y — 0), 

where  0  is  now  measui^  positively  from  OA  in  the  dii'ection  of  the 
hands  of  a  watch,  so  that,  in  this  case, 


V  ^   J  0  cosh  fr(  sinh  y(  '^     ' 


(9) 


where  N=  cosh  (ir—tf)f  sinh  (y —a)  f-h  cosh  (ir—y  +  tf)f  sinh  af, 
or,  by  transformation, 

sinh  ir$  cosh  (y  —  a— tf)  f — sinh  (ir  — y)  ^cosh  (^— a)  f. 
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Case  of  two  Parallel  Planer. 

9.  An  interesting  dednction  from  the  general  case  in  §  8  is  that  of 
two  parallel  planes  with  an  electrified  point  between  them. 

In  the  'general  case,  let  the  point  0  be  moved  to  infinity,  so  that  y 
becomes  infinitely  small,  and  therefore  also  0  and  a,  and  put 


a 


y       a-f  6' 

A=  -JL. 
y        a-h6 ' 

where  a,  b  are  the  distances  of  the  charge  from  0-4,  OB  respectively. 
If,  in  the  expression  for  17,  we  put 

and  then  make  y  small,  we  shall  obtain 


where 


iV"=  e-«8inh  6i:+e-<"*»-'"8mh  a£, 


(10) 


or,  on  the  removal  of  the  origin  to  the  electrified  point,  by  putting 

we  have,  by  an  easy  transformation, 

N'  =  cosh  Xi  [sinh  (a+6)  {-2  sinhaf  sinh  H]  +sinhXi;8inh(a-6)C. 

(11) 

10.  In  regard  to  Xr„  if  a  be  small,  we  may  put 

cosh  <r  =  1  +  <r'/2. 


and 

Therefore 
Now 


k,  =  7o  ((<')'        (Heine,  ii.,  §  60.) 
z'-^iR-ry 


a»  = 


lir 


(E  and  r  large) 


It 


2' 


say. 


p2 
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Hence 


'(= 


(a+b)l:o 


=  6». 


(12) 


11.  The  presence  of  1/y  outside  the  integral  makes  the  expression 
for  U  infinite,  but  the  charge  B  is  now  also  infinite.  If  we  reduce 
the  charge  to  a  finite  amount  B\  we  must  multiply  the  expression 
for  U  by  R^/Bj  and  thus,  since 


Ey  =  0  +  6, 


finally  obtain  for  U  the  value 


Josinh(a+6)f 


This  represents  the  potential  at  a  point  whose  coordinates  are  X,  p, 
due  to  the  electricity  induced  in  the  two  planes  by  the  charge  —IT. 

The  particular  case  when  a  =  &  is 


U=  bT  ^Q^^  Xle'"^  Jq  (pi)  j» 
J.  cosh,  ai 


(13) 


Pottttticd  at  a  Point  outside  the  Inverted  Surface. 

12.  Refernng  to  the  figure  in  §  3,  we  invert  with  regard  to  the 
point  0,  the  radius  of  inversion  being  B. 

The  intersection  of  the  planes  OA,  OB  will  invert  into  a  circle 
through  G  and  0  in  a  plane  perpendicular  to  the  plane  of  the  paper ; 
the  planes  themselves  into  segments  of  spheres  cutting  in  this  circle 
at  an  extei*nal  angle  y.      The  new  conductor  will  be  at  potential 

unity.     If  we  denote  the  potential  at  any  point  Q  outside  of  it  by  f7, 
we  shall  have,  by  the  ordinary  rules  for  inversion. 


If  =  -T^-, 


B 


i 


N 


(OQ'CQ'-B^z'y  I,  cosh  w$  sinh  y$ 


kf  (cosh  a)  df,       (14) 


in  which  N  denotes  the  same  expression  as  in  §  7  or  §  8,  the  angle  $ 
now  being  the  angle  between  the  segment  corresponding  to  OA  and 
the  segment  passing  throagh  Q.  The  angle  $  is  measured  from  the 
former  segment  to  the  latter  in  the  opposite  direction  fix)m  that  in 
which  it  is  measured  in  §  7  or  §  8. 
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The  quantity  cosh  <r  denotes 


2v/0Q*.0Q*-ieV' 

where  z  is  the  perpendicular  from  Q  to  the  plane  of  the  paper. 

Since  Z7,  as  may  be  easily  shown  from  the  above  expression,  and  is 
otherwise  obvious,  is  a  symmetrical  function  about  the  axis  of  the 
inverted  conductor,  we  may  put  js  =  0,  and  consider  only  points  Q  in 
the  plane  of  the  paper. 


13.  For  points  on  the  axis  of  the  conductor 

r= A  r       ^       ^^ 

VQ  Jo  cosh  n^  sinh  >f 

As  a  particular  case,  let  y  =  2ir ;  then,  §  7, 

jj^  B_  f*  cosh  (^r— fl)  ^  cosh  (it—  g)  ^  ,^ 
■"Oyjp  cosh*  ni 

This  integral  can  be  evaluated  by  expanding  sech'  irf  in  powers  of 
e~'^  The  result  of  integrating  can  then  be  arranged  so  as  to  exhibit 
its  equality  to 

R    fir~i(e-ha)      |re~o)   ] 

•JirCQ  (  sin  i  («  +  a)       sin  ^  ((^-a)  )  ' 

This  gives  the  potential  at  any  point  of  the  axis  of  a  spherical  bowl 
charged  to  potential  unity. 

Capacity, 

14.  The  capacity  of  the  inverted  conductor  may  be  determined  by 
means  of  a  result  given  in  my  paper  on  "  Ellipsoidal  Harmonics  " 
{Fhil.  Trans.,  Vol.  clxxx.ii.,  1891)  to  the  following  effect : — If  P 
represent  the  potential  at  the  point  of  inversion  due  to  the  electricity 
induced  in  any  conductor  -4  by  a  charge  equal  to  —  E,  where  B  is  the 
radius  of  inversion,  then  the  capacity  of  the  conductor  inverted  from 
A  is  PR. 

Thus,  in  the  general  case  above,  since  for  the  point  of  inversion 
r  =  E,  £?  =  0,  and  therefore  ^  =  0,  A;  =  1,  if  we  put  f>  =  2w"— a  in 
§  7,  and  ^  =  a  in  §  8,  we  find  that,  whether  the  angle  y  is  greater  or 
less  than  ir,  the  capacity  is  given  by 

liuh  v(  cosh  (y  —  2a)  ^4- sinh  (v  — ir)  f  ,^  ^,«n 

cosh  rf  sinh  yi 


fee      • 
8.1 
0 
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Difference  of  Charges  on  the  Two  Segments. 

15.  It  is  but  a  variation  of  the  proof  of  the  theorem  qaoted  in  §  14 
to  extend  it  to  separate  parts  of  the  invei'ted  conductor,  provided  we 
know  the  potentials  due  to  the  corresponding  distnbutions  before 
inversion.  Thus,  in  the  case  on  hand,  the  charge  on  the  surface  into 
which  OA  inverts  is  given,  §  7,  bj 

E„=Bf(0,R,2ir^a) 

=  E/(0,E,a),  (18) 

and  similarly  Et  =  Eg  (0,  R,y-a).  (19) 

From   (18)  and  (19),  on  substituting  the   values  of  /  and  g,  and 
observing  that 

cosh  (tt  — a)  ^  sinh  (y  — a)  f— cosh  (y—fr—a)$  sinh  of 
reduces  to  cosh  tt^  sinh  (y  —  2a)  f , 


we  have 


J  0         sinh  y^ 


R.^ 


IT       ,  a 

—  cot IT. 


(20) 


This  theorem  I  formerly  proved  for  y  less  than  ir.  It  is  now  shown 
to  be  true  for  any  value  of  y  fn)m  0  to  27r,  the  extreme  cases  corre- 
sponding to  these  angles  being  two  spheres  in  contact  and  a  spherical 
bowl. 


Note  on  Mr.  W.  1).  Niven^s  paper  on  the  Electric  Capacity  of  a 
Conductor  formed  by  Two  Intersecting  Spheres.  By  H.  M. 
Macdonald.     Communicated  December  10th,  1896.* 

In  his  paper  "  On  the  Electncal  Capacity  of  a  Conductor  bounded 
by  Two  Spherical  Surfaces  cutting  at  any  angle,"  Proc.  Land.  Math. 
Sac,  XII.,  1880,  and  also  in  a  further  "  Note  on  the  Electric  Capacity  of 
a  Conductor  in  the  fonn  of  Two  Intersecting  Spheres,"  communicated 

♦  It  wa«  ordered  by   the  Council  that  Mr.  Maodonald's  not©  should   follow 
Mr.  Niveu's  paper. 
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to  the  Society  on  November  12th,  1896,  Mr.  W,  D.  Niven  obtains  the 
potential  due  to  the  distribution  induced  on  a  wedg^-shaped  conductor 
bounded  by  two  intersecting  planes  by  an  electrified  point,  its  value 
being  expressed  at  any  point  on  the  circle  having  its  plane  per- 
pendicular to  the  two  intei*8ecting  planes,  its  centre  on  their  line  of 
intersection,  and  passing  through  the  electnfied  point.  The  expression 
there  given  i8/(^)+gr  (^— 2?r  +  y),  which  is  equal  to 


7  Jo 


cosh £  sinh  ^ f  -|-  cosh 


£sinh  — 


cosh  —  sinh  f 


(«. 


The  potential  at  the  point  $  due  to  the  inducing  charge  is 


1  r 

— |cosec  J  (d  +  a)  = I 

7  Jc 


cosh-^t^ — -I 
7 

cosh  — 


dl; 


therefore  the  potential  V  at  the  point  0  on  the  circle  due  to  the  whole 
system  is  given  by 


=  -!-( 

7  y 


di 


^  •'  °  cosh  ~  sinh  f 
7 


{ 


TT  — 0 


cosh £  sinh { 


•  y 


-S-t  ainn —  — nnan       ■ 


H-oosh':^^^ — - — ^£sinh—  —cosh 
7  7 

smh  — 


£sinh£| 


that  is,  V  =  ^  r  -—X  sinh  ^^^Zll  ^  ^anh  ^  («. 

y  Jo   smh  4  y  y 


Now 


tanh 


ir£ 


.     27rK  ,- 
sin -di 

7 
sinh  ir( 


for  all  values  of  £ ;  therefore 


^±r  r 

7  Jo  Jo 


7  7 


sinh  —  sinh 
7 


sinh  i  sinh  nC 


2  f-  r 

latis,     V  =  --\         -T 

7  Jo  -o  °* 


sin^^^^:±didi 
_7 

sinh  i  sinh  7r£ 


X  <  cosh 


2^-^-yfa    .__  ^^  ,   2^~(9-y-n  ^ , 


jr4— cobh 


Tfs 


]■ 
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Again,  writing 

sin  Kirl  cosh  v, 


sinhr^ 


2irtJo 


a?-"— ar^)(j^4-g-^)  dx 


x'^^x 


X 


thatis     j=-LrK^"-''-;--'^-"-''-;^"}^. 

2»-«Jo    C      x—x'^  x—x~^      )  X 

whence  ^  ~  T~    **^  C^"*"*^')  "T  — tan(X— «:«)-^    ,  1>X>0; 

,  f  *  ain  i:ir£  cosh  irA£  ,^       • 

we  have       I    .  .     .. Os  =  | 

J  0         sinb  t4 


sinh  Kw 


cosh  Kv  +  cos  W 


,  1>X>0. 


It  follows  that 


f 


.     27r£^        ,  2ir-0-y-l-a 
•  Sin cosh 


^l 


sinh 


2irr 


2 1        y 

•  0 


sinh  ^4 


cK  = 


,2nC   ,  2ir— ^— y+a 

cosh  —  +COS ' 


provided 


or 


i>2'-^-y 

y 


>0, 


l> 


O  +  y  — 2t  — a 


>0; 


hence 


y  Jo  sinh  4^ 


sinh 


2tC 


sinh 


I-kI 


cosh  — ^  —  COS cosh  — ^  —  cos 


for  all  values  of  B  in  the  dielectric.  This  expression  agrees  with  the 
general  value  of  V  given  in  my  paper  Vol.  xxii.,  p.  160 ;  and  I  there- 
fore desire  to  withdraw  my  previous  conclusion  that  it  was  incorrect. 
Putting  in  my  expression  for  the  potential  j5  =  0,  y  =  y',  and  there- 
fore fj  ==  0,  g  being  —  y',  it  becomes 


_  1  p     di 


sinh  — 


sinh  — 


a 


sinh  —  I  cosh  —  —cos  ^      cosh-^  —cos  — ^ '- 


the  same  as  the  above,  remembering  that  a  in  the  last  expression  is  y 
in  the  former,  ^  is  6— 27r-|-y,  and  ^  is  y— a. 
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An  Essay  on  the  Oeometrical  Calculvs,  By  E.  Laskbr.  Received 
July  15tb,  1896.  Communicated  November  12th,  1896,  by 
Mr.  Tucker. 

hUroduction. 

In  1844  a  remarkable  book  was  published,  entitled  Die  Ausdehnungs- 
tehrsy  by  H.  Grassmann.  It  deals  virith  a  new  species  of  magnitudes 
— such  as  have  a  number  of  extensions,  and  which  are  composed  of  a 
number  of  independent  units — and  teaches  how  to  interpret  their 
addition  and  multiplication. 

The  book  did  not  excite  much  interest,  probably  because  its  author 
omitted  to  demonstrate  that  his  calculus,  although  quite  different  from 
ordinary  algebra,  was  nevertheless,  if  properly  interpreted,  nothing  but 
a  way  of  writing  algebraical  identities.  Had  he  done  so,  he  might 
have  considerably  reduced  the  volume  of  his  book,  enlarged  its 
sphere,  and  would  probably  have  found  the  keystone  to  modem 
algebra. 

In  1847  an  essay  of  his,  on  the  geometrical  calculus  of  Leibnitz, 
took  the  prize  of  the  Jablonowsky  Society  at  Leipzig.  Aiid,  in  1862, 
prompted  by  some  of  the  few  mathematicians  of  renown  who  had  studied 
his  writings,  he  brought  out  a  second  edi^u  of  his  Atisdehnungslehre, 
This  second  edition  was  far  superior  to  the  former,  and  gained  a 
small,  but  select,  circle  of  friends.  Since  that  time  the  literature 
of  the  subject  has  grown  to  a  considerable  extent,  and  it  is  yet  con- 
tinually on  the  increase. 

It  is  to  be  regretted  that  Grassmann  made  very  little  practical  use 
of  his  calculus.  It  is  surprising  that,  though  he  had  been  for  many 
years  in  the  possession  of  a  new  and  powerful  calculus,  he  failed  to 
contribute  in  any  way  to  the  development  of  the  mathematical  ideas 
which  interested  his  contemporaries.  Yet  the  time  was  full  of 
mathematical  life  and  vigour,  under  the  influence  of  such  men  as 
Hesse,  Clebsch,  Riemann,  Sylvester,  Cay  ley,  not  to  mention  the  older 
generation  of  which  Gauss  and  Cauchy  were  still  alive. 

The  author's  essay  attempts  to  demonstrate  that  Grassmann's 
Ausdehnungslehre  is    a  shape    into    which    projective    geometry    or 
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modern  algebra  may  be  thrown  ;  that  it  is  coextensive  with  these 
two  branches  of  mathematics,  and  that  its  symbolism  embodies 
probably  the  shortest  and  clearest  and  most  suggestive  manner  of 
expressing  the  truths  of  these  sciences.  The  manner  of  deduction 
is  purely  geometrical,  based  on  a  few  assumptions  concerning  the 
nature  of  plane  spaces  of  any  manifoldness. 

1.  We  shall  assume  in  the  following  an  abstract  universe,  a  space 
8  which  shall  contain  any  kind  of  space  whose  definition  is  faultless. 
8  itself  will  have  no  property  to  distinguish  it  in  any  way.  The 
Euclidean  properties  of  our  space  of  three  manifoldness  are  consistent 
with  each  other.  8  will  therefore  contain  the  straight  line  joining 
any  two  of  its  points,  the  plane  determined  by  any  three,  and  the 
space  of  three  dimensions  determined  by  any  four  of  its  points. 

If,  now,  any  point  P  outside  of  a  space  of  three  dimensions  £>,  is 
joined  by  straight  lines  with  all  the  points  of  the  /S>„  then  a  space  will 
be  originated  which  we  shall  call  a  8^,  a  plane  space  of  four  dimen- 
sions, or  of  four  manifoldness.  Let  A,  Bhe  any  two  points  of  the  8^ 
and  A\  B*  any  other  two  points  upon  the  lines  FA^  PB.  Then  the 
line  A'B'  will  be  contained  by  the  plane  PAB ;  which,  in  accordance 
with  its  generation,  must  itself  be  contained  by  the  8^.  The  8^  will 
therefore  contain  the  line  joining  any  two  of  its  points,  the  plane 
joining  any  three  and  the  8^  joining  any  four  of  the  points  of  the  8^. 
A  ^^4  is  detennined  by  any  Sj  contained  by  it,  and  any  point  P  besides, 
not  belonging  to  the  8^.  It  follows  that  it  is  uniquely  determined 
by  any  five  of  its  points  not  situated  in  one  8^.  Continuing  the 
process  by  which  the  possibility  of  the  geometncal  existence  of 
a  8^  was  evolved,  we  demonstrate  in  the  same  way  the  (abst]*act) 
existence  of  a  8^,  a  plane  space  of  n  manifoldness.  Its  fundamental 
pix)perties  will  be  or  are  assumed  to  be — 

(1)  That  it  is  uniquely  determined  by  any  n+l  of  *its  points  not 
belonging  to  any  8k  where  Jc  is  smaller  than  n ; 

(2)  That  it  contains  any  6'*  with  which  it  can  be  shown  to  have 
h  +  l  points  in  common  not  situated  in  a  8i  where  I  is  smaller  than  h ; 

(3)  That  it  is  continuous  everywhere ; 

(4)  That  no  part  of  it  is  distinguished  by  itself  from  any  other 
part  of  it  which  is  identically  constructed  ;  and 

(5)  That  any  jS„_i  cuts  a  8„  into  two  compartments  A,  B  which  are 
identically  constructed,  and  such  that  any  point  moving  in  a  con- 
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tinnons  line  (for  instance,  a  straight  one)  from  A  into  £  must  of 
necessity  pass  the  S^-i- 

Let  A^  B,  Cy  B,  E  be  any  five  points  fixing  the  position  of  a  8^. 
Join  AB  and  construct  all  the  lines  passing  through  A  and  perpen- 
dicular to  AB,  Then  the  totality  of  these  lines  form  a  plane  space 
iSj,  which  will  be  said  to  be  perpendicular  to  AB,  In  S^  ABCD 
construct  the  plane  e,  containing  A,  perpendicular  to  AB;  and 
similarly  the  plane  c  in  the  S^  ABBE  and  d  in  the  5,  ABEG,  ABCD 
and  ABDE  have  the  plane  ABD  in  common ;  consequently  e  and  c 
the  perpendicular  5  on  AB  in  A  contained  by  ABD  ;  similarly  c  and  d 
the  perpendicular  e  in  ABE ;  and  d  and  e  the  perpendicular  y  in 
ABC,  ^  and  e  determine,  in  accordance  with  Euclid's  axioms  in 
space  iS„  the  plane  c  uniquely ;  and  so  €  and  y  the  plane  d ;  y  and  B 
the  plane  e.  c,  c2,  e  are  therefore  contained  in  a  space  2,  of  three 
manifoldness,  fixed  by  A  and  one  point  each  of  y,  B,  c.  c,  (2,  e  divide 
2,  into  altogether  four  compartments  connected  in  J,  in  such  wise 
that  any  point  moving  in  the  2,  would  have  to  pass  one  of  the  planes 
c,  (f,  e,  in  order  to  move  from  one  compartment  into  another.  Let  us 
only  consider  two  of  these  compartments  L,  M  which  are  opposite  to 
each  other,  but  are  otherwise  identically  constructed.  Move  one  of 
the  bordering  planes  c,  d,  6,  say  e,  through  one  of  the  boi*der  lines, 
say  £,  in  L  (and  M)  continuously.  In  its  initial  position  e  was  per- 
pendicular to  AB,  If  the  angle  that  e  forms  with  AB  should  vary, 
if,  for  instance,  the  angle  eAB  should  be  larger  than  if,  as  far  as  L 
was  concerned,  and  therefore  smaller  than  B  if  its  value  is  measured 
in  M,  until  e  comes  in  the  course  of  its  movement  to  coincide  with  a 
plane  e  in  L,  M — when  again  the  angle  e'AB  may  be  B — then  the 
spaces  L\  M'  described  by  the  moving  plane  will  again  be  opposite 
corners,  like  L,  M,  and  identically  constructed. 

But  any  plane  through  B  in.  L\  M*  will  make  with  AB  an  angle 
larger  than  B  in  L\  smaller  than  B  in  IT.  This  would  be  equi- 
valent to  a  permanent  property  distinguishing  L'  from  M*  and  must 
therefore  be  I'ejected.  It  follows,  then,  that  all  lines  through  A  con- 
tained by  the  2,  must  be  perpendicular  to  AB.  Let  us  assume  any 
line  /  thix)ugh  A  perpendicular  to  AB,  but  not  belonging  to  2,.  Any 
one  of  the  points  of  I  not  coinciding  with  A  may  be  called  P.  The  8^ 
in  which  we  operate  may  be  regarded  as  generated  by  the  2,  and 
point  B  in  the  manner  originally  described.  B  and  P  will  therefore 
be  coUinear  with  some  point  Q  of  the  2,.  AP,  AQ,  AB  being  all 
contained  in  the  plane  ABP,  the  two  lines  AP  and  AQ  perpendicular 
to  J  5  must  coincide.     The  proposition  to  be  demon8ti*ated  is  therefore 
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verified.  In  exactly  the  same  manner  we  may  prove  by  induction 
the  more  g'eneral  theorem  that  the  aggregate  of  lines  I  through  A 
perpendicular  to  some  line  AB  in  space  j^^  constitute  a  plane  space 
Sn-u  called  perpendicular  to  AB. 

Spaces  perpendicular  to  the  same  line  I  are  called  parallel.  They 
cannot  have  any  point  in  common.  For,  were  P  any  such  point,  A 
and  B  the  points  which  the  two  spaces  have  in  common  with  2,  then 
PAB  would  be  a  triangle  with  two  right  angles  A  and  B, 

Any  plane  space  may  be  moved  into  coincidence  with  any  other 
plane  space  of  the  same  manifoldness.  This  is  a  direct  consequence 
of  the  fundamental  properties  (1),  (2),  (8),  (4)  of  plane  spaces. 

Through  any  point  P  belonging  to  a  St,  itself  contained  in  a  Sk*u 
a  line  I  may  be  draifvn  in  that  fi**,,,  perpendicular  to  the  Sf  And 
only  one  such  line  is  possible.  To  find  Z,  draw  any  line  T  in  St^^  any- 
where ;  and  at  any  one  of  its  points  P*  erect  the  perpendicular  Si. 
After  that  move  the  figure  conceived  to  be  rigid,  so  that  P*  coincides 
with  P,  Sk  with  Sk'     The  position  which  V  assumes  will  indicate  l. 

Prom  any  point  P  a  perpendicular  can  be  let  fall  on  any  space  2* 
outside  of  it.  To  construct  it  erect  the  perpendicular  at  any  point 
Q  of  ^kj  in  Bpace  Si^P ;  and  draw  in  the  plane  of  P  and  this  per- 
pendicular the  parallel  through  P  to  it.  Only  one  such  perpendicular 
ia  possible,  according  to  Euclid's  parallel  axiom. 

tt  4- 1  points  not  situated  in  a  S^,  where  h  is  smaller  than  n,  form  a 

figure  which  will  here  be  called  a  pyramid  of  n  manifoldness.     The 

points  .^i^...'^»«iwill  be  called  the  comer-points,  the  lines  A^A^^A^A^,... 

A^Af^  -.  the  edges,  the  planes  A^A^A^, ...  A^AgAk ...  the  border-planes, 

the  spaces  S,  A^A^A^A^,  A^A^A^A^,  ...  the  border  S^  of  the  pyramid  ; 

nod  so  on  generally.     A  pyramid  of  n  manifoldness  will  thus  have 

.    .      n-hl.n       J            n-fl.n.n— I    ,       ,        , 
ii^>I  oonier-points,  — - —    edges,    border-planes  ... 

Of  any  timited  part  of  the  space  S„  we  shall  assume  that  it  possesses 
litodft^    And  we  shall  further  assume  that  our  ordinary  con- 
ooncenodng  the  addition  and  the  measurement  of  geometrical 
in   space    S^    are    applicable  to  them.     One    of    our 
is  tkwrefore  that  magnitude  in  space  S^  is  expressible  by 
WBMsfHtd  by  the  n^  power  e"  of  the  unit  of  length. 
jB  M^  -K  1m  two  spaces  of  manifoldness  n— 1  contained  in  a 

to  some  line  I  and  therefore  parallel  to  each 
Mf  figure  L,  and  by  lines  pai-allel  to  I  project  it 
[Wiilinn  M,     Then  the   figure  boixiered  by  L.  3/, 
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and  the  lines  parallel  to  I  is  measured  by  the  length  I  of  the  per- 
pendicular bordei-ed  by  the  two  spaces  if,  K  multiplied  by  the 
measure  of  the  magnitude  i/  (=  M),  This  may  be  proved  by  a 
most  elementary  process  of  integration,  in  conformity  with  the 
assumption  that  our  conception  of  the  addition  of  parts  of  spaces 
should  be  applicable  to  parts  of  spaces  in  the  S^, 

If  P  be  any  point,  A  and  B  any  two  parallel  S^.i  in  a  S„,  and  we 
draw  from  P  a  continuous  aggregate  of  lines,  which  cut  out  of  A 
(supposed  to  be  nearer  to  P  than  B)  a  figure  A\  out  of  B  a  figure  Ry 
then  the  geometrical  body  of  n  manifoldness  bordered  by  A\  B*,  and 
the  lines  emanating  from  P  is  larger  than  A\  h  and  smaller  than 
B'.h;  h  being  the  distance  of  A*  from  B', 

It  might  be  difficult  to  prove  this  when  the  foot  of  the  perpendicular 
let  fall  from  P  on  -4  and  B  falls  outside  the  figures  A'  and  B\  It  is, 
however,  sufficient  for  the  present  pui'pose  to  suppose  that  these 
points  fall  inside  these  two  figures.  Then,  indeed,  it  is  easily  seen 
that  the  perpendicular  projection  of  the  figure  A'  on  B'  is  totally 
enclosed  by  B',  and  that  the  projection  of  B'  on  A'  encloses  the  figure 
A'  on  all  sides.  So,  then,  in  conjunction  with  our  last  proposition, 
the  truth  of  the  theorem  is  at  once  seen  to  follow  from  this. 

We  are  now  enabled  to  prove  the  fundamental  theorem :  If  ^  be  the 
magnitude  of  any  pyramid  of  n  manifoldness  and  D  be  the  magnitude 
of  any  one  of  its  border  pyramids  of  n— 1  manifoldness,  h  the  dis- 
tance of  that  border  S^.^  from  the  opposite  comer,  then 

A  = . 

n 

It  will  not  detract  from  the  genei'ality  of  the  theorem,  if  we  prove 
it  to  be  true  only  when  the  foot  of  the  pei7)endicular  from  the  vertex 
on  the  /S>„.i  is  enclosed  by  the  figure  whose  magnitude  is  D.  For,  if 
it  be  true  under  this  restriction,  it  is  easily  seen  that  it  must  be 
generally  true.     We  make  therefore  that  assumption. 

Cut  /i  into  any  number  m  of  equal  parts,  the  points  of  intersection 
being  A  (the  comer-point  or  vertex)  and  fl,,  jH,,  ...  H^  (which  last  is  the 
foot  of  the  perpendicular  let  fall  from  A  on  the  iS«_i).  Through  each 
Hi  draw   the  space  of  n  — 1  manifoldness  S[^^_j  perpendicular   to   h, 

therefore  parallel  to  the  Sn-i'  Then  the  whole  pyramid  is  divided 
into  m  parts;  each  contained  between  two  parallel  spaces  of  n — 1 
manifoldness  6'^'^ ,  and  S^*'}K 

H-l  «-l 

Now   the   pyramid   of  n— 1   manifoldness  in   the   iSjJ^,   is   in   all 


222  Mr.  E.  Lasker  on  tlie  Geometrical  Calculus,     [Nov.  12, 

proportions  similar  to  the  5„_i  (as  can  be  easily  proved  from  the 
corresponding  figure  in  piano).     If  the  unit  of  length  in  the  fif„_i  is  e, 

then  the  unit  of  length  in  the  fiij*'    will  be  e  — .     If  therefore  I)  is  the 

m 

measure  of  the  pyramid  in  the  Sn-u  then  -^  { — )       is  the  measure  of 

the  pyramid  in  the  6'Jj!_j  (applying  supposition  4).     It  follows  that,  ^ 
being  equal  to  the  sum  of  the  slices  between-  Sf_^  and  S^*_p  A  is 

larger  than  D  —  2  (  -  )     ,  the  i  ranging  from  0  up  to  m— 1,  and  A 
is  smaller  than  D  —  2  I  —  )     ,  the  i  ranging  from  1  up  to  m. 

Til       \vif 

If  m  now  becomes  indefinitely  large,  this  becomes  equivalent  to  the 

D   h 

equation  to  be  demonstrated,  A  =  — '—  . 


2.  Let  ^,  (7,  D, . ..  X  be  the  comer-points  of  a  pyramid ;  and  let  B  be 
any  point  collinear  with  and  intermediate  between  A  and  C.  Then, 
from  our  conception  of  geometrical  magnitude,  the  pyramid  AIW.,,  L 
+  the  pyi'amid  BCD  ...  L  is  equal  to  the  pyramid  ACD  .,,  L,  This 
equation  we  shall  agfree  to  write  in  an  abbreviated  form,  thus, 

AB-^BG=  GA, 
implying  the  above. 

The  equation  written  down  may  now  be  understood  to  be  quite 
generally  true,  whether  B  be  intermediate  between  A  and  G  or  not, 
as  long  as  B  is  collinear  with  A  and  G,  This  implies  that  the 
magnitude  of  a  pyramid  must  also  be  capable  of  assuming  negative 
values ;  that,  to  be  definite, 

AB  =  -BA, 

and  AA  =  0 

In  words  :  If  two  corner-points  of  a  pyramid  are  transposed,  its  ab- 
solute value  does  not  change ;  but  in  as  far  as  the  above  theorem  of 
addition  is  general  it  must  change  its  sign.  And,  if  two  comer-points 
of  a  pyramid  coincide,  its  value  is  =  0. 

For  the  objects  that  we  are  attempting  to  attain  the  true  values  of 
the  volumes  of  pyramids  are  not  so  much  wanted  as  their  proportions. 
We  shall  therefore,  for  the  sake  of  brevity,  designate  by  the  words — 
"  volume  of  the  pyramid  A^A^ ...  J„,i"  and  denote  by  \_A^  ...  -4,,,,]  the 
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n !  fold  of  its  true  volume.     We  then  obtain  the  following  equation : — 
[-4i  ...  -4,+i]  =  [i4,  ..,  i4„]  multiplied  by  the  distance  from  A^^i 

to  the  space  ^j ...  ^„. 

[AB  ...L]  may  be  calculated  by  multiplying  [-45],  the  perpen- 
dicular from  0  on  line  AB,  the  perpendicular  from  D  on  plane 
ABO,  (fee.  by  each  other.  The  perpendicular  from  a  point  upon  a 
plane  space,  in  which  it  is  itself  situated,  is  of  course  0.  We  see 
therefore  that  IAB...^  =  0 

whenever  any  one  of  the  comer-points  of  the  pyramid  is  situated  in 
the  space  of  the  others.     If,  conversely, 

[^bc...-s:l]  =  o, 

then  either  IABG.,,K]=0, 

or  else  L  must  belong  to  the  space  ABG  ,,.  K.  From  this  it  could  be 
shown  by  induction  that,  whenever 

[ABG  ...  KL]  =  0, 

any  one  of  the  comer-points  of  the  pyramid  must  be  situated  in  the 
space  of  the  othera.     If  therefore  n  -f  1  is  the  number  of  the  points 

[4...L]  =  0 

is  the  necessary  and  sufficient  condition  that  the  A....L  may  be 
situated  in  plane  space  of  less  than  n  manifoldness. 

If  ^,  n  are  two  border-spaces  of  the  pyramid  A  ,,.  L  that  contain 
all  of  its  points  together  but  have  between  themselves  no  comer- 
points  in  common,  and  if  we  denote  by  [f  J  and  [rf\  the  pyramids  of 
the  corner-points  situated  in  f  and  ij  respectively,  then,  from  the 
manner  of  forming  the  magnitude  [-4J5  ...  Jy],  it  is  clear  that 

where  [fi?]  is  some  factor  that  is  only  dependent  on  the  relative 
situation  of  the  two  spaces  ^  and  17  to  each  other  and  not  on  the 
special  position  that  the  comer-points  occupy  within  ^  and  1/.  In  the 
same  manner,  if  ^1,  ...  ik  a^^  ^  border-spaces  of  il  ...  L  comprising  all 
of  these  points,  but  of  which  none  has  any  comer-point  in  common 
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with  any  other,  then 

where  [f <]  denotes  the  volume  of  the  pyramid  of  the  comer-points 
situated  in  d  and  [^i^s  "•  ik]  &  certain  number  determined  only  by 
the  position  of  the  spaces  d  relatively  to  ench  other. 

If  \^A  ..,  L]  is  different  from  zero,  then  also  [fi;]  is  different  from 
zero ;  and  $  and  ij  will  have  no  point  in  common  with  each  other.  If 
the  point  P  belonged  to  both  (  and  17,  we  might  move  the  corner-points 
in  (  and  »/,  so  that  one  of  them  in  either  space  (  and  rj  coincides  with 
P,  while  the  value  of  [£]  and  [ij]  remains  unchanged.  The  value  of 
the  pyi'amid  would  not  be  altered  by  this  process  ;  but,  two  of  its 
comer-points  coinciding  (in  P),  it  must  be  zero.  The  necessary  and 
sufficient  condition  that  any  two  spaces  £  and  17  have  any  one  point 
in  common  is  consequently 

m  =  0. 

If  [£»/]  is  different  fix)m  zero,  the  space  composed  by  the  two  (i.e., 
the  space  of  the  A  ...  L)  will  be  denoted  by  I17.  In  the  same  manner, 
£,£,...£*  denotes  the  space  composed  by  fj,  £j,  ...  £4,  i.e.,  the  space 
containing  all  the  points  of  £1,  £j,  ...  Ik-  We  may  easily  verify  that 
[ii  ...£*]  is  obtained  by  multiplying  [£i£,]  into  the  magnitude 
that  £j  forms  with  space  ^if^,  this  again  into  the  magnitude 
that  £4  forms  with  space  £1  £,  £3,  Sdc.  ;  and  that  the  necessary  and 
sufficient  condition  that  any  £<  should  have  any  point  in  common  with 
the  space  composed  by  the  other  £  is 

[£»£,...  £*]  =  0. 

To  define  our  terms :  The  space  £, . . .  £4  will  be  called  the  composed 
space,  the  £,  the  different  components.  If  [£J  =  1,  £  will  be  said  to 
be  in  its  nonnal  form.  If  [£]  =  c,  different  from  1,  c  will  be  called 
the  weight  of  £.  And  [£i  ...  £*]  will  be  called  the  factor  of  the 
composition.  We  thus  may  say  :  The  weight  cf  the  composed  space 
is  equal  to  the  product  of  the  weights  of  the  different  components 
multiplied  by  the  factor  of  the  composition. 

3.  If  we  fix  a  point  0  on  any  straight  line  L  and  lay  down  a  unit 
of  length,  all  the  points  of  the  line  may  be  determined  by  their  dis- 
tance from  0.  If,  then,  a  is  the  measure  of  OA,  c  that  of  OB,  then 
\_AB'\  =  c  —  a.  Positive  and  negative  sign  are  distinguished  in 
accordance  with  the  law 

[AB]  +  [nC]  =  [AC]. 
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From  the  algebraical  identity 

(6-.a)(i-c)  +  (c-6)((i-.a)  +  (a-c)(d-6)  =  0, 

we  conclude 

[.4B].[CD]-|-[50].[JD]+[0il].[5D]  =  0, 

where  also  [AB]  +  [BC] -{-[OA]-  0. 

Let  us  denote  by  k,  2,  m  the  values  of 

[ABl     IBO],     [OA]; 

then  k  [02)]  +  Z  [^D]  +m  [BD]  =  0. 

D  denotes  here  any  point  of  L  whatever.  It  is  therefore  natural  to 
write  the  equation  between  [C/D],  [-42)],  [-BD]  as  an  equation 
between  the  points  C,  A,  B  themselves,  leaving  D  to  be  determined 
until  the  moment  when  the  requirements  of  the  work  make  it  con- 
venient. 

The  equation  may  be  translated  into  words  as  follows: — Between 
any  three  points  of  a  straight  line  a  linear  equation  must  exist.  Or 
else  any  point  (7  of  a  line  may  be  expressed  as  a  linear  form  of  any 
two  others  A  and  B, 

G  =  aA+l3B, 
so  that  a-f /5  =  1 

(on  account  of  A;-f  Z-f  m  =  0). 

By  such  an  equation  C  is  uniquely  determined.  For  it  must  imply, 
according  to  the  meaning  of  such  an  equation,  that 

[CD]  =  a  [AD-]  +p  [BDl 

which  becomes,  when  D  coincides  with  (7, 

0  =  a[AC]-^PlBGl 

The  ratio  in  which  C  divides  the  segment  AB,  and  therefore  G  it- 
self, is  known  when  a  and  P  are  given. 

Let  us  now  agree  to  use  equations  of  this  kind 

even  when  the  points  A^  B,  ...  L  are  not  situated  upon  one  line.     If 
the  space  S  of  these  points  is  of  n  manifoldness,  then  we  define  the 
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meaning  of  such  an  equation  by  laying  down  that,  if  valid  at  all,  it 
must  be  equivalent  to 

a[^X]+6[J?Z]-f  ...+Z[LX]=:0, 
where  X  may  be  any  arbitrary  S^-i   within  the  8^  of  the  points 

A  J     ...     Jjm 

We  shall  now  successively  prove  (1),  if  an  equation  like  the  above 
holds  good  in  space  of  n  manifoldness  S^  it  will  not  cease  to  be  valid 
in  any  space  containing  that  S„. 

(2)  Between  any  n  +  2  points  of  a  space  of  n  manifoldness  which 
are  not  situated  in  space  of  less  than  n  manifoldness,  there  exists 
exactly  one  linear  equation 

aA-\-hB+...-\-lL  =  0, 

where  a-\-h    -\-  ...-\-l    =0, 

and  (3)  if  ^1  ...  L  is  a  pyramid  of  non- vanishing  magnitude  in  space 
of  n  manifoldness,  and  any  point  P  of  that  space  is  given  as  a  linear 
form  of  the  corner-points  of  that  pyramid 

then  P  is  uniquely  detennined  by  this  equation. 

To  pix)ve  (1)  let 

a  lAX]'^h  [^.Y]+  ...  +Z  [LX]  =  0, 

where  X  is  any  S„.i  in  the  Sn  containing  all  the  points  A^  J], ...  L. 
Let  further  2  be  a  Sn^i  containing  the  Sn  ;  and  let  Y  be  any  space  of 
n  manifoldness  contained  by  2. 

Y  has  with  any  straight  line  of  2  a  point  in  common.  This  follows 
from  the  onginal  definition  of  plane  spaces  (as  well  as  by  [Yl^  =  0 
where  I  is  any  line  of  2,  which  is  easy  to  prove).  With  a  plane 
contained  by  2  it  will  therefore  have  in  common  at  least  two  points, 
consequently  a  straight  line ;  and  similarly,  with  the  Sn  of  the  points 
A, ...  L^  ti  Sn-i  which  may  be  called  X.  Let  P  be  any  point  of  Y  not 
contained  by  X.     Then 

Y  is  composed  by  X  and  P  ; 

therefore  [.-1 Y ]  =  [AX] .[(A X)  P] 

r=[AX].[S,,Pl 
Similarly,  [BY]  =  [/iX].[*S„P], 

•••     •••    •••     •••    •••    •#• 

[LY]  =[LX].[S,P]. 
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It  follows  that 

From  this  the  proposition  (1)  is  verified  by  induction. 

The  truth  of  (2)  is  also  demonstrated  by  induction.  Assume  it  to  be 
true  when  n  =  h.  Then  it  will  continue  to  hold  good  when  n  =  A;  + 1. 
A,  B^  C^  ...  L  being  a  group  of  /c-f  3  points  in  space  of  manifoldness 
A*+l,  the  line  AB  will  have  one  point  P  in  common  with  the  space 
Sn-i  of  the  remaining  points  (7,  ,..  L.  Now,  we  know  that  between 
Ay  B,  P  there  exists  some  equation  such  as 

and  according  to  assumption  there  exists  an  equation  such  as 

The  space  S  of  the  points  A  .,.  L  comprises  the  spaces  where  these 
equations  are  valid ;  they  are  therefore  both  valid  within  it.  It 
follows  then  that  the  two  expressions 

aA-^pB     and     yO-f-^D-f ... +XL 

must  be  the  same  ;  and  it  is  incidentally  noticed  that 

One  equation  of  the  form 

aA-^bB-^cGi-,..-\'lL  =  0,     a+[>  +  ... -f  Z  =  0, 
is  therefore  sure  to  exist.     Assume  the  existence  of  another 

uA-i-VB-^cC-^-  ...-^-VL  =  0. 
Compose  ^  by  C  ...  L.     Then 

[CX]  =  [DX]  =  ...  =  [LX]  =  0, 

nnd  a[i1A']  +  C[7iX]  =  0, 

a[AX']-^C'lBX]  =0, 

showing  that  a  :  h  =^  a  :  h\     Similarly 

a  :  h  :  c  :  ...  :  /  =  a  :  6'  :  c' :  ...  :  /' 


proving  (2)  completely. 
Let,  finally, 


P  =  aiH-)3I?+...+XL. 


VI  2 
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From  what  we  know  about  poinbi  upon  a  atniight  line  aA  -hjiB  is 
the  a  +0-pIe  of  some  definite  point  A'  npon  the  line  AB, 

<iA+SB+yC=(a+li)A'+yG 

is  the  a+ff+yple  of  some  definite  point  on  the  line  A'G ;  ie.,  some 
definite  point  in  the  plane  ^ZI{7.  Byinduction,  it  is  immediately  clear 
that 

«.^+j3fl+...+Xi,     where     0+/3  +  ...+A  =  1, 

is  some  definite  point  in  the  space  AB ...  L. 

The  values  a,  j9,  r,  ...  X  which  fix  the  position  of  a  point 

will  be  called  the  "  coordinates  "  of  P,  whenever  A,  B, ...  L  is  a  fixed 
pyi'amid  osed  all  tbrangh  in  one  piece  of  work. 

From  the  theorems  given  many  properties  of  plane  spaces  can  at 
once  be  deduced.  For  instance,  any  S^  has  with  any  Si,,  both  being 
contained  in  space  S.,  where  k  +  h^  n,  one  point  in  common.  For, 
assnme  any  pyramid  of  k+1  points  in  the  8t  A-, ...  At,i,  and  a 
similar  pyramid  in  the  St  B,...Bi.,.  The  total  nnmber  of  these 
points  which  are  all  sitaatcd  in  the  S,  being  h  +  k+2  =  »+2,  one 
linear  equation  most  exist  between  them  (generally  speaking) 

a,>4,  +  ...+a,t,^t.,+6,B,  +  ...  +  6».,B..,  =  0, 

If  Sa  =  c  then  a,jl,+ ... +(it.i'4).,  is  the  c-pleof  the  point  common  to 
both  St  and  S^. 

Similarly  it  may  be  shown  that  a  St  and  a  S*  both  of  which  are 
contained  in  space  S,  must  have  a  plane  space  of  manifoldness 
i-f-i— »  in  common  (fc+A  supposed  to  be  larger  than  »). 

If  St,  St,  Si  are  any  three  spaces  contained  in  a  S„  and 

A  +  fc+Z  =  n-l, 

one  straight  line  (generally  speaking)  can  be  drawn  to  cut  all  three 
spaces.     Assuming 

/i  +  1  points  in  the  S*.     Aj  ...  At,,, 

k  +  l  points  in  the  jS»,     B,  ...  B».„ 

I  + 1  points  in  the  8„     G, ...  C,*,, 
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we  have  ^  +  fc-|-Z-f3  =  n  +  2  points  in  the  iS„,  between  which  therefore 
a  linear  equation  will  exist,  viz., 

Consequently  the    three  points  A,  B,  C  belonging  respectively  to 
iS*,  &,  8i,  defined  by 

aA  =  OiJi  +  .-.+a**!^**!, 
^5  =  6iB,-f  ...-f  t*+i^**i, 


yC  =  C,Oi  +  . . .  +  C,+i  Oi+i, 


are  collinear. 


(Some  theorems  based  on  the  propositions  of  this  section  are  given 
in  two  articles  by  the  author  in  Nature,  August  8th  and  October  17th, 
1895.) 

The  coordinates  of  a  point  have  a  certain  geometrical  significance. 


Let 


aiili+  a,i4,+ ...  +  a^*3  -4„^,  =  0 


for  n  +  2  points  A^, ...  A^^^  in  a  iS«. 

From  this 

ai[.4iX]-fa,[J,X]  +  ...-fa«^j  lA^^^X]  =  0. 

Assume  for  X  the  space  A^A^  ...  Aj,^^ ;   then 


Oj  |_^j^|  ...  ^n-flJ't'^L'^S^S  •••  -^H+lJ  —  ^* 


If,  therefore. 


then 


<h  ^^  — L'^J'^*  •••  •^*»+iJ> 


and  generally  a»  is  found  by  replacing,  in  {_A^A^  ...  -4, +2],  a*  by  Oj  and 
changing  the  sign  of  the  whole. 

In  conformity  with  the  rule  of  signs,  we  shall  obtain 

Qj  ^      [^A^A^  ...  A„^2j9 

«j  =   —  1_^,J,  ...  -a„^2j, 

Oj  =      Liijilji44  ...  A„^2J^ 

04  =  —[^A^A^A^A^ ...  i4„+2j, 

<Jbc. 


230 


Mr.  E.  Lasker  on  the  Oeometrical  Calculus.     [Nov.  12, 


4.   Let  -«Hf2 — ^-^i4" •••  ^~<^n>^-^«+l• 

In  accordance  with  the  meaning  of  such  equations,  we  ohtain,  by 
adding  any  combination  X:=FiP^  ...P«of  n  points  in  space  A^  ...  A^^i 
to  each  member, 

Replacing  ^,,^2  l>y  its  linear  expression  in  the  ^4,,  this  assumes  the 
form  of  an  identity 

[PiPj ...  P»  (aj-ai+  ...  -faH+i-^w+iJ 

=  64  [PjP, ...  P,Ji]-|-a,[PjP, ...  P„^]  +  ... . 

Treating  the  P  similarly,  it  is  clearly  shown  that  the  values  of 
pyramids  whose  points  are  linear  forms  of  other  points  are  found  by 
treating  them  as  if  they  were  algebraical  products. 

Let  J,  P,  P,  Q  be  four  points  on  one  line,  and 

P  =  ail+6P, 

Q  =  c^+dP; 
then,  according  to  the  above, 

[PQ]  =  rtc  [.U]4-a^  [ilP] -h6c  [P.4] +  6d  [PP]. 
If,  now,  the  nile  of  signs  is  taken  into  consideration,  this  is  seen  to  be 


a  b 
c  d 


[AB]. 


Let,  similarly,  1\  Q,  R  be  three  points  in  a  plane,  linearly  expressed 

by  moans  of  tliree  i)oints  A,  B,  G  in  the  same  plane  whose  triangle 

does  not  vanish 

P  =zaA'\-bB-\-cO, 

Q=:a'A-\'b'B  +  cfC, 
P  =  a"^  +  6"P-fc"C. 


Then  it  is  easily  seen  that 

[PQE]=    a 

-he 


v 

c 

b" 

c" 

» 

c 

/ 

a 

c" 

a 

a 

V 

a 

r 

lABC] 


[BCA-] 


[_CAB']. 
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But,  according  to  the  rule  of  si^s,  [_ABC],  [BGA']y  [CABI  all 
denote  the  same  value  ;  therefore 


[PQE]  = 


a 

h 

c 

a 

W 

c 

ft 
a 

6" 

c 

[ABC]. 


It  could,  in  exactly  the  same  manner  and  in  connection  with  some 
elementary  properties  of  determinants,  be  shown  that,  i/  «  + 1  points 
Pj, ...  Pn*i  a^e  expressed  as  linear  forms  of  ihen-\-\  comer-points  of  some 
pyramid  A^  ,,,  A^^iin  their  space 


then 


[PjP,  ...  Pm  +  iJ  — 


a 


M 


^1,  M  ♦  I 


^M  +  J.l       <*ll*l,fl*l 


\_Ai  ...  ^„<.|J. 


Let  Ai  ...  An^i  be  a  fixed  pyramid,  P  a  variable  point.     Put 

Jr  =  XiAi-^" ...  +^M*i-"fi*i ; 

then  the  totality  of  points  for  which  the  x  satisfy  a  linear  equation 

aia*j-|- ... +a„4,iiFrt^i  =  0 

form  a  certain  S„^i.  Indeed,  let  P„  ...  P„^i  be  n-hl  points  whose  co- 
ordinates Xij  satisfy  the  given  linear  equation.  Then  from  elementary 
properties  of  determinants  their  determinant  (aj,,^)  vanishes ;  there- 
fore also  [Pj  ...  P„+i],  showing  that  P„^i  belongs  to  the  space  of  the 
other  n  points. 

If  Q,  B  are  any  two  points,  and 

a^x^-\-a^j-j- ...-\'a„^jX,t,i  =  w  =  0 

be  the  equation  of  any  Sh_i,  then 

uQ  :  uR, 

or  the  proportion  of  the  values  obtained  by  inserting  in  place  of  the 
running  coordinates  contained  in  u  those  of  Q  and  B  is  equal  to 

[S,.,Q]  :  [S...U], 

that  is,  equal  to  the  proportion  of  the  perpendiculars  from  the  two 
points  on  the  iS>„_,.  Indeed,  let  P,,  ...  P„  be  any  n  points  fiidng  the 
Sn-l^  X  a  variable  point 

A  =  afj^j  -f-  ...  'T^H+iAftt.i ; 

then  [P,  ...  PnX]  must  be  a  multiple  of  u,  both  being  homogeneous 
and  linear  in  the  .r^  and  expressing  by  their  vanishing  the  same 
circumstance. 
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5.  Let  A,  B, ,.,  L;  A\  B", ...  L'  be  any  two  pyramids  in  the  same 

space  £.     Let   i}   be  any   other  space.     Then,  from  the  formula  of 

composition, 

lAB...Lfi]  =  [AB.:.L'].[lfil 

[A'B^,..  l/'n]  =  [A'B\..  i']  .  [Ifil 

Should  therefore 

[AB...L]  =  k[A'B'...L'l 

then  also  {_AB  ...  iiy]  =  k  l^A'B"..,  i'l;]. 

This  equation  may  again  be  written  in  an  abbreviated  form  thus, 

AB...L  =  k.A'B'...L\ 

In  accordance  with  this  result  we  may  lay  down  that  by  the  words 
*^  space  £  "  is  meant  any  combination  of  points  in  that  space  whose 
pyramid  is  =  1 ;  and  by  A*£,  h  denoting  any  constant,  any  combin- 
ation of  points  in  that  space  whose  pyramid  is  =  A;. 

In  order  to  express  the  fact  that  any  two  spaces  S  and  T  are 
identical,  we  write  S  =  T,  saying  S  cong^ent  to  T,  Thus  the  straight 
line  X,  joining  two  points  A,  B,  is  L  ^AB.  However,  according  to 
the  above,  L  only  =  AB  when  [-45]  =  1.     Generally  AB  =  [-45]  .  L, 

A    linear    equation    between   spaces   of   the   same  manifoldness 

*ll  *n  •••  **» 

(E)     rifi-hcA-h...+c*^»=0, 

is  defined  as  an   abbreviation  for  the  equation  between   numerical 

Ci  IM  +Cj  [fji?]  -I- ...  -he*  [&i;]  =  0, 
ri  denoting  an  arbitrary  space,  such  that 

It  is  immediately  seen  that  from  (E)  it  follows  that  also 

^  denoting  an  arbitary  space. 

If  a  linear  equation  exists  between  two  spaceSj  they  must  he  congruent. 
Let,  indeed,  (  and  17  be  any  two  spaces,  P  any  point  of  17.     From 

we  conclude  Cj^P  =  c^iyP  =  0; 

I.e.,  any  point  belonging  to  1;  also  belongs  to  i ;  therefore  i  =  ly. 
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If  a  linear  equation  exists  between  three  spaces  of  h  mamfoldness 
fi,  f„  f|,  tJiey  mtist  have  a  Sk^i  in  common  ;  and  they  will  he  contained  in 
a  Sk^\.  And,  conversely,  if  this  is  so,  then  a  linear  relation  must  exist 
between  them.. 

Indeed,  let  c,f i  +  c,f,  -f  c^i  =  0. 

If  P  is  a  point  common  to  ^,  and  ^„  then 

f,P  =  0     and     f,P  =  0; 

but  c,(,P'^cJ,P+c,(,P  =  0; 

consequently  also  fi-P  =  0 ; 

i.e.,  a  point  common  to  two  spaces  (  belongs  also  to  the  third. 

Let  2  be  the  space  common  to  ^i^s^s,  A^  any  point  of  ^,  not 
contained  in  2,  A^  any  point  of  ^,  not  contained  in  2.     Join  A^,  Ay 

From  Ci£i-4,-4, + c^^A^ + cJi^A^A^  =  0, 

we  conclude,  since  l^A^  =  Q,     i^A^  =  0, 

that  also  is-^i^s  =  0 ; 

i.e.,  that  the  line  A^A^  has  a  point  in  common  with  £,.     Let  this  point 
be  denoted  by  A^ 

Let,  now,  A{  be  a  point,  if  such  a  point  exists,  belonging  to  ^i,but  not 
to  2^1.  Join  A{  with  A^  Any  line  cutting  (^  and  (^  will,  as  we 
have  seen,  also  cut  (y  Let  A{A^  cut  (^  in  A^.  A^A'\  and  A^A^  will 
be  contained  in  the  plane  A^A^A'i',  therefore  have  a  point  P  in 
common.     P  belonging  to  both  i^  and  ^|  will  be  contained  in  2,  i.e.. 

We  see  therefore  that  all  points  of  ^^  are  contained  in  %A^ ;  so  we 

2  is  therefore  of  manifoldness  k^\,  and  the  space  containing  ^i,  i^  (^ 
is  2i4iils,  of  manifoldness  k+l. 

Conversely,  if  f„  f„  fj  are  three  spaces  of  manifoldness  h,  having  a 
Sk-i  (2)  in  common  and  contained  in  a  Sk*u  ^^ey  will  be  cut  by  any 
line  of  the  Sk^i  not  belonging  to  the  8k-i  in  one  point  each,  denoted 
respectively  by  A^,  Aj,  A^, 

fi  =  2-4 1,    Cj  ^  2-4,,    Ci  ^  Sil|. 

-4i,  A^,  A^  being  collinear,  a  certain  relation  will  exist  between  them, 
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therefore  also  c,iA^  +  c,%A^+c^^A,  =  0, 

vbicb  may  also  be  ivritteu 

■-,  [SJ,]  i,+c,  iSA,-]  (,+c,  [2^.]  f,  =  0. 
The  theorem  proved  may  be  expressed  diffei-ently  thus  : — 

(1)  If  two  spaces  (,,  {,  of  ;t  manifoldness  have  a  space  Si.i  ia 
common,  then  any  linear  form  of  them  Cjfi-fCgf,  is  congrnent  to 
some  space  („  also  containing  the  St.,. 

(2)  If  two  Hpaces  („  (,  of  k  manifoldness  have  not  a  space  St-i  in 
common,  then  any  linear  form  of  them  Ciii  +  c,£,  cannot  be  congrnent 
to  any  space,  but  will  have  a  symbolical  significance  only. 

If,  for  instance,  l„  2,  are  two  lines  in  space  which  have  no  point  in 
oonunon,  then  CiZi+c,i„  or  any  expression  equivalent  to  it,  will  not  bo 
repreeent«d  by  a  line.  But  natnre  adds  forces  in  the  same  manner 
as  lines  are  added  in  the  sense  defined  above,  so  that  sncb  expressions 
Cil,+c,l,  may  very  well  be  employed  to  express  the  effect  of  a  system 
of  forces  acting  upon  a  rigid  body,  or  the  instantaneous  movement  of 
such  a  body. 

Let  („i,,  ...  £„  be  spaces  of  k  manifoldness.  Then  any  linear 
form  of  tbem 

c,(,  +  c,£,+  ...+c„$„  +  ... 

will  be  called  a  form  of  manifoldness  k. 

Between  Ike  border  St's  of  ani/  pyramid  no  linear  relation  can  pogeibly 
exist.  But  any  space  of  k  ■numifoldneis  in  the  space  of  the  pyramid  can 
be  represented  as  a  linear  form  of  these  border  St's. 

Let  A,,  ...  A^n  be  the  comer-points  of  any  pyramid  in  space  8.. 
To  prove  the  first  part  of  the  proposition  assume  any  linear  relation 
between  the  border  Si  of  the  pyramid 

f,^,...  A„+,,.+c^-t-...  =0, 

the  c  denoting  constants,  the  ij  border  St'a.     Add  the  combination 

r,  =  J,,iJi.,  ...A„,„ 

containing  all  comer-points  but  the  A,  ...  vli,, ;  then 

therefore  c,  [A,...  A^^At^j ...  A^^i]  =  0. 

[J|...  .^„,|]  is  different  from  zero  accoi'ding  to  hypothesis.     Thorefoi-e 

c,  =  0,  and  generally  Cj  =  0. 
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In  any  space  f  of  A;  manifoldness  in  the  Sf^,  assume  any  ^  +  1  points 
P^^P^^  ...  Pk^u  whose  pyramid  is  =1.  Then,  according  to  defini- 
tions *  __  p  p        p 

C  —  P\Pl  "•  -**  +  !• 

But,  the  P  being  situated  in  the  8^  fixed  by  the  pp'amid  ^,  ...  -4„+i, 
they  must  be  expressible  as  linear  fonns  of  these  points  j4„ 


• 

Pj  ...  Pj+i  is  therefore  obtained  by  multiplying  the  linear  expressions 
-with  each  other,  under  consideration  of  the  rule  of  signs,  and  the  law 
that  two  identical  factors  give  zero  as  result.  The  expression  thus 
obtained  defines  £  uniquely,  as  no  other  expression  of  the  same  form 
can  be  equal  to  it.  The  coefficients  of  the  border  S^'s  are  expressible 
in  the  form  of  determinants  of  the  matrix 


ci.i 


^**i,i 


^l,n4-l 


^*  +  l.M^* 


according  to  what  has  been  shown  before. 

The  most  genei'al  form  of  manifoldness  h  in  space  8^  is  conse- 
quently a  linear  form  of  the  border  8k  ^  of  any  pyramid  situated  in 
the  8n'  As  such  it  has  altogether  (w-f-l)**!  independent  coefficients 
(coordinates). 

The  forms  of  manifoldness  2  can  be  given  a  certain  shape  which 
seems  simpler  than  any  other. 

If  a  and  6  are  any  two  lines,  and  [a6]  =  0,  then  a  and  h  will  have 
a  point  in  common,  and  any  linear  form  ha-\-kh  will  therefore  be 
congruent  to  some  line.  If,  however,  [a5]  is  different  from  zero,  such 
a  reduction  will  not  be  possible,  as  was  shown  before. 

Let  A,  B,  G,  D  be  the  four  comers  of  a  pyramid  in  a  8y  The 
general  form  of  the  second  order  in  the  <S,  is 

X=:ciAB-\-c^AC-\-c^AD-hr^BG-\-(kBD-hCnCD, 


I.e., 


=  A  (ciB-^CiC+c^D)+c^BC  +  c^BD'\'C^GD. 
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But  CiB-^c^O+c^B  is  s  some  point, 

c^BG+c^BD-^-c^GD  is  =  some  line, 

in  the  plane  BGD ;  therefore 

X  =  ha-\'1ch, 

where  a  passes  through  an  arbitrary  point  A,  and  &  is  totally  situated 
in  an  arbitrary  plane  BGD  (not  containing  A), 

This,  then,  is  the  reduced  form  of  the  second  order  in  space. 

Similarly,  Ai,  -4„  ...  Ag  being  the  five  comer-points  of  a  pyramid 

where  X  is  the  most  general  form  of  the  second  order  in  the  8^,  and 
Y  the  most  general  form  of  manifoldness  2  in  the  8^  A^A^A^A^^  and  P 
belongs  to  that  8y 

Put,  then,  T  =  ka-^lhy 

80  that  a  passes  through  P;  then  hAiP-^- ha  is  again  =  some  line  c; 

and  we  finally  obtain 

X^^mc-^nby 

where  m,  n  are  some  constants.  The  line  of  reasoning  is  thus  indicated. 
We  conclude ;  The  most  general  form  of  the  second  order  in  space  8n  w 

where  the  c  are  constants  and  the  a  lines,  and  v  \a  =  |n  or  =  |(n+ 1) 
according  as  n  is  even  or  odd. 

If  the  a,  are  all  situated  in  a  space  S,  we  may  say  that  X  belongs 
to  2.  What,  then,  is  the  condition  that  X  belongs  to  a  space  of 
manifoldness  ^,  and  not  to  space  of  lower  manifoldness  P 

If  X=^+A;6, 

XX  =  X^  =  hkah, 
aa  and  hh  being  zero,  and 

If  JP  =  0, 

then  ^  .  A;  =  0    or     [aV]  =  0, 

from  which  we  conclude  that  X  must  then  simply  be  a  line. 
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Therefore  the  necessary  and  sufficient  condition  that  X  should  be 
a  line  is 

and  that  X  should  belong  to  a  5,  is 

and  quite  generally,  concluding    in  the  same  way  as  above  :    The 

necessary  and  sufficient  condition  thai  X  should  belong  to  a  space  o/  2n  +  l 

manifoldness  is 

Z"*«  =  0. 

And  the  space  to  which  X  belongs  is  =  X"**. 

In  the  language  of  determinants  this  leads  to  the  following  theorem. 
Let,  first  of  all,  four  points  A^^  A^^  ^„  A^  be  the  comer-points  of  a 
pyramid  in  space  ^„  and 

P  =  Ci -4i -h  c,  ^, -I- c,^, -1-^4^4, 


Q  =  dli^iH- (2,^,4-^-4,  H-ci^i^^. 


Then 


X=PQ  = 


d,d. 


A,A,+ 


Ox   c, 
di  dg 


^iilj-t"  ••• 


+  Am  ^1-44  +  ^1.4  ^^4- 

This  not  being  the  most  general  form  of  manifoldness  1  in  S„  the 
A  must  satisfy  the  relation  expressed  by 

Developed,  this  relation  is  seen  to  be 

(E)     A,.,  A,,,+ A,.,  A,.,-h  A^.,  A,,,  =  0. 

Or,  in  the  language  of  algebra,  between  the  six  determinants  of  the 

matHx 

Ci     c^     Ci     c^ 

di    d^    d^    d^ 

the  above  relation  (E)  holds  good,  and,  if  (E)  be  satisfied,  then  the 
magnitudes  Ajj  can  be  expressed  as  determinants  of  such  a  matrix. 
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Let,  now,  quite  generally  Ai .,.  A^^ihe  any  pyramid  in  space  /S», 

aj  be  any  line  =  Aiy2i4iJ,-f-Al*,Ui^5+---H-Al.'M,^/-|-..., 

Oa      ..        »      =Al*2^ii4,-f  -\'jlf}AiAj'\'..., 


>j 


a. 


—  a(-^ 


(») 


=  ^1,2-^1-^1+  'i'^ijAiAj-^' ,,,, 

If  V  is  smaller  than  i  (w-f  1)  or  ^n,  then  X  is  not  the  most  general 
form  of  the  second  order  in  space  A^  ..,  A„^i,  The  ^ij  must  there- 
fore satisfy  a  number  of  conditions.  They  are  all  expressed  by 
the  equation  .^.     Z"**  =  0 

when  X*  is  supposed  to  be  different  from  0.     In  algebraic  form 

(E-)    2A,.j. .  A^j, .  Ai.j.  ...  A.,^„,,^,  =  0, 

where  the  summation  is  to  be  extended  over  all  indices 

different  from  each  other,  but  which  belong  to  a  circle  of  2i»  +  2 
integers ;  (E')  then  is  a  series  of  necessary  and  sufficient  conditions 
that  magnitudes  Aj^>  shall  be  expressible  as  one  and  the  same  linear 

of  the  determinants  A[j  of  matrices 


dt 


(*) 


We  might  put  this  again  into  determinant  form,  but  we  leave  the 
matter  heiH),  as  it  lies  too  far  apart  from  the  object  here  pursued. 

Forces  acting  on  a  rigid  body  have  a  certain  line  of  action  a,  and  a 
certain  intensity  h,  so  that,  by  identifying  them  with  h .  a,  they  are 
pei-fectly  defined. 

Two  forces  in  the  same  plane  have  the  same  effect  as  one  force 
according  to  the  pai'allelogram  of  forces.  Let  a,  b  be  the  two  lines  of 
the  forces  f^,  /,,  P  the  point  of  intersection  of  a  and  h.  Further, 
determine  A  on  a,  and  B  on  h,  so  that 

h  =  [PAl 

and  A:=[PjB], 


where 
and 


f^  =  h.  a  ==  PA, 
/,  =  Ar .  6  =  PB. 
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The  resultant  of  /i  and  /j  is  double 
PD,  where  D  is  the  centre  of  the 
finite  line  BA  ;  therefore* 


according  to  the  pai*aIlelogram  of 
forces.  So,  then,  the  resultant  of  /i 
and  /,  is 

This  is  also  true  when. a  and  6  are  parallel,  and  even  when 


(the  two  forces  then  forming  a  couple)  ;  only  that  then  the  line  of 
action  of  the  force  is  a  certain  exceptional  line  which  will  afterwards 
be  spoken  of  as  the  line  infinity,  and  which  would  again  be 
characterized  by  /i  -f /j,  in  situation  as  well  as  in  regard  to  a  certain 
factor  (the  magnitude  connected  with  the  couple). 

By  applying  the  calculus  to  the  formulse  of  mechanics,  the  same 
result  would  be  attained  for  forces  acting  on  rigid  bodies  in  space. 
The  effect  of  a  system  of  forces  upon  a  rigid  body  would  then  be  seen 
to  be  expressible  by  a  form  of  manifoldness  1.  The  resultant  of  a 
system  of  forces  would  simply  be  their  sum  (in  the  sense  I  defined 
above),  and  the  corresponding  infinitesimal  motion  of  the  body  would 
also  be  determined  by  the  same  form  of  manifoldness  1. 

6.  We  have  not  in  the  pi'eceding  sections  again  mentioned  the 
possibility  that  presented  itself  in  the  introduction,  namely,  that  two 
spaces  might  be  parallel.  Projective  geometry  shows  how  to 
connect  parallelism  with  the  general  theory.  Parallel  spaces  in 
plano^  or  in  space,  are  such  as  intersect  in  a  certain  line  or  plane,  the 
line  or  plane  at  infinity.  The  same  is  true  for  spaces  of  any  degree 
of  manifoldness. 

For  three  points  on  a  line  we  had 

similarly  for  four  points  in  a  plane 

[ABC]  -  [BCD]  +  [CDA]  -  [DAB]  =  0, 


and  genei-ally,  Jp  A.^,  .,.,  A^^^,  denoting  any  pyramid  fixing  a  space 
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8„,  and  P  anj  point  of  that  space 

|_J.j ...  A^^iP j — [  A^A^ ...  A^^iPj'{-\_AiA^A^ ...  A^^iPj  — ... 

This  formula,  indeed,  is  obtained  bj  means  of  the  last  proposition  of 
§  3,  identifying  A^^2  with  P,  and  applying 

The  equation  may  also  be  written,  the  space 

-"J  •••  -^H  +  l       -"1-^1  •••  -^H  +  l"f"-A|-4jil4  ...  -/l„  +  i,    <fcc., 


being  denoted  by  J, 


[IP]=T[AA...^,.i]. 


7  is  defined  as  a  certain  form  of  manifoldness  n—  1  in  space  of  mani- 
foldness  n.  Two  /S»„.,'s  contained  in  a  8^  have  a  Sf^.j  in  common. 
Therefore  a  linear  form  of  such  /S„_/s  is  again  some  iS„-i ;  and  con- 
sequently I  must  be  some  -S,.,.  The  above  equation,  however,  shows 
that  all  points  P  form  with  I  one  and  the  same  magnitude.  This  is 
an  apparent  contradiction  which  has  to  be  explained. 

Let  A,  By  (7,  I)  be  the  four 
comers  of  a  parallelogram.  The 
diagonals  bisecting  each  other, 
their  point  of  intersection  must  be 

\  {A-\-V)  and  also  \  (B  +  G) 

showing  that 

^  +  D  =  B  +  a, 


"v-- 
.^'-'^-s 


^ 


or 


We  found  that  aA-^-fiB  expressed  the  a-f  jS-ple  of  a  point  on  the 
line  AB,  Here  we  see  that,  when  a+)3  =  0,  the  point  in  question 
also  belongs  to  any  line  parallel  to  AB,  The  significance  of  a  4-/3  =  0 
is  shown  by  letting  a-^-p  assume  continuously  varying  values,  with  zero 
as  limit.  Let,  for  instance,  a  be  stable  =  1,  /5  approach  —1  as  limit. 
The  point  P  =  cl4  +  /3P  will  then  travel  away  from  the  points  A,  B ; 
the  more  nearly  /3  approaches  —1,  the  farther  away  Pwill  move, 
and  the  more  nearly  the  valu^  of  [P-4]  :  [PjB]  will  approach  unity. 
In  the  limit  /3  =  —  1,  P  will  be  at  infinity  ;  A—B  is  tlterefore^  the 
jfH}lnt  at  infinity  of  the  line  AB, 
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The  equation 

[JP]  =  T[X,...^,.,] 

may  now  be  interpreted  as  meaning 

{IF]  =  [IQ], 

where  Q  is  any  other  point  of  the  Sn  ;  or  else 

[J(P-Q)]  =  0, 

showing  that  I  contains  all  the  points  at  infinity,  belonging  to  a 
line  PQ  in  space  Sn-     I  is  accordingly  called  the  i5„.i  infinity. 
We  shall  define  J  by  the  form 

with  the  condition,  however,  that  the  value  of  =T=[-4i  ,,.  A^^i']  givi 
{_IP^   must  =  1.      Hence    [IP]  =  1,    where  P  is   any  finite  poii 

therefore  '^s^s ...  -4„^,— -4i-4,-f"...  -4»^i-f"...  =  c.i, 

where  c  is  the  value  of  T[-4,  ...  .4„+,]. 

Two  iS„_i  tn  the  iS„,  «ai/  S>  am?  T,  which  are  parallel,  intersect  in  I, 
Indeed  let  AB  be  any  line  in  S.  From  A  let  fall  a  perpendicu 
on  T,  cutting  it  in  A'.  In  the  plane  BAA'  draw  the  parallel  A'B" 
AB  through  A\  which,  being  perpendicular  to  AA\  must  belong  to 
Bat  AB  and  A'B^  have  in  common  their  point  of  intersection  with 
AB  being  perfectly  arbitrary,  it  is  evident  that  the  S>«_2  in  which 
intersects  I  must  also  belong  to  T, 

iS,  T,  I  are  therefore  connected  by  a  linear  equation 

a8-hbl=  T. 

To  find  the  significance  of  a  and  h  we  compose  this  equation  with 
where  P  is  any  point  of  S>. 

Thus  we  obtain  6  =  [TP], 

showing  that  &  is  the  perpendicular  distance  of  S  from  T.     Cc 
posing  with  any  point  D  of  J, 

a[iSfD]  =  [rD]. 

It  will  afterwards  be  shown  that  \_8D'\  is  the  sine  of  the  angle  t] 
8  forms  with  the  lines  that  pass  through  D,     So  then 

a  =  1, 
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since  parallel  spaces  form  the  same  angle  with  any  line,  and 

(where  T  and  8  are  in  their  normal  form). 

Let  A,  B,...L  be  any  pyramid  fixing  a  Si„.     Since  A—B^A — (7,  ... 
...  K—L,  all  befong  to  I,  it  is  evident  that  I  contains  all  the  points 

for  which  x    -f  y    + ...  +«  =  0. 

The  latter  is  therefore  the  equation  of  I  when  coordinates  are  used. 

Let  A,  B,  G  D  be  four  points  in  a 
plane  connected  by  the  relation 

^-B  =  X((7-D); 

AB  must  be  parallel  to  CD,  From 
the  above  we  obtain 

showing  that  the  point  E  of  inter- 
section of  AC  and  BD  divides  the 
segments  AC  and  BD  in  the  same 

[AB 
ratio  X  :  1,  which  is  also  =  jr 


CD 


This  makes  it  evident  that  the 


symbol  ^— B  is  expressive  of  a  certain  direction  as  well  as  a  certain 
magnitude ;  the  magnitude  being  [AB"]  and  the  direction  being  marked 
by  the  point  at  infinity  of  the  line  AB. 

A  —  B  denotes  therefore  a  certain  "  sect,"  parallel  to  AB  and  equal 
to  it  in  length  ;  X  (^1— JB)  denotes,  similarly,  a  sect  parallel  to  AB  and 
equal  to  X  [ylJ5]  in  length  (although,  to  be  quite  strict,  such  symbols 
should  be  regarded  as  denoting  the  point  at  infinity  ^—B  common  to 
all  lines  parallel  to  AB^  multiplied  into  a  certain  magnitude). 

If  P  is  a  point,  D  any  sect  ;=  X  (^— JB),  then  F-\-D  is  a  point, 
easily  constructed  by  drawing  through  P  in  the  plane  FAB  the  line 
PQ  parallel  to  AB  and  equal  in  length  to  X  [-4B].  The  magnitude  of 
a  sect  may  be  positive  or  negative,  according  to  the  law  of  signs 
introduced  in  §2.  It  may  be  denoted  by  the  symbol  [...].  Thus 
[D]  denotes  the  magnitude  of  the  sect  D.  In  applications  where 
only  its  absolute  value  is  considered,  regardless  of  the  sign,  that  value 
may  be  written,  in  conformity  with  a  notation  already  in  vogue,  thus, 
\D\. 

Let  Di,  D„  ...  D^,  be  any  nsecte ;  Q  =  P-f- AH"  A  +  •••  +^«  is  found, 
as  is  easily  seen,  by  describing  a  polygon  whose  one  comer  is  P 
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and  whose  sides  are  successively  parallel  and  eqnal  in  length  to 
Dj,  D,, ...  J9».  The  ultimate  point  of  this  polygon  is  Q.  It  closes 
\vhen 

For  some  applications  of  the  preceding  theory  (although  not 
affecting  our  present  purpose)  it  may  be  well  to  remark  that 

is,  at  most,  equal  to 

lAI  -h  I  Al  +...+  I-P-I ; 

and  that  Di+A+'^'  +  ^nH"-*  >  li^  w  =  oo, 

converges  towards  a  definite  sect  of  finite  length  whenever  the  series 

I  Di  I  -f  I  A  I  +•••-}-  \  ^n  \  + ... ,  lim  n  =  CO,  is  convergent ;  and 

vice  versa.     This  is  immediately  seen  by  considering  the  geometrical 

significance  of  A "+"  A  +  •  •  •  +  ■^it- 
Points  at  I  obey  the  same  laws,  so  far  as  their  composition  is  con- 
cerned, as  points  in  the  finite  portion  of  the  space  iS„.  So,  then,  A  A 
denotes  the  line  at  infinity  joining  the  points  at  infinity  A>  A*  ^c 
may  represent  A  A  by  means  of  triangles  of  a  certain  magnitude 
whose  plane  is  parallel  to  a  certain  plane.  The  magnitude  in  ques- 
tion is  [P(P-hA)(^  +  A)];  ^be  plaice  is  PAA»  ^  denoting  any 
point  whatever. 

Generally  the  geometrical  substrate  of  A  A  •••  A»  i-e.,  the  space 
S„.i  of  these  points  at  infinity,  is  a  pyramid  of  n  manifoldness,  whose 
space  is  parallel  and  which  is  equal  in  magnitude  to  the  pyramid 

P(P+A)...  (i^+A), 

P  being  perfectly  arbitrary.     The  magnitude  of  the  pyramid 

P(P+A)...(^+A) 

may,  for  shortness,  be  denoted  by 

[A  A- -A], 

which  is  allowable,  this  value  being  quite  independent  of  how 
P  is  chosen  (as  may,  for  instance,  be  shown  by  the  theorem  of 
composition). 

If  r  is  any  space,  D  any  point,  both  at  I,  then  [I'D']  or  the 
magnitude  formed  with  space  jT  by  point  D  is  the  sine  of  the  angle 
which  the  direction  of  B  forms  with  that  of  the  space  T ;  the  angle  DF 

B  2 
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being  defined  as  the  angle  formed  by  any  line  PD  with  it8  perpen- 
dicular projection  on  space  PV.  For  this  is  exactly  the  magnitude 
of  a  pyramid  whose  base  is  a  pyramid  of  magnitude  1  in  PT  and 
whose  vertex  is  P-^D  (where  D  is  of  length  1).  [A A  •  •  •  ^n]  is  there- 
fore calculated  by  multiplying  the  [A] [A]  •••  [-^»]  ^7  ^^^  sine  of 
the  angle  D^Af  ^^^  again  by  the  sine  of  the  angle  that  D^A  forms 
with  A  <^M  according  to  the  theorem  of  composition. 

The  conclusions  of  §  3  applied  to  sects  show  that  the  finite  points 
of  the  space  PA  •••A  are  expressible  in  the  form 

P+a-iA+.-.+a-HA, 
where  the  a*,  may  assume  any  values  whatever. 

If  S  is  any  /S»„_i  in  a  8„,  then  [/S»P]  denotes  the  length  of  the 
perpendicular  from  P  on  8.  Interpreted  in  this  manner,  [IP']  would 
not  =  1,  but  be  infinite.  The  explanation  is  that  I  belongs  to  a  class 
of  spaces  (of  which  it  is  the  only  real  representative)  to  which  the 
conception  of  normal  form  as  originally  given  does  not  apply.  The 
reason  for  this  will  very  soon  appear. 

If  P  is  any  finite  point,  D  a  variable  point  at  I  in  its  normal  form, 
then  P-^D  will  cover  one  half  of  the  surface  of  a  spherical  manifold- 
ness  whose  centre  is  P,  the  other  half  being  represented  by  P—D, 
The  geometry  on  the  surface  of  a  spherical  manifoldness  is  therefore 
identical,  in  metrical  as  well  as  projective  relations,  with  the  geo- 
metry of  points  at  J. 

7.  The  calculus  whose  outlines  have  been  laid  down  in  the  preceding 
paragraphs  may  be  divested  of  its  geometrical  meaning ;  and  it  will 
then  become  a  calculus  of  linear  forms  and  of  determinants. 

Indeed,  let  A,  B, ..,  Lhen  linear  forms  in  n  homogeneous  variables, 

and  let  AB  ...  L  denote  the  corresponding  determinant ;  AB  a  matrix 

of  two  rows,  the  other  rows  C,  D\  ...  L'  left  indeterminate;  ABC 

similarly  a  matrix  of  three  rows,  &c.     And  let  any  equation  such  as, 

for  instance, 

a.ilP+b.CP+c.^F=  0, 

if  valid  at  all,  be  understood  as  an  abbreviation  of  an  identity  between 
matrices  (AB,  OD^  EF)  where  the  rows  left  indeteiminate  in  these 
matrices  are  supposed  to  be  identical.  Then  it  is,  indeed,  easily 
enough  seen  that  the  laws  of  the  geometrical  calculus  are  expressions 
of  elementary  properties  of  determinants.     For  instance, 

AAz:^0 
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would  signify  that  the  equality  of  two  rows  in  a  determinant  causes 

it  to  vanish,  ,  ^  •     , 

AB^-BA 

that  the  transposition  of  two  rows  makes  it  change  its  sign. 

{A'\'B)0  =  AO'\'BC 

is  easily  seen  to  follow  from  the  elementary  fact  that  a  determinant 
is  a  linear  function  of  the  terms  of  each  ix)w  or  column.  And,  finally, 
the  significance  of  .  ^^       ^       ,. 

is  obviously  that  ^,  B,  0^  .,,  L  are  connected  by  some  linear  equation; 
that  they  are  not  "  linearly  independent." 

8.  The  calculus  is  applicable  to  the  geometry  whose  elements  are  : 

(1)  Plane  spaces  8k  through  a  fixed  Sk-i- 

(2)  Plane  spaces  8n-i  in  a  fixed  space  of  n  manifoldness. 

Indeed,  any  two  8k  having  Sk.i  in  common  may  be  linearly 
connected  so  as  to  form  another  8k  through  that  8k.i-  Any  element 
of  this  geometry  may  be  generated  by  composing  the  fixed  8k-i  with 
points  outside  of  it ;  any  linear  manifoldness  of  elements  of  this 
geometry  by  composing  the  5*_i  with  plane  spaces  outside  the  8k^i' 
A  space  Si„  will  obviously  be  of  manifoldness  n— fc  in  regard  to  the 
■elements  of  this  geometry,  the  fixed  St-i  being  contained  by  the  8^,. 

If  E,  =  Sk.,A,, 

E^  =  Sk~iA^, 

•••  ••«  ••• 

Ej^  =  8k. lA)^ 

Are  elements  of  this  geometry,  we  need  only  identify 

lE,...Ek]   with   [8k,,A, ,..  A^], 

E^  ...  Ek     with      Sk^iAi  ...  Aj^f 

And  the  whole  theory  of  point  geometiy  is  at  once  transferi'ed  to  this 
geometry. 

(2)  is  proved  by  reference  to  §5,  whence  it  appears  that  the  8n.\  of 
a  8,t  form  a  linear  manifoldness  of  degree  n ;  that  they  are  linearly 
expressible  by  the  w-f-1  border  8n.i  of  any  non- vanishing  pyramid  in 
the  Sn ;  and  that  any  linear  form  of  these  border  8n.\  represents 
-again,  unconditionally,  a  S^.i- 
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As  regards  geometry  (1)  [^i ...  J?*]  (in  the  new  sense)  was  found 
to  be  =  ISk.iA^  ...  iifc]  (in  the  old  sense).     If  S  is  any  one  of  its 

in  its  normal  form  (according  to  the  original  definition),  and  E  any 
element 

also  in  its  normal  form,  then 

[8E]  =  IS,.,U] 

is,  according  to  the  theorem  of  composition,  the  perpendicular 
distance  of  A  from  8.  If  then  the  angle  formed  by  two  lines 
emanating  from  a  point  in  the  /S»*»i  into  8  and  E  respectively,  and 
perpendicular  to  the  iS^*.i,  is  called  the  angle  Z  8E,  then  it  is  easily 

seen  that  r-noT         •        ci-n 

IE8]  =  sm  z  8E, 

If  the  8k. I  lies  entirely  at  J,  then  [8E'\  is  similarly  seen  to  be  the 
perpendicular  distance  of  the  two  parallel  spaces  8  and  E,  It  is  a 
remarkable  fact  that  the  same  is  true  in  geometry  (2),  as  will  be 
shown  by  the  following  line  of  reasoning. 

The  geometry  (2)  may  be  called  the  "  reciprocal "  geometry,  and 
its  composition  be  denoted  by  a  vertical  line  (so  that  A/B  would 
designate  the  space  composed  in  this  geometry  by  A  and  B). 

Let  then  ABODE  ...  1/  be  any  pyramid  in  the  fixed  S„  ;  and  take 

for  definiteness 

X  =  ABODE, 

Y=ODEFG...L, 

Then  X  and  Y  will  have  the  plane  ODE  in  common,  and  no  point  be- 
sides ;  since,  if  _  .      , «       ^      ,^       ,, 

P^aA  +  bB-hcO  +  dD-^eE 

were  a  point  of  X  also  contained  by  Y, 

rp  =  o 

would  necessarily  imply 

IAB...L]  =0, 

or  else  a  =  0,     6  =  0. 
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Let,  further,  -4i ...  -4„+i  be  another  pyramid,  and 

A  =  oi,i  Ai    + ... +ai,i»+i-4„+i, 

-^  ^  o»*i,i-4i+ •••^■^»♦l,l»♦l-4»♦l• 
Then  the  coordinates  of  ODE  expressed  by  the  border  planes  of  the 
Ai  are  determinants  of  the  third  order  in  the  a^,,.     The  coordinates  of 
X  and  T  are  determinants  of  order  5  and  n— 1  in  the  atj.     Now 
X/Y  ia  f owned  in  accordance  with  the  rules  of  the  calculus.     If 

-2C  =  CjX^i  +  CjX^i-f- ...  , 

the  c  being  constants  and  the  P  border-spaces  of  the  Ai,  then 

The  result  must  be  ODE,  as  we  found  before,  multiplied  by  some 
constant.  This  constant  must  be  in  the  a,j  of  order  n-hl.  And  it 
will  never  vanish  so  long  as  the  assumption^  made  is  complied  with, 
i.e.,  so  long  as  [-4  ...  1/]  is  different  from  zero.  Therefore  it  cannot 
be  different  from  [_A  ...  1/]  itself. 

K,  then,  BX  is  a  S^-i,  A  a  point  outside  of  it, 

AX/BX^IABX^.X, 

as  is  seen  by  considerations  similar  to  the  above.  From  this  the 
proposition  to  be  demonstrated  (which  might  be  called  the  sine 
theorem)  follows  exactly  as  in  case  (1).  The  factor  of  composition 
(in  the  reciprocal  geometry)  of  f/iy,  where  ij  is  a  iS^„_i,  and  (  any 
space,  is  the  sine  of  the  angle  formed  by  (  and  ij.  If  ^  is  parallel  to 
ff,  it  is  their  distance ;  and  the  same  is  true  when  { is  a  point. 

The  Sn.i  I  forms  with  any  finite  S^.i  in  its  normal  fomi  the 
magnitude  1.  Indeed,  let  Ay  B  be  two  parallel  Sn.i  in  their  normal 
form,  such  that  their  distance  is  =  1. 

Then  I  =  A—B', 

therefore  [ JB]  in  the  reciprocal  sense 

=  [-4P]  in  the  reciprocal  sense  =  1, 

and,  similarly,  [Z4]  =  —  [B-4]  =  1. 
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With  thi8  the  formal  laws  of  the  calculus  are  complete,  since,  by 
means  of  the  theorem  of  composition  in  the  original  and  reciprocal 
form,  the  coefficients  occurring  in  any  piece  of  work  can  always  be 
determined. 

9.  Infinity  is  represented  in  the  two  geometries  introduced  in 
the  last  section  in  a  manner  very  different  from  that  in  which  it 
was  expressed  in  point  geometry. 

Let  0  be  a  fixed  point  through  which  pass 
three  rays  a,  6,  c,  situated  in  the  same  plane. 

Let  z  a6  be  denoted  by  y, 


Z&c 
Z  ca 


f) 


>» 


»> 


»i 


/J, 


They 


a,  6,  c  may  be  in  their  normal  form, 
are  then  connected  by  the  relation 

[6c]  a+  [ca']  6  +  [a6]  c  =  0, 

sin  o .  a  -h  sin  /3 .  6  -i-  sin  y  .  c  =  0. 

If  a,  h  are  fixed,  and  c  varies,  then  the  angles  a,  /3  will  vary.  As 
long  as  a  and  /3  remain  real,  sin  a  and  sin  /3  will  also  remain  real  and 
determinate  quantities.  There  is  no  reason  why  we  should  restrict 
ourselves  to  real  values  only,  the  right  of  existence  of  imaginary 
quantities  and  geometrical  entities  in  geometry  having  been  long 
affirmed.  If  a  and  fi  assume,  then,  complex  values,  isin  a  and  sin  /3 
will  still  remain  definite.  This  ceases  only  when  a  and  /3  become 
infinite. 

Let  us  now  investigate  the  meaning  of  sin  a  and  sin  /3  becoming  in- 
finite,    a,  j3,  y  being  connected  by  the  relation 

a-f/3-|-y=0, 

where  y  is  constant,  sin  a  and  sin/3  will  become  infinite  simul- 
taneously.    From 

sin*  a -h  cos' o  =  1, 


1 .      co8  a 
lim  — —  =  I 


(*■• = - 1). 


sm  a 

when  lim  sin  a  ^  oo  . 

From  sin  a  cos  y  +  co8  a  sin  y  -|-  sin  j3  =  0,  dividing  by  sin  o, 

I .     sin  B  f  .  •   •      \ 

lim  -r— ^  =  —  (cos  y  dbt  sm  y), 
sm  a 

lim  sin  a  =  oo  . 
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In  words :  Let  a,  h  be  any  two  lines  in  a  plane,  so  that  Xa-|-/i6, 
where  X  and  fi  are  any  two  constants,  is  =  a  line  in  their  plane,  and 
through  their  point  of  intersection.  If  y  is  the  angle  formed  by 
a  and  6,  then  A  :  ^«  =  —  (cosy dbt  sin y)  determines  two  lines  of  this 
pencil,  which  form  with  a  and  6,  and  therefore  with  any  other  line 
of  the  pencil,  an  infinite  magnitude.  These  two  lines  are  always  dis- 
tinct from  each  other,  since  sin  y  must  be  different  from  zero.  The 
two  values  X  :  fc  to  which  they  belong  are  given  by  the  equation 

X'-|-2X/[icosy-|-/i'  =  0. 

If  7  =  i2, 

then  cos  y  =  0, 

and  the  equation  becomes       X'-|-/i'  =  0, 

showing  that  the  two  exceptional  lines — isotropic  lines  as  they  are 
•called — divide  any  pair  of  lines  a,  h  perpendicular  to  each  other  in  a 
harmonic  ratio.  These  two  lines  are  therefore  the  double  lines  of  an 
involution,  determined  by  pairs  of  lines  through  0  at  right  angles  to 
each  other.  The  involution  of  these  lines  is  projected  on  to  line  I 
of  plane  ab  into  an  involution  of  points  independent  of  0 ;  and  there 
are  therefore  two  points  (the  circular  points)  on  I  determined  as  the 
double  points  of  the  involution  at  I  of  points  at  right  angles  with 
each  other.  Through  one  of  these  two  points  all  isotropic  lines 
must  pass. 

According  to  one  of  our  elementary  pi^opositions  the  totality  of  lines 
situated  in  space  8^  which  are  perpendicular  to  a  line  I  and  pass 
through  a  certain  point  ^  on  Z  form  a  plane  space  of  manifoldness  n  —  1. 
This  may  be  put  differently  by  considering  only  the  I  of  the  space 
thus  :  to  any  point  D  of  J  corresponds  a  certain  S»-»  situated  at  I 
called  perpendicular  to  D  ;  and  vice  versa,  2  being  g^ven,  D  is  uniquely 
determined.  A  correspondence  of  such  a  nature  may  be  conceived,  as 
is  well  known,  as  resulting  from  polarization  upon  some  quadric 
surface.  The  quadric  surface  thus  determined  at  I  will  be  denoted 
by  J.  It  has  received  different  names,  one  of  which  is  "  the  imaginary 
spherical  manifoldness  at  infinity.**  But  we  shall  avoid  giving  this 
quadric  a  special  name,  only  reserving  the  letter  J  for  it. 

We  are  not  dependent  for  its  definition  on  projective  geometry. 
The  following  is  an  independent  iovestigation,  to  prove  the  (absti*act) 
existence,  and  to  show  the  significance  of  that  formation. 
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Let  a,  6,  c  be  three  rajs  emanating  from  a  point  0  in  a  space  S,. 
Then  any  other  raj  d  in  the  S,  through  0  is  a  linear  form  in  the- 

®'  ^»  ^'  ^      \     .     k^  .. 

d  ^  Aa'\-fiO'^vc. 

Each  plane  through  0  will  contain  two  isotropic  lines ;  the  totality 
of  the  isotropic  lines  through  0  in  the  fi*,  form  therefore  a  cone, 
which  is  cut  by  any  plane  through  its  vertex  in  two  lines,  and  is 
therefore  of  the  second  order.  The  angle  a,  h  being  y,  that  of  6,  c 
being  a,  and  that  of  c,  a  being  /J,  the  isotropic  lines  situated  in  the 
planes  a6,  6c,  ca^  respectively,  are  the  three  pairs  defined  by 

V  =0,     X'-f/i'+2A^cosy  =  0, 


A  =  0,     ^'-fy'-f  2/11'  cos  a  =  0, 
/I  =0,     F«  +  X'-f2»'Aco8^=0, 

respectively.  It  follows  that  the  equation  of  the  isotropic  cone- 
must  be 

A'-|-/i'  +  »''-f  2A/1COS  y +  2/11F  cos  o-f  2i'X  cos  j3  =  0. 

This  cone  will  cut  J  in  a  conic,  determined  by  the  three  point-pairs 
in  which  it  is  cut  by  the  lines  infinity  of  ah,  he,  ca,  respectively ;  and 
which  is  therefore  quite  independent  from  0.  It  is  this  conic  which 
we  designate  by  /.  If  Dj,  D„  D,  are  any  three  points  at  I,  forming 
with  each  other  angles  y,  a,  /3,  respectively,  then  the  conic  /  will 
contain  all  points  XDj-f  fiDj  +  KD„  for  which  above  equation  is  satis- 
fied. More  especially,  if  y,  a,  fi  are  all  equal  to  22,  then  the  equa- 
tion of  J  will  be 

X«-|-^«  +  v*  =  0. 

If  D  is  any  point  at  I  in  its  noi*mal  form,  then  the  "  cond"  that 
D  should  belong  to  /  (by  which  we  denote  that  function  of  the 
coordinates  of  the  formations  considered,  or  that  magnitude,  which 
must  vanish  whenever  the  condition  in  question  is  satisfied),  if  D 
does  not  belong  to  J,  is  =  1.  Indeed,  let  D^,  D„  D,  be  three  points 
at  right  angles  at  J.     Let 


Then  the  cond 
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Now,  if  P  be  any  finite  point,  P-\-D  =  Q  another,  then 

JD  =  JiQ-P) 

gives,  according  to  the  theorem  of  Pythagoras  in  space,  the  square  of 
the  distance  from  Q  to  P,  which  is  =  1,  since  D  is  in  its  normal  form- 
In  exactly  the  same  manner  it  may  be  shown  in  regard  to  any 
space  S^. 

(1)  That  the  totality  of  the  isotropic  lines  throagh  any  finite 
point  P  in  B,  8n  cuts  J  in  a  certain  surface  J,  of  the  second  order,  in- 
dependent of  P. 

(2)  That  this  surface  contains  all  points 

for  which  2X,  =  0, 

where  the  D|  are  any  sects  in  their  normal  form  at  right  angles  to- 
each  other  (a  configuration  whose  existence  is  easily  shown  by 
induction). 

(3)  That  for  any  point  J}  at  J  in  its  normal  form  we  have 

/D=l, 

with  the  exception,  of  course,  of  the  points  belonging  to  J  (for  which 
a  normal  form  does  not  exist). 

Let  now  Dj  and  2>,  be  any  two  points  at  J.  If  X,  ^  be  any  two- 
values,  /(XDi-h/LcD,)  is  a  homogeneous  form  of  the  second  order  in 
X,  ft ;  and,  since 

J(A)  =  /(A)  =  i, 

it  must  be  J  (XDi  +  ftP,)  =  X*-f  ^"+2V  •  -K:, 

where  K  is  some  constant  depending  solely  on  D,  and  D,*  ^^  ^^  ^^^ 
constant  K  that  H.  Grassmann  calls  "  the  inner  product "  of  the 
two  sects  Dj  and  D,.  To  find  its  significance  consider  the  values  of 
X  :  fi  for  which  the  quantic  of  the  second  order  vanishes.  Its  two 
roots  obviously  indicate  the  position  of  the  two  points  XD^  -|-  /i D,  in 
which  the  line  D^  I>,  cuts  J.     But  their  equation  is,  as  we  know, 

X«+^»  +  2A/i  cos  (A,  A)  =  0. 
So,  then,  K  =  cos(^  B^B^). 

If,  generally,  Dj,  A  ^^^  ^^7  ^^^  sects,  not  necessarily  in  their- 
normal  form,   then  their  "inner  product"  is  the  factor  of  2a/3  in 
the    development    of   J(aA+/^A)»    according  to   powers  of   a,  p. 
Geometrically,    it    is    the    length    of    the   one    multiplied  by    the 
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perpendicular  projection  of  the  other  upon  it ;  or  [JDj]  [D,]  cos  Z  D,  D^. 
Originally  H.  Qrassmann  introduced  the  sign  x  to  denote  the 
inner  product.  Later  on  he  abandoned  this  way  of  writing.  In 
mechanics,  where  the  surface  /  and  the  inner  product  are  probably 
destined  to  be  of  much  use,  such  a  short  sign  would  have  its  advan- 
tages. 

Let  DxE  denote  the  inner  product  of  two  sects  D,  E,  Let  F be 
any  other  sect.     Then 

This  follows  readily,  for  instance,  from  the  algebraical  definition, 
49ince  obviously  the  factor  of  2a^  in  the  development  of 

J{a(jD+JP)4-/3-B} 

is  the  sum  of  the  factors  of  2afi  in  the  corresponding  development  of 
J{aD-\-fiE)  and/(aF+/3-E?). 

The  equation  of  J  may  be  written  in  a  very  simple  form.  Let 
JDi, ...  D„  be  any  n  linearly  independent  points  at  J.  Then  a  point 
XiDi-h ...  -f-  \.Dn  will  belong  to  J  if 

If  the  Bi  are  in  their  normal  form,  this  is  equivalent  to 

SXj-f  S2XiA,  cos  Z  A,  Bi  =  0, 

a  form  which  might  have  been  found  by  our  original  process. 

To  bnng  any  sect       D  =  Xj  Dj  -|- . . .  -|-  X„ J)„ 

to  its  normal  form,  it  is  necessary  to  divide  it  by  the  square  root 

•of  JD,  I.e.,  by 

V^xJ-f  ...-i-Xi-h'^XiX,  cos  iCDijD,+  ... . 

The  investigation  carried  on  so  far  might  be  pursued  on  the  same 
lines  for  the  geometry  of  spaces  Sk  through  a  fixed  iSa.j,  ov  of.  S^t.^m 
a  fixed  Sn*  We  shall  designate  by  the  name  of  isotropic  spaces  the 
two  spaces  of  any  pencil  that  form  an  infinite  magnitude  with  any 
other  space  of  that  pencil.  If  -4,  ^  are  any  two  spaces  of  k  manifold- 
ness  having  a  ^S^*.!  in  common,  and  y>  the  angle  they  form,  then,  just 
as  before,  XA-^-fiB  will  be  an  isotropic  space  when 

X'-|-/42+2Xficos^=  0. 
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It  is  then  shown,  in  exactly  the  same  manner  as  before,  that 

(the  «,  ...  «„+i   denoting  a  system   of    S«.i  in  a   fixed  /S„)    is    an 
isotropic  space,  when 

Z  Si  8 J  denoting  the  angle  formed  by  St  and  Sj,  An  isotropic  space,. 
it  will  be  noticed,  is  one  which  cuts  J  in  a  quadric  surface  having  a 
double  point.  The  above  is  therefore,  if  projected  into  J,  the 
reciprocal  equation  of  J, 

The  "  cond"  that  a  space  S^^i  in  its  normal  form  should  touch  J  is  1. 
It  will  be  sufficient  to  consider  the  state  of  things  at  J.  Assume  n 
S^.2  at  I  at  right  angles  to  each  other  a,  6, ...  Z.     Put 

fif^.,  =  Xa + /i6 -f . . .  +  >'^. 
The  "  cond  "  in  question  is 

The  Sn.i  and  the  a  .,,  I  being  supposed  to  be  in  their  normal  form 

[a6  ...  Z]  is  =  1, 

X  =  [6  ...  i<S««i],    ft  =  —  [ac  ...  I  8n.t]y  Ac. 

[h  ..,lSn.2]  issimplythesineof  the  angle  which  the  point  h  \  c\  ...  \T 
forms  with  S».j,  Ac.  According  to  the  "  Pythagoras"  for  a  space  iS>„, 
the  value  of  X*4-f»'+ ...  is  seen  to  be  1. 

If  we  form  the  "cond"  in  question  for  a«-|-/3f,  where  a,  /3  are  any 
two  constants,  s  and  t  any  two  Sn.2  at  J,  the  result  will  be  a 
quadratic  function  of  a,  (i  of  the  form  a'  +  /?'+2a/3jK'.  Similarly,  as 
before,  K  may  be  denoted  as  the  inner  product  of  s  and  t,  written 
8Xt,     We  have  then,  if  s  and  t  are  in  their  normal  forms. 


and 


sXt  ==:  cos  Z «,  t, 
{a8-\-h.8)xt  =  asxt-^-bsXtj 


the  a,  b  being  constants.     If  the  o^,  a,,  ...  a^,  are  the  border-spaces  of 
any  pyramid  at  J,  the  reciprocal  equation  of  J"  is  simply 


which  is 


(Xiai  +  ...  -^Kon)  X  (Xia,+  ...  +X^a,), 
=  2X!+2X^co8  Z  cLiajy 
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and  it  also  follows  that,  to  bring 

to  its  normal  form,  it  is  necessary  to  divide  it  by  the  square  root  of 
that  expression. 

Among  the  many  properties  of  J  none  seem  so  interesting  as  the 
one  which  brings  it  into  intimate  connexion  with  the  theory  of  the 
potential  function  W  in  any  space  8n.  It  is  that  /  is  "  apolar  " 
to  W. 

10.  To  find  the  trigonometrical  formulaB  of  plane  and  spherical 
manifoldnesses,  and  related  problems,  can  now  be  easily  solved.  The 
following  is  a  brief  account  of  what  might  be  said  under  this  head. 

Let  A,  By ...  L  he  B,  pyramid  in  space  of  n  manifoldness ;  AyB,...L 
the  border-spaces  opposite  to  the  comer-points  A,  B,  ...  Lj 

J=     BGD...L, 

B  =  -ABB  ...  L, 

C=     ABD...L, 
<&c., 

so  that  ^J  =  55  =  00  =  ...  =  A  =  1, 

where  the  magnitude  A  of  the  pyramid  is  assumed  for  convenience 
equal  to  unity. 

For  any  point  P  we  shall  then  have 

±  P  =  [IP]  A  -f  [5P]  P+ ...  -f  [jCp]  a 

for  Z-4  =  PP  =  ...  =  =b  1 ; 

therefore  this  will  be  true  when  B'=AyB,.,.L\    hence  also  when 
P  is  a  linear  form  of  multiples  of  -4,  P,  ...  L.     Similarly,  if  s  be  any 

8n.\  in  the  <S„, 

s  =  {As']  A 4- [Pfi]  B^-.^^ ILs']  L. 
As  a  special  case,  ja  __  j-n  ^       «_  i 

I  =tt(il  +  P+. ..+£). 
If,  then,  we  cut  this  by  J, 

(E)     All+Bjl^  ClI-{-  ...-h-rjl  =  0, 
Ay  P,  ...  1  are  not  in  their  normal  form,  but  appear  multiplied  by 
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the  magnitude  of  the  border-pyramid  in  their  space.  This  is  not 
fl,ltered  by  the  intersection  with  J.  Bringing  A/I  to  the  right-hand 
mde  and  forming  the  inner  product  of  each  side  with  itself,  we  obtain 

[!]«  =  [Bp+...+[X]"+2[B][(y|coszga-h..., 

the  generalized  cosine  theorem  for  point  geometry.     By  treating  (E) 
differently,  it  can  of  course  be  given  different  forms. 
It  may  be   shown  without  any  difficulty  that  all  the  magnitudes 

connected  with  a  pyramid  are  known  when  the  — ^-- —   quantities, 

^. 

representing  the  distances  of  any  comer-point  from  any  other,  are 

known  ;  and  that  these  quantities  are  perfectly  independent  among 

themselves. 

The   cosine  of  the  angles  formed  by  the  directions  of  any  two 

•edges  which  do  not  intersect  can  easily  be  discovered. 

From  A-B  =  A-D-\-B-r-\'D-G, 

forming  the  "  inner  square  "  of  each  side, 

[A^B]'=[A-Dy-^[B-Oy-^[D^O]\ 

-f2[^-i)][-B-0]cos  ^AD.BG 
-1-2  [^-Z)][D-0]  ix)8  ^ADO 
+  2  [b-D]  [D-G]  cos  z  BGD, 

giving  cos  Z  AD,  BG  in  terms  of  known  quantities. 
The  distance  of  any  point 

P  =  aA  +...+\L 
f  i*om  any  other  Q  =  a  A  -f . . .  +  ^i/ 

is  the  square  root  of  the  inner  product  of  P—  Q ;  and  therefore  ex- 
pressible by  the  — ^-^  quantities. 

The  cosine  of  the  angle  formed  by  any  two  spaces 

AiOiH- ...  +A„+ia„+i, 

the  ai,  ...  a„+i  being  supposed  to  be  in  their  normal  form,  is 

XiAi-i-...-i-X<X^'cos  z(a<,  a>)-h... 

cos  O  — •  —     ■  — ■■  -  -  -^      — __ 


\/aJ+  ...  -f  2XA>  cos  Z  (Oi.af)  \/Xi''-f ... 
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(oj,  a,)  denotes  the  angle  formed  by  a,,  Oy.  For  this  is  the 
product  of  the  two  spaces  after  they  have  been  brought  to  their 
1,1  form. 

mected  with  n  S^.i,  having  a  point  P  in  common,  is  a  certain 
itude,   tvhich  is  the  sine  of  the  angle  formed  by  any  two  of 

multiplied  into  the  sine  of  the  angle  formed  by  any  third  one- 
:he  Sn.2  common  to  the  first  two,  &c.  It  is  the  factor  of  com- 
on  in  the  reciprocal  geometry,  the  composed  space  being  the  point 
f  the  n  S«.i  are 

I  being  supposed  to  be  in  their  normal  form),  then  P  is  found 

J  the  L  are  expressed  according  to  the  rules  given  by  the  n+1 
ninants  of  a  matrix  of  n+1  rows  and  n  columns,  whose  co- 
nts  are  the  Xij.     The  factor  of  composition  of  P  is  therefore 


X  = 


/',  +  l/f4- ...  +  2/„+i 


\/^i.i  + ...  -^^KiKj cos(ai,ay)  v/aJ,i+  ... 


square  roots  being  necessary  to  bring  the  w  S„.i  to  their  normal 
If,  for  instance,  n  =  2,   aj  represents  the  sine  of  the  angle 
jd  by  two  lines. 

e  discriminant  of 

lered  as  a  quantic  in  the  a*,,  the  D  being  sects  of  any  kind,  is  the 
e  of  [Djl), ...  D„].  Indeed,  if  ^,  ..:  JE7„  are  sects  in  the  space 
Dn  at  right  angles  to  each  other,  and  of  length  1,  then 

(aji JE7i  + ... +««K)  X  (aJiJE^iH- ... +ar«JE7J  =  ajj+a^-f ... +«;, 

[n  whose  discriminant  may  have  the  value  I.     If  we  replace 
JDi  by  its  linear  equivalent  in  the  Ei 

A  "  >»  »  ^i 

(«il>i  -h  ...  +««!)«)  X  (a?,jDi  + ...  +x^D^) 

be  expressed  by  the  sum  of  n  squares  of  forms  yt  linear  and 
geneous  in  the  Xi,  whose  determinant  is  not  different  from  the 
mmant  of  the  linear  forms  by  which  the  D,  were  expressed  by 


'»» 


'u 
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the  Ei ;  the  discriminant  in  question  is  therefore  the  square  of  this 
determinant.  But  [E^ ...  jB?„]  =  1 ;  therefore  the  discriminant  is 
the  square  of  [Dj ...  DJ. 

Let  it  be  required  to  find  the  distance  of  a  point  P  from  a  line  I  in 
space  S,  by  means  of  the  coordinates  of  P  and  I. 

If  A,  Bj  Gj  D  are  any  pyramid  in  fi*,, 

I  =  aiJ:P+a,-40-f  ...+aaOD, 

then  IP  =  (ciip^  — a^f\- a^pi)  ABO-\- ... . 

If  Z  is  in  its  normal  form,  then  the  weight  of  IP  will  be  [/P]. 

Thei-efore     [^pj.  =  ^  {(a,2>,-a,2>,  +  a,2>0'+...  j  =  ^^x  ZP, 

whei'e  c  is  a  constant  whose  value  is  I,  when  Z  is  in  its  normal  form, 
and  solely  dependent  on  the  a^. 

The  nght>hand  side  will  vanish  only  when  this  algebraical  ex- 
pression for  the  distance  of  P  from  Z  vanishes,  that  is,  when  IP  is  one 
of  the  isotropic  planes  of  the  pencil  in  the  8^  through  Z ;  then  it  will 
vanish  always.  The  value  of  the  perpendicular  from  P  on  Z  may 
therefore  be  found  by  constructing  these  two  isotropic  planes,  and 
forming  the  "  cond"  that  P  may  be  contained  by  any  one  of  them. 

If  P,  Q,  jB  are  any  three  collinear  points,  Z  any  line  not  intersecting 
PQ  in  the  space  8^ ;  if,  further,  IP  forms  with  IQ  the  angle  <^,  and 

[iP]  =  p,      \lQ-\  =  q, 

I  (aP-\-l3Q)  will  be  an  isotropic  plane,  when 

ay  +  (P^  +  2aPpq  cos  <^  =  0. 

Should  therefore  B  =  XP-^fiQ,  then  the  square  (r*)  of  the  distance  of 

B  from  Z  is  ^       xs  j  ,     j  i  .  o\  jl 

r  =  Ay + fi^q^  -h  2Afipq  cos  0. 

Fi-om  AP+ftQ  =:jK 

it  follows  that  \IP-\-ijlIQ  =  IB, 

If,  therefore,  the  angles  which  IP  and  IQ  form  with  IB  are  denoted 
by  X  and  f,  then  Xp  :  /ij  =  sin  ^  :  sin  x- 

In  the  same  way,  it  is  hardly  necessary  to  mention,  many  other 
apparently  more  complicated  metrical  problems  may  easily  be 
solved.  In  the  remaining  portion  of  this  section  we  shall  investi- 
gate the  pei'pendicular  distance  of  any  two  plane  spaces  that  have 
no  point  in  common. 

VOL.  xxYiJL — no,  591.  a 
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If  A  and  B  are  any  two  spaces  of  manif oldness  h  and  k  respectively, 
having  no  point  in  common  with  each  other,  then  one  point  of  A  and 
one  point  of  B  are  in  snch  relation  to  each  other  that  their  distance 
is  shorter  in  absolute  length  than  that  of  any  other  two  point6f  be- 
longing to  A  and  B  respectively.  The  line  PQ  joining  them  is 
pei'pendicular  to  -4  as  well  as  B^  and  there  is  no  other  line  of  this 
nature.  Indeed,  the  I  of  the  space  AB  is  of  manif  oldness  h  +  A;,  I/A 
is  of  manif  oldness  h—1,  and  I/B  is  of  manif  oldness  ^—1.  To  I/A 
corresponds  a  space  Si  at  J,  of  manif  oldness  ky  whose  every  point 
is  perpendicular  to  I/A ;  and  similarly  to  1/B  a  l,fj  of  manifoldness 
h.  2}  and  Si  have  a  point  D  in  common,  perpendicular  to  I/A  as  well 
3sI/B. 

Through  any  point  of  the  space  AB  it  is  possible  to  draw  one  line 
to  cut  A  as  well  as  B.  This  was  shown  in  §  3.  And  only  one  such 
line  can  be  constructed  if  [-4B]  is  different  from  zero,  an  assumption 
with  which  we  staii:ed.  The  line  I  thus  belonging  to  D  is  therefore 
the  only  line  cutting  A  as  well  as  1^  at  right  angles. 

This  line  I  will  intersect  A  and  B  in  points  P,  Q.  The  distance  of 
P  to  Q  is  measured  by  the  perpendicular  distance  of  P  from  the  space 
of  manifoldness  h-\-k  composed  by  B  and  J/-4,  parallel  to  A.  This 
distance  is  the  same  from  every  point  on  A.  It  is,  to  write  it  sym- 
metrically, the  magnitude  formed  by  B  I/A  with  A  I/B,  and  thus,  as  a 
rule,  easy  to  calculate  when  the  coordinates  of  A  and  B  are  given. 

11.  To  make  this  essay  somewhat  complete  it  will  be  necessary  to 
discuss,  in  a  few  words,  the  theory  of  projection,  or  of  linear  trans- 
formation, as  it  presents  itself  in  plane  spaces  of  any  manifold- 
ness. 

Many  words  are  unnecessary  on  this  subject,  since  it  has  long  been 
exhaustively  treated.  Let  any  two  spaces  of  the  same  manifoldness, 
for  definiteness  point-spaces,  be  put  into  a  projective  correspondence 
with  each  other.  Then  to  any  point  A  in  the  one  space  S  coii^sponds 
one  point  A'  in  the  other  space  S'.  If  any  two  pyramids  are  fixed  in 
S,  S",  the  coordinates  of  the  points  of  S  and  S'  are  mutually  expressible 
as  linear  functions  of  each  other.  It  follows,  that  to  any  point  A  in 
8  will  generally  cori*espond  the  multiple  of  some  point  A'  of  S\ 
And,  if 

A  corresponds  to  aA\ 

B  „  „  hB\ 

then  oA-S-^B  „  „  aa/4'-f /SbF. 
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L  „         „       IL\ 

where  A  ...  L  is  any  pyramid  in  5,  A\,.  L  the  corresponding  one  in  /W. 

Any  point  M •=^  aA    -\-...-\-\L 

will  correspond  to  Ji/'  =  aaJ'+ ...  -f-AZL'. 

It  is  therefore  seen  that  w  +  2  points  determine  the  correspondence. 
For  let 

A  be  pi^ojectively  related  to  A\ 

B 


.MJ 

?» 

>» 

?? 

>» 

-^ » 

•  %  • 

>» 

>i 

?> 

»i 

... ) 

L 

j> 

»» 

>» 

»i 

i; 

M 

1) 

11 

>i 

>» 

M\ 

M=  aA  +...+A.L, 

then  a  ^  a'  :  a  ...  Z  =  X'  :  X, 

and  everything  is  known. 

If  S  and  iS'  are  brought  to  coincidence  with  each  other,  then  one 
pyramid  PQB..,8  will  exist,  whose  corner  points  coj-respond  to 
themselves. 

Indeed,  assume  P  =  aA    +...+XL, 

F=aa^'+...+XZL'. 

If,  then,  P'  and  P  coincide,  for  some  value  of  p  we  must  have 

a  (pA-aA')  4-^  (pB-hB")  -f ...  +X  (pL^W)  =  0. 

If  such  equation  connects 

pA  —  tt/1 ',     pB  —  bB',     . . . , 

then  that  pyi'amid  must  vanish, 

[{pA-aA')(pB-'hB')  ...{pL-W)]  =  0, 

an  equation  in  p  of  order  w-f  1,  which  has  therefore  n-^-l  roots. 

To  each  value  of  p  will  belong  a  system  of  values  a,  /3, ...  X,  connecting 

pA — aA' , , .  pL — IL\ 

so   that  the  comer-points   P  of  the  pyramid  'wViO?^^  ^^Aj^X^wife  ^'^-^ 

82 
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asset^ted  can  be  foand.  In  genei*al,  the  p  will  be  distinct  from  each 
other.  If  they  are  not,  limiting  processes  will  explain  what  then 
takes  place.  But  this  is  not  of  much  importance  for  the  immediate 
objects  of  this  essay. 


Thursday,  December  10th,  1896. 

Prof.  ELLIOTT,  P.R.S.,  President,  in  the  Chair. 

Present — twenty- two  members  and  four  visitors. 

The  following  gentlemen  were  elected  members  : — John  Borthwick 
Dale,  B. A.,  late  Scholar  of  St.  John's  College,  Cambridge ;  Charles 
Samuel  Jackson,  M.A.,  Instructor  in  Mathematics,  Royal  Military 
Academy,  Woolwich ;  Arthur  William  Ward,  M.A.  St.  John's 
College,  Cambridge,  Professor  of  Mathematics  and  Physics,  Canning 
College,  Lucknow,  India.  Mr.  S.  S.  Hough  was  admitted  into  the 
Society. 

The  Auditor  (Mr.  Terry),  having  read  his  report,  complimented  the 
Treasurer  on  the  way  in  which  he  had  performed  his  duties.  Mr. 
Kempe  moved,  and  Mr.  Bickmore  seconded,  a  vote  of  thanks  to  the 
Auditor  for  his  services.  The  vote  was  carried  unanimously.  A 
motion  was  then  made  by  the  President,  and  seconded  by  Lt.-Col. 
Cunningham,  and  carried  unanimously,  for  the  acceptance  of  the 
Treasurer's  report.  Dr.  Larmor  suitably  acknowledged  the  compli- 
ment. 

Major  MacMahon  gave  a  sketch  of  the  result  aiTived  at  in 
Prof.  Sylvester's  "  Note  on  a  Discovery  in  the  Theory  of  Denumera- 
tion."  In  connexion  with  this  paper  the  President  announced  that 
Prof.  Sylvester  had  given  permission  to  the  Society  to  publish  the 
''  Outline  of  Lectures  on  the  Partitions  of  Numbers,"  which  he  read 
at  King's  College,  London,  in  1859,  and  which  had  never  been  pub- 
lished ;  and  that  the  Council  had  arranged  to  print  the  "  Outlines  " 
as  a  companion  to  the  late  President's  Valedictory  Address. 

Mr.  Burbury  communicated  a  paper  "  On  the  Stationary  Motion 
of  a  System  of  Equal  Elastic  Spheres  of  Finite  Diameter." 

Mr.  Hough  read  ajpaper  "  On  the  Influence  of  Viscosity  on  Waves 
and  Currents.'* 
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Mr.  Macfarlane  Gray  gave  a  description  of  his  Multiplying 
apparatus.  Messrs.  C.  V.  Boys,  Dewar,  and  Greenhill  joined  in  a 
discussion  of  points  connected  with  the  subject  of  Mr.  Gray's  com- 
munication, and  a  cordial  vote  of  thanks  was  passed  to  these 
gentlemen. 

The  multiplying  appai*atus  consists  of  two  principal  parts,  a  sole 
fi'ame  and  a  gnd.  In  the  sole  frame  the  product  cards  for  the 
multiplicand  are  set  up  in  oinler.  These  are  the  same  as  what  are 
called  "  Napier's  rods,"  being  each  the  products  in  one  column  of  the 
multiplication  table,  up  to  9  times  9,  with  a  card  for  the  0  column. 
The  gi-id  is  a  fi^ame  fitted  with  a  number  of  sliders,  each  of  the  same 
breadth  as  the  product  cards.  Each  slider  has  at  mid  length  a  pane 
of  glass.  The  edges  of  the  sliders  coincide  with  the  vertical  centres 
of  the  cards,  when  superposed,  so  that  each  pane  lies  over  the  unit 
place  of  one  caixi,  and  the  place  of  tens  in  the  adjacent  card.  The 
sliders  ai*e  set  to  bring  the  panes  each  over  the  pix)duct  lines  for  one 
figure  in  the  multiplier,  taking  the  figui'es  in  the  order  the  revei'se 
of  that  in  which  the  multiplicand  has  been  set  up.  The  grid  fi*ame 
is  fitted  to  slide  over  the  card  fi*ame  upon  stepped  guides,  the  steps 
insuring  the  pi*oper  relative  positions  when  reading  the  products. 
The  sliders  may  be  of  leather  with  the  glass  panes  cemented  on. 
There  is  a  figured  plate  for  setting  the  sliders  by. 

To  obtain  the  pix)duct  of  two  multidigital  numbers,  the  cards  for 
the  figures  in  one  of  them  are  set  up  on  the  sole  frame,  and  the 
sliders  in  the  grid  are  set  for  the  figures  in  the  other.  The  grid  is 
then  moved  linearly  over  the  sole  frame,  moving  one  figure  at  a  time, 
and  at  each  step  the  components  of  the  products  in  one  of  the 
vertical  columns  of  the  ordinary  multiplieation  are  exhibited  at  the 
panes  of  the  multiplier  slidera.  These  are  added  together,  giving 
one  figui'e  of  the  required  product ;  the  grid  is  then  slid  on  to  the 
next  figure,  and  the  next  vertical  column  is  then  shown.  In  this  way 
the  final  product  is  obtained  without  transcribing  the  intermediate 
preducts. 
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shows  three  cards  of  the  multiplicand  637  being  multiplied  by  864. 
The  multiplier  is  set  to  the  required  figui'es  by  adjusting  the  sliders 
till  the  figures  in  the  column  to  the  right  (under  0)  are  seen  through 
the  windows. 

Kach  figui'e  in  the  product  is  the  sum  of  the  black  figures  seen 
through  the  windows.  Through  each  vrindow  two  figures  are  seen> 
but  they  ai^e  not  on  the  same  card.  The  3  in  the  product  is  givetn 
in  this  position. 

By  the  Machine.  By  Ordinary  Multiplication. 

63  7  637 

864  864 


428 
212 


682 
3  14 


2548 
3822 
5  09  6 

5  5  0  3  68 


846 
42  5 

5  5  0  3  6  8 

Lt.-Col.  Cunningham  stated  some  results  arrived  at  in  his  paper 
"  On  the  Connexion  of  Quadratic  Forms."  Upon  a  portion  of  these 
results  Mr.  Bickmore  made  some  supplementary  remarks. 

The  following  papers  were  taken  as  read  : — 

Concerning  the  Abstract  Groups  of  Order  k !  and  ^k  I  Holo- 
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edrically  Isomorphic  with  the  Symmetric  and  the  Alternating 
Substitution  Groups  on  k  Letters :  Prof.  E.  H.  Moore. 

On  a  Series  of  Co-Trinodal  Quartics :  Messrs.  H.  M.  Taylor  and 
W.  H.  Blythe. 

On  Finite  Variations  :  Mr.  E.  P.  Calverwell. 

The  following  presents  were  received  for  the  Library  : — 

"  Beiblatter  zu  den  Annalen  der  Physik  und  Chemie,**  Bd.  xx.,  St.  10  ;  Leipzig, 
1896. 

*  ^  Archives  N^erlandaises  des  Scienoes  Exactes  et  Natorelles, ' '  Tome  xxx. ,  Liv.  3 ; 
Harlem,  1896. 

*'  Wislnmdige  Opgaven  met  de  Oplossingfen  door  de  Leden  van  het  Wiskundig 
Oenootflchap,*'  Deelvn.,  St.  2  ;  Amsterdam,  1896. 

**  Bulletin  of  the  American  Mathematical  Society,'*  2nd  Series,  Vol.  in..  No.  2  ; 
New  York,  1896. 

**  Festschrift  der  Naturforschenden  Gesellschaft  in  Ziirich,  1746-1896,"  Teile 
1,2;  Ziirich,  1896. 

**  Bulletin  des  Sciences  Mathdmatiques,"  Tome  xz.,  Oct.,  1896 ;  Paris. 

**Itendiconto  dell'  Accademia  delle  Scienze  Fisiche  e  Matematiche,"  Serie  3, 
Vol.n.,  Fasc.  8-10;  Napoli,  1896. 

**  Transactions  of  the  Canadian  Institute,"  Vol.  v.,  Ft.  1,  No.  9 ;  Toronto, 
Ootoher,  1896. 

**  Rendiconti  del  Ciroolo  Matematico  di  Palermo,"  Tomo  x.,  Faso.  5  ;   1890. 

**Atti  della  Reale  Accademia  dei  Lincei — Rendiconti,"  Sem.  2,  Vol.  ▼.,  Fasc. 
9,  10;  Roma,  1890. 

*'  Journal  of  the  College  of  Science,  Tokyo,"  Vol.  x.,  Pt.  i.  ;  1896. 

**  Journal  fiir  die  reine  und  angewandte  Mathematik,"  Bd.  oxvn..  Heft  2 ; 
Berlin,  1896. 

**  Annales  de  la  Faculty  des  Sciences  de  Toulouse,"  Tome  x.,  Fasc.  3,  4  ;  Paris, 
1896. 

*<  Educational  Times>"  December,  1896. 

**  Indian  Engineering,"  Vol.  xx.,  Nos.  17-20,  Oct.  24-Nov.  14,  1896. 

Presented  by  Mr.  J.  Hammond : — 

"  Commerdum  Epistolicum  D.  Johannis  Collins  et  aliomm  de  Analysi  promota" ; 
Londini,  1722. 

'*  The  Method  of  Increments,  wherein  the  Principles  are  Demonstrated,  and  the 
Practice  thereof  shown  in  the  Solution  of  Problems  "  (by  W.  Emerson)  ;  London, 
1763. 
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On  the  Influence  of  Viscosity  on  Waves  and  Currents,  By  S.  S. 
Hough,  M.A./  Isaac  Newton  Student  in  the  University  of 
Cambridge.  Received  December  9th|  1896.  Read  Decem- 
ber 10th,  1896. 

In  the  following  paper  my  aim  has  been  to  present  the  solution  of 
certain  problems  illustrative  of  the  effects  of  viscosity  on  the  motions 
of  the  sea.  With  this  end  in  view,  I  have  therefoi'e  had  no  hesitation 
in  introducing  such  appi-oximations  as  would  be  applicable  in  the 
case  presented  by  natui'e.  The  loss  of  generality  resulting  from 
these  approximations  will  be  compensated  for  by  corresponding 
simplicity  of  the  analysis,  while  the  results  are  more  readily  in- 
telligible, in  that  they  admit  of  being  expressed  in  a  form  which  may 
be  at  once  convened  into  numbers. 

The  motions  de^lt  with  may  be  divided  into  the  following  classes  : 

(1)  large-scale  cun^ents,  of  which  the  most  familiar  illustration  is  to 
be  found  in  the  circulatory  system  of  the  North  Atlantic  Ocean; 

(2)  tidal  oscillations,  either  of  the  nature  of  stationary  vibrations  or 
consisting  of  progressive  wave-motions  with  a  wave-length  large  in 
comparison  with  the  depth ;  and  (3)  deep-sea  waves,  in  which  the 
wave-length  is  very  short  compared  with  the  depth.  Each  of  these 
motions,  if  once  started  and  then  left  free  from  external  maintaining 
cause,  would  slowly  subside  under  the  influence  of  dissipative  forces, 
and  my  object  has  been  to  evaluate  for  the  various  types  of  motion 
the  modulus  of  decay,  that  is,  the  period  in  which  the  velocities  in 
the  current  motions  and  the  amplitudes  of  vibration  in  the  periodic 
motions  would  be  reduced  in  the  ratio  1  :  e,  due  to  the  combined 
action  of  internal  viscosity  and  friction  at  the  ocean  bed.  It  might 
be  anticipated  a  priori^  and  it  is  established  in  the  present  paper,  that 
in  the  two  former  classes  of  motion  the  friction  of  the  ocean  bed  is 
by  far  the  more  important  influence  in  destroying  the  motion,  whereas 
in  the  case  of  short  waves  at  the  surface  of  deep  water  the  friction 
of  the  ocean  bed  is  of  no  moment  in  comparison  with  internal 
viscosity. 

To  deal  with  bottom-friction,  it  has  been  necessary  to  intix)duce 
some  hypothesis  as  to  the  nature  of  the  action  between  the  water 
and  the  solid  bed  with  which  it  is  in  contact.     The  most  probable 
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hypothesis,  and  that  which  I  have  adopted,  is  that  no  slipping  at  all 
is  possible ;  but,  if  this  be  not  the  true  law,  the  effects  stated  may  at 
least  be  regarded  as  the  maximum  results  w^hich  could  be  produced 
with  the  assigned  degree  of  internal  viscosity,  and  the  moduli  of 
decay  obtained  may  be  treated  as  inferior  limits  to  the  moduli  of 
■decay  which  would  appear  from  a  more  general  supposition  as  to  the 
action  in  question.  As  it  is  the  large  order  of  magnitude  of  these 
moduli,  rather  than  their  actual  numerical  values,  on  which  the 
physical  application  of  the  results  turns,  the  pi'actical  value  of  these 
results  is  therefore  by  no  means  diminished. 

I  hope  to  enter  more  fully  into  the  physical  bearings  of  the  pro- 
blems solved  in  a  later  paper ;  but  it  will  not  be  out  of  place  to  make 
the  following  remarks  as  illusti'ative  of  my  purpose.  The  existence 
of  ocean  cuiTents  has  been  variously  attributed  to  the  tendency  of 
the  winds  in  certain  regions  (e.gr.,  the  trade-wind  regions)  to  set  in 
particular  directions,  and  to  differences  of  density  arising  from  differ- 
ences of  temperature,  salinity,  <fec.  The  opponents  of  each  theory 
have  urged  that  the  energy  derivable  from  these  soui'ces  is  totally 
inadequate  to  qaierate  the  large  motions  known  to  exist  in  the  ocean. 
Were  the  ocean  free  from  viscosity,  however,  and  initially  at  rest,  it 
follows  that  currents  arising  from  the  sources  in  question  must 
inevitably  be  set  up,  and,  the  causes  being  continuous  in  their  action, 
it  only  requires  lapse  of  time  for  the  motions  to  become  sensible  or 
even  very  large.  The  same  will  be  true  when  there  is  a  small 
amount  of  viscosity  ;  but  in  the  latter  case  a  limit  will  ultimately  be 
attained  when  the  rate  at  which  currents  are  generated  by  the  causes 
in  question  is  on  the  average  equal  to  that  at  which  they  are 
destroyed  by  friction.  After  this  state  has  been  attained  the  motion 
will  remain  steady,  but  we  see  that  no  estimate  of  the  amounts  of 
cuiTcnts  that  could  be  set  up  can  be  obtained  from  considerations  of 
the  amounts  of  energy  involved  in  the  sources  apart  fi-om  considera- 
tions of  the  rate  at  which  energy  is  dissipated  by  friction.  The 
extremely  large  values  we  have  obtained  for  the  moduli  of  decay  of 
the  cuirent- motions  imply  that  energy  is  dissipated  very  slowly,  and 
thus,  though  no  doubt  an  extremely  long  time  would  be  necessary  for 
the  currents,  starting  from  rest,  to  acquire  their  present  magnitude, 
there  appears  no  difficulty  in  supposing  that  the  causes  suggested  are 
quite  adequate  to  maintain  these  motions  when  once  set  up. 

As  regai*ds  the  tidal  oscillations  it  appeai*s  that  in  a  system  com- 
parable with  the  actual  Earth  the  moduli  of  decay  of  the  principal 
free  oscillations  will  be  very  large  compared  with  the  periods  of  the 
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disturbing  forces  due  to  the  Sun  and  Moon.  Hence  it  follows  that 
the  tidal  forces  will  produce  their  full  dynamical  effect,  and  that  the 
conclusions  derived  from  an  equilibrium  theory,  except  in  so  far  as 
they  coincide  with  those  derived  from  a  dynamical  theory,  are  vritli- 
out  foundation.  In  the  case  of  the  long-period  tides,  which  have 
usually  been  supposed  to  follow  the  equilibrium  law  in  consequence 
of  viscosity,  it  is  known  that  the  equilibrium  theory  and  the 
dynamical  theory  lead  to  different  results,*  and  therefore  it  follows 
that  an  equilibrium  theory  must  be  at  fault  even  for  such  tides  as 
the  solar  semi-annual  tide. 

1.  On  the  Bate  of  Decay  of  CxiiTent -Motions. 

The  equation  of  motion  of  a  viscous  liquid  moving  everywhere 
parallel  to  the  axis  of  x  with  velocity  «,  and  subject  to  uniform 
gravity  parallel  to  the  axis  of  z,  is 

ot         ox* 

where  y  is  the  kinematic  coeflficient  of  viscosity. 

If  we  suppose  u  oc  e"**,  and  put  J^  =  a/v,  this  equation  becomes 

from  which  we  determine  u  as  a  function  of  z  in  the  form 

u  =  A  cos  kz-^-B  sin  Icz^ 

where  A,  B  are  functions  of  the  time  alone. 

Expressing  the  time  factor  e?"*',  we  obtain  as  the  general  solution 
of  (1)  of  the  assumed  type 

u  =  {A  cos  kz-\-B  sin  hz)  e"**,  (2) 

where  A^  B  are  now  arbitrary  constants  to  be  determined  from  the 
boundary-conditions. 

Let  z  =  0,  a?  =  7i  be  the  equations  to  the  ocean  bed  and  to  the  free 
surface  respectively. 

At  the  former  we  suppose  that  no  slipping  is  possible,  so  tha* 
rt  =  0  when  z  =  0 ;  this  leads  to 

^  =  0.  (8) 


*  Lamb,  Hydrodynamietj  \  210. 
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At  the  free  surface  the  condition  to  be  satisfied  is  that  the  tan- 
gential stress  must  vanish  ;  or  that  ^c—  =  0  when  r  =  ^.     Therefore 

oz 

kB  cos  kh  =  0.  (4) 

If  A:  or  B  vanish,  u  ynll  be  everywhere  zero,  and  no  motion  will  be- 
in  vol  ved.  Hence  the  admissible  values  of  A;,  which  determine  the 
various  types  of  free  "  laminar "  motion  of  which  the  system  is 
capable,  are  the  roots  of  the  equation 

cos  ^/i  =  0  ; 

the  roots  of  this  equation  are  of  the  form  (2n  +  l)  x/2A,  where  n  is 
integral,  and  therefore  the  appropriate  values  of  a  are  found  by 
giving  n  integitil  values  in  the  formula 

_(27i-fl)'irV^^ 


a  ^  — 


47*" 


A  particular    solution    of  (1)  satisfying  the  assigned  boundary- 
conditions  is  therefoi*e 


n  =  Be      «•        sin  ^ —^ —  , 

2/i 


(5). 


where  jB  is  an  arbitrary  constant. 

To  determine  the  motion  resulting  from  assigned  initial  circum- 
stances we  may  express  the  initial  velocity  u^  by  means  of  a  Fourier's 
series  in  the  form 


"v*  A     '    (2n  +  l)7r« 


"0  —   -"^  -"» 

n>0 


(6> 


The  subsequent  motion  will  then  be  given  by 


n  ■  X 


U  =      2     AnC 


.(Jn*^j^,    .     (2n+l)irz 


sin 


n-O 


2h 


(7> 


For  example,  if  the  velocity  is  initially  constant  and  equal  to  u^^y. 
the  series  (6)  becomes 


^^.  =  ^2 


1         .    (271-^1)  nz 


n       2n-|-l 


sm 


2h 


and  the  motion  at  time  t  is  given  by 


w  =  — ^  2    r r  e      «'        sin  i —-^ — 

TT    w-0  2»-|-l  2h 


♦  Cf,  Helmholtz,  Werke,  Vol.  in.,  p.  289. 
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Vt't^r  A  sutftoieutly  long  interval  all  the  types  of  motion  except  that 
vvrr«s(K>iuli»^  to  m  =  0  may  be  s apposed  to  have  subsided,  and  the 
ultiiuiit<»  state  of  motion  will  be  expressed  by 

H  =   -  5e  u«  sin—-. 

The  moiluli  of  decay  of  the  various  types  of  free  motion  are 

4^*       4/^^  47i* 


(2n  +  l)«irV'    * 


For  water  the  value  of  v  referred  to  C.G.S.  units  is  about  '0178, 
and,  if  the  deptli  be  taken  as  1  metre,  we  tind  that  the  modulus  of 
decay  for  that  type  of  motion  which  subsides  least  i^apidly  is  about 
<>3  houi^s. 

For  depths  at  all  comparable  with  the  depth  oi  the  ocean,  the 
moduli  of  decay  will  be  exti-emely  large.  Thus,  if  we  take  the  depth 
us  4,000  metises,  which  is  pix)bably  less  than  the  true  mean  depth,  we 
Hud  a  modulus  of  decay  for  the  type  ;*  =  0  slightly  exceeding 
100,000  yeara,  while,  even  for  the  type  n  =  100,  the  modulus  will  be 
nearly  3  years. 


2.  Dynainicnl  Equations  for  Wave- Mot ioiis  in  Two  Dimensions. 

The  equations  of  motion  of  a  viscous  liquid  oscillating  in  two 
dimensions,  under  uniform  gravity  parallel  to  the  axis  of  z,  can  be 
expi'essed  in  the  fonn 

^-  =  ;s^  +  "^  V  w. 


dw       vil/  ,    —, 

C-'^  cz 

cx      oz 


(8) 


where    n,   w  denote  the  velocity-components  pai*allel  to  the  axes  of 
.r,  z  respectively  ;  v  is  the  kinematic  coeflScient  of  viscosity,  and 


if/  =  const,  — gz—p/py 


(9) 


g  denoting  the  acceleration  due  to  gravity,/?  the  pressure,  and  p  the 
-density. 
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To  obtain  solutions  of  these  equations,  suppose  that  ?/,  tc^  if/  are 
each  proportional  to  e'"*''"''*^;  they  then  become 


< mr-^tmV  y  >  «  = ur, 


tmt*+  —  =  0; 

dz 


(10> 


whence,  if  we  eliminate  m,  ir ,  we  obtain 


(|-«..)^  =  o. 


(11> 


The  solution  of  (11)  is 


where  -4,  B  are  functions  of  a^  and  f. 

Introducing  this  value  of  ^  into  the  right-hand  members  of  (10), 
we  find  at  once  the  particular  integrals 


n  =  -  -^  =  -  -^  {^e-'  +  Be--}, 


w 


(12> 


To  these  must  be  added  complementary  functions  which  satisfy  the 
equations 


(I  -.)  „  =  0, 

oz 


(13> 


w 


hei-e 


Ar'  =  mr —iniV/v. 


(14) 


From  the  second  of  equations  (13),  we  have 


tr  =  Ce*'-|-De-*% 


(15) 
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aod  therefore,  by  means  of  the  third, 


ik 


in 


(16) 


Combining  these  complementary  functions  with  the  particular 
integrals  (12),  and  expressing  the  factor  e**^^*'^''\  we  obtain  as  the 
general  solution  of  the  equations  of  motion  of  the  assumed  type 


i/r  =  (A e"*' -f  Be " '"=)  f "" ^'- '", 


u 


tv 


V  ni 


(17) 


where  A,  J5,  C\  D  are  arbitrary  constants,  to  be  determined  by  the 
boundary-conditions. 

If  F,  H  denote  the  components  of  traction  parallel  to  the  axes  of 
.r,  z  across  any  plane  z  =  const.,  we  have 


du 


^ox       cz' 


Cz 


and,  therefore, 


L  K  7/1  J 


7//^  =  1^  -f  |y;r  4-  const. 


the  latter  of  which,  on  introducing  the  value  of  tj/  from  (17)  becomes 

Hjp  =  const.-f  [(1+  -''^)  {Ae''"-  +  Be-'"')'^kv  (CV=-Dc-*=)]  ^""^'~''-• 
(19) 


3.   The  Boundary 'Conditions. 

Let  i  denote  the  height  of  the  free  surface  above  the  plane 
and  suppose  that  C  is  expi'essible  in  the  form 


;:  =  //, 
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Then  at  the  surface  z  =  h  we  must  satisfy  the  kinematieal  condition 


dt 


w  =  -, 


which  requii'es 


V 


■^{Ae'"^ 


Jch 


-  Be  -  *"*)  +  Ce*'^  4-  De"**  =  -  iviVa 


-kh  


(20) 


Again  the  stress-conditions  at  this  surface  may  be  expressed  by 
equating  the  stress  across  the  plane  2;  =  ^  to  a  normal  stress  equal 
to  the  weight  of  the  harmonic  inequalities.  This  requires  F  =  0, 
JI  =  —gpi,  when  z  =  h.  The  non-periodic  constant  on  the  right  of 
^19)  must  vanish  identically  when  z^=  h,  and  we  find 


-.  ^(^e*"*- /?(>-"•*)  -h  '^^-'^'''*^  (Ce''-\-De-'')  =  0, 


m 


/^^  22l^l\^^^„.A^^^.„.^^  I 


(21) 


If  ;3  =  0  be  the  equation  to  the  bottom,  the  conditions  to  be  satisfied 
at  this  surface  will  depend  on  the  assumption  we  make  as  to  the 
nature  of  the  action  between  the  water  and  the  ocean  bed.  If  we 
assume  that  no  slipping  is  possible,  we  must  have  n  =  0,  t^  =  0  when 
:;  =  0,  and  therefore 


-^(A  +  B)+'^(G-D)  =  0, 


(A-B)  +  (C+D)  =  0. 


(22o) 


If,  on  the  other  hand,  we  suppose  that  the  bottom  is  perfectly 
smooth,  we  requii-e  w  =  0,  F=-0  when  «  =  0 ;  these  conditions  lead 
to 


-^(A-B)  +  (G+D)=0, 


) 


_  ^  (^ -B)  +  iC't^  (0+  D)  =  0.    I 
V  m  ) 


(22fc) 


The  elimination  of  the  constants  A,  B^  (7,  D,  a  from  the  equations 
(20),  (21),  and  (22a)  or  (226)  will  lead  to  an  equation  connecting  F, 
tlie  velocity  of  wave-propagation,  with  2v/m,  the  wave-length.  The 
character  of  the  resulting  motion  will  depend  on  the  nature  of  the 
ix)ots  of  this  equation.  When  v  is  absolutely  zero,  the  roots  will  be 
of  the  form 


F=  V 


o> 


272  Mr.  S.  S.  Hough  on  the  [Dec.  10, 

where  Vq  is  a  real  quantity  ;  in  this  case  we  have 

or,  retaining  only  the  real  part, 

i  =  a  cos  m(x—  Vf^t). 

The  motion  ^  will  therefore  consist  of  a  train  of  simple  harmonic 
waves  propagated  with  velocity  Fo  in  direction  parallel  to  the  axis 
of  X. 

On  the  other  hand,  if  V  be  purely  imaginary,  say 

vir 
where  r  is  i-eal,  we  have 

whence,  discarding  the  imaginary  part, 

i  =  ae"'''  cos  nix. 

The  surface  will  at  any  instant  be  of  the  form  of  a  curve  of  sines, 
subsiding  without  displacement  of  the  nodal  lines  until  it  ultimately 
takes  the  equilibrium  form  f  =  0.  This  is  the  case  which  might  be 
expected  to  occur  for  very  large  values  of  v. 

Lastly,  if  V  is  complex,  it  may  be  expressed  in  the  form 

'^  1  » 

mr 

and  we  shall  have 

i  =  ae~*'"  cos  m  (x—  Vit). 

The  motion  will  then  consist  of  a  train  of  waves  of  length  2ir/m 
propagated  with  velocity  Fi,  the  amplitude  of  vibration  slowly 
declining  and  being  reduced  in  the  ratio  1  :  e  in  a  period  t.  This  is 
the  case  which  may  be  expected  to  occur  when  the  viscosity  is  very 
small ;  further,  we  may  anticipate  that  V^  will  differ  but  slightly  from 
V^  its  value  when  k  =  0,  and  that  r  will  bo  very  large,  when  the 
value  of  y  is  very  small. 

We  have  assumed  that  the  values  of  r  will  be  positive,  which  is  a 
necessary  consequence  of  the  stability  of  the  equilibrium  in  the  zero 
configuration. 

4.  Approxlviate  Solution  iclien  the  Viscosity  is  Sinall. 

We  propose  for  the  future  to  confine  ouraelves  to  the  case  where 
the  viscosity  is  very  small ;  we  see  fi'om  (14)  that  k  will  then  be  a 
lai^e  quantity  of  the  order  v"*. 
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Let  k  denote  that  root  of  (14)  which  has  its  real  part  positive. 
Then  e~**  will  be  a  very  small  quantity  ;  but  from  (22a)  we  see  that 
D  cannot  become  large,  while  from  (226)  we  see  that  D  cannot 
become  large  unless  at  the  same  time  0  becomes  large  of  the  same 
order  but  with  opposite  sign.  In  either  case  we  may  neglect  De"**  in 
comparison  with  (7e^,  and  therefore  the  first  of  equations  (21)  is 
approximately  equivalent  to 

On  substituting  this  value  for  Ce**  and  neglecting  jDe~**  in  (20), 
we  obtain 

AtT^-Be"^  =  -  ~^.mV'a;  (24) 

AT — m 

while  from  the  second  of  equations  (21)  we  obtain,  with  errors  of  the 
order  y^  only, 

Ae'^+Be-'^  =  -  ^^^"J     .  (26) 

On  eliminating  a  from  (24),  (25),  we  have 

^e*^— Be-^_,m7«y-ftn«  V+2imy 


Tjxi.    /i^\      A;*+m'      2m'— imF/*'       V-\'2tmy 
But,  by  (14), j  = .    j^/    =— ^^ — ; 


Take  first  the  case  where  the  bottom  is  perfectly  smooth.  We  then 

have  from  (22&) 

A^B,     G  =  ''D; 

and,  therefore,  from  (26) 

—  (1  +  2imylVy  =  tanh  mh, 
9 

an  equation  which  may  be  readily  solved  by  successive  approximation. 
If,  as  a  first  approximation,  we  neglect  y,  we  find 

F;  =  ^tanhm^;  (27) 

thus  verifying  the  well-known   formula  for  the  velocity  of  wave- 
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])ropagation  in  a  fnctionless   liquid.*     Replacing  V  by   F,  in  the 
small  terms  which  contain  v,  we  deduce,  as  a  second  approximation. 


whence 


F=  Fo-2mK. 

To  the  order  of  approximation  considered  the  velocity  of  wave- 
propagation  is  thei'efore  unaltered  by  friction,  while  the  modulus  of 
decay  is  given  by  the  formula 

1  X* 


2m« 


8x*f' 


(28) 


where  X  denotes  the  wave-length.  This  agrees  with  the  formula 
given  by  Prof.  Lambf  for  the  case  of  waves  in  deep  water.  We  see 
now  that  it  holds  for  waves  of  any  wave-length  in  water  of  any  depth, 
provided  that  the  bottom  is  perfectly  smooth  and  that  the  internal 
viscosity  is  sufficiently  small  to  allow  of  our  approximations. 

Dealing  next  with  the  case  where  no  slipping  is  allowed  at  the 
bottom,  we  see  from  (23)  that,  since  e**  is  large,  G  must  be  excessively 
small.  Hence  the  equations  (22a)  which  are  applicable  under  these 
circumstances  take  the  approximate  forms 

A-^B  =  "  —  FD,  ^ 

m 


A-B^     iVD, 


from  which  we  deduce 


A 
B 


and  hence  from  (26) 


(l  +  2m»'/F)*  = 


ki-m' 


k  sinh  mh — m  cosh  ink 


(29) 


g  kcoshrtih — msinhfit^' 

But  from  (14)  we  have,  with  errors  of  the  orders  r*, 

A;  =  ±  -/{  -mF/v]  =  ±  (1-0  y(mF/2F), 

and,  since  by  hypothesis  the  real  part  of  A;  is  positive,  we  must  take 
the  upper  sign ;  we  therefore  find 


m  _  (l-|-t)v/(my) 
k  ■"        -v/(2F)      ' 


(30) 


*  Lamb,  Hydrodynamietf  ja,  372. 

t  Z.cT.,  p.  545  ;  or  Proe.  fond.  Math.  Soe,f  VoL  tth,,  p.  62. 
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The  right-hand  member  of  (29)  is  approximately  equal  to 

tanli mh  1 1—  -^ coth mh)  ( 1+  -^ ^^^i  mh-^  ^  tanh' mfe4- ...  j 

\         k    sinh  2m^      A;*  coah*  mh  / 

Hence  equation  (29)  may  be  written 

F'(l-H2.W/F)'=F'(l-^-^-^); 


or 


V  (l-f2mi//F)  =7o  (l 


m 


k  sinh  2nih 


)■■ 


where  we  have  retained  only  the  most  important  terms  on  the  right. 
As  a  first  approximation  we  find,  as  before,  on  omitting  all  small  t^rms 
involving  r  or  v*, 

Using  this  value  of  V  in  small   terms,  we  obtain  as  a  further 
approximation 


=  v,[i- 


-/(my) 


v/(2F,)  sinh  2mh 


)  v^2  sinh  2771^ 


=  F,- 


where 


mr 
V, 

T 


=  F,Jl- 


y(mv) 


-v/(27o)sinh2m^ 


u 


2mV+  -/i^-rs*:)-. 
-v/2  sinh  2mh 


(31) 


From  these  equations  we  see  that  the  velocity  of  wave-propagation 

is  slightly  retarded  by  f notion  with  the  ocean  bed.     Of  the  two  terms 

in  1/r  the  first  alone  appears  when  we  neglect  bottom-friction.     Hence 

we  may  attribute  these  terms  to  internal  viscosity  and  t-o  bottom - 

friction  respectively.     In  general  for  small  values  of  y  the  second 

term,  involving  y*,  will  be  far  more  important  than  the  first,  which 

t2 


27G 


Mr.  S.  S.  Hough  on  the 


[Dec.  1 0, 


involves  only  y ;  in  other  words,  the  friction  at  the  hottom  will  be 
far  more  efficacious  than  internal  viscosity  in  destroying  the  motion. 
But,  if  the  depth  be  large  in  comparison  with  the  wave-length, 
8inh27u7i  will  assume  a  very  large  value,  and  therefore  the  second 
term  of  l/r  becomes  relatively  unimportant.  For  waves  of  short 
wave-length  (in  comparison  with  the  depth)  the  nature  of  the  action 
at  the  bottom  will  be  of  no  account,  and  we  shall  obtain  the  same 
formula  (28)  whatever  assumption  we  make  as  to  this  action. 

For  "  long  waves  "  we  may  replace  tanh  mh  by  mh,  and  sinh  2mh 
by  2mh.     The  formulre  (27),  (31)  then  give 


V.^^gh^- 


.y 


2  V2  mVtJ ' 


(32) 


2V2h^ 


Tivg 


i/iii/i 


The  approximations  we  have  used  require  in  to  be  small  compared 
with  VJv  and  e"**  small  compared  with  unity. 

The  first  condition  requires  v  to  be  small  compared  with  YJm ;  the 
second  requires  v  to  be  small  compared  with  m*fe*  (Fg/m). 

In  the  case  of  deep  sea  waves,  both  conditions  will  be  satisfied 
provided  v  is  small  compared  with  V^Itti.     Taking 

V  =  0178, 

the  value  for  water,  the  requisite  condition  will  be  satisfied  provided 

the  wave-length  is  large  compared  with  '04  of  a  centimetre. 

On  the  other  hand,  if  the  waves  are  of  the  nature  of  "  long  waves,"^ 

so  that  mk  is  small,  the  two  conditions  will  be  satisfied  provided  y  is 

small  compared  with 

mW  (VJm). 

With  the  same  value  of  v  this  requires  the  wave-length  to  be 
small  compared  with 

10*  A*  centimetres, 

where  the  depth  h  is  to  be  expressed  in  centimetres. 

We  see,  then,  that  no  serious  limitations  are  introduced  on  the 
range  of  applicability  of  our  results,  provided  we  ai'e  dealing  with  a 
liquid  of  such  a  small  degree  of  viscosity  as  water. 

For  waves  of  100  metres  in  a  depth  of  1  meti'e,  the  formulae  (32) 
will  give  a  modulus  of  decay  of  about  1  hour  20  minutes,  while  there 
will  be  no  sensible  retardation  in  the  velocity  of  wave  pix)pagation. 
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If  there  were  no  friction  at  the  bottom,  the  modulus  of  decay  in  this 

case  would  be  about  2j  years. 

Except  in  the  case  of  deep  sea  waves,  where  it  is  necessary  to  take 

into  account    the    tangential   forces    in  the  neighbourhood  of    the 

surface,  we  may  put 

CV  =  0, 

and  a  fortiori  (7  =  0.     Referring  back  to  equations  (17),  we  therefore 
have,  with  a  high  degree  of  approximation, 

i/r  =  (^e-'-f  JBe-*"')  e'-f'-^'J, 


tt 


w 


L       V  m  J 


These  equations  indicate  that  the  motion  is  the  same  as  if  there  were 
no  friction,  except  through  the  region  in  the  immediate  neighbour- 
hood of  the  bottom  over  which  the  term  De"**  remains  sensible.  If 
there  is  no  friction  at  the  bottom,  D  will  be  small  of  the  same  order 
as  0,  and  hence  the  motion  will  be  sensibly  the  same  throughout  as 
if  there  were  no  friction. 


5.  Preliminary  Aiudysis  applicable  to  the  Case  of  a  Spherical  Sheet 

of  Water. 

The  differential  equations  for  the  three-dimensional  oscillations  of 
a  mass  of  viscous  liquid  can  be  expressed  in  the  form 

€t        OX 


dt       Cy 

Ct        Cz 
dx      uy       Oz 


(33) 


(34) 


where  <A  =  7— j?/p  +  const., 

the  notation  used  being  the  usual  notation  for  such  problems. 

The  general  solution  of  these  equations  applicable  for  satisfying 
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boundaiy-conditions  at  concentric  spherical  surfaces  has  been 
fi-equently  discussed.*  Thei'e  is  an  inconvenience,  however,  attached 
to  th^  use  of  the  functions  usually  employed  in  the  applications 
which  we  propose  to  make  here,  arising  from  the  fact  that  these 
functions  will  always  appear  with  large  arguments.  I  have  found  it 
possible,  however,  to  considerably  simplify  the  analysis  by  utilizing 
a  modified  form  of  these  functions  applicable  in  the  case  whei'e  the 
total  range  of  the  arguments  involved  is  small  in  comparison  with 
the  actual  values  of  these  arguments.  Such  will  be  the  case  if  the 
distance  between  the  internal  and  external  bounding  spheres  is 
small  in  comparison  with  the  radii  of  these  spheres.  We  will  com- 
mence by  a  i*ecapitulation  of  the  analysis  used  in  the  papers  cited 
above,  introducing  where  necessary  the  modifications  referred  to. 

Take  first  the  equation 

(v'+^•*)*  =  0,  (35> 

and  suppose  O  is  of  the  form  i2^„,  where  R  ia  s,  function  of  r  only, 
and  ^^  a  solid  hamionic  of  degi-ee  n.  On  substituting  this  form  for 
O  in  (35),  we  deduce 


aTT  r  dr 


(36) 


Now,  suppose 


r  =  a  +  Ji(, 


where  h  is  small  compared  with  a,  and  in  the  region  to  which  our 
solution  is  I'equired  to  apply  i  lies  between  0  and  1.  Changing  the 
variable  from  r  to  f  and  neglecting  terms  of  the  order  h*/a*,  the 
above  equation  becomes 


(PR  ,  c,    ,  .^  h    (IR 


or,  with  errora  of  the  same  order  of  magnitude, 
d^R 


^+2(n  +  l)A  ^^+  Un^iy-^\+h'AR  =  0.  (37) 

di'  a    di        L  a*  ) 


The  i'igoix)us  solution  of  this  equation  is 


♦  Lamb,  Froc.  Lond.  Math,  Soc.,  Vol.  xm.,  pp.  51,  189  ;  Love,  ibid.,  Vol.  xix.» 
p.  170,  &c. 
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where 


in  =  e 


**jj-i!i±nAf, 


X  =  c 


,Ajfefi-(!i±n*! 


(38) 


and  therefore  a  solution  of  (35)  is 


*=  (^If^  +  BSTJ^.. 


^39) 


From  (38),  we  have 


(40) 


while,  with  errors  of  order  — r  , 

a 


(41) 


ConHider  next  the  equations 

(V»  +  Ar^)t*  =  0,     (V«  +  A;«)t;  =  0,     (V*+A:*)tr  =  0,' 

Ox      dy      oz 


(42) 


By  the  preceding  we  see  that,  if  ^„+i,  Xn  denote  spherical  solid  har- 
monics of  degree  indicated  by  their  suffixes,  since 

30«^l         ^^l         ^0n.,         yhi^^Z^       Arc 

ox         oy         oz  oz         oy 

ai^  solid  harmonics  of  degree  n,  the  following  will  satisfy  the  first 
three  of  equations  (42), 


*-   ox  Oz  CTt/-' 


L  oy  ox         oz-^ 


w 


^  OZ  oy         ox  -i  J 


(43) 
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These  do  not  satisfy  the  last  of  equations  (42),  bat,  in  virtue  of  (40), 
they  make 

3n  ,  3v  ,  dw  _  (n  +  l)(frat— n— 1)  > 
a;      oy      o« 


ar 


Another  set  of  solutions  of  the  first  three  of  (42)  is 


^(i^\  ] 


(44) 


from  which  we  deduce 


Su  ,  dv  ,  dw  ^  (n+2)(foM+n+2)  >        . 

3aj      3y      Cz  ar^ 


__      ^(n-f2)(feat-fn-f2)> 


in  virtue  of  (41). 


a***V 


•1-19 


Hence,  if  we  put    0  =  a-*'  (^  r^=^. 

(n4-2)  Afai+n+2 

and  add  together  the  particular  solutions  (43),  (44),  we  obtain  a  set 
of  values  of  u,  v,  w  which  satisfy  all  four  of  equations  (42). 

Another  set  of  solutions  may  be  found  by  using  the  functions  35^ 
instead  of  f„ ;  we  therefore  obtain  solutions  of  the  following  types, 
which  may  be  treated  independently : — 


u  = 


f»(y?^- 


V 


dz 


Oyf  ^ 


— J8 


9Xm        dX, 

ax. 


M 


ax. 


*"^  a*     a  J      V  a.r      aJ 


If;  = 


a* 
ax.\. 


f-('lf-»i)-^*-('l'-»tH 


ay 


(45) 
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J.  w  a^       (^  +  1)  feat +n 4-1  ^»H*3«         a_  /Om^i\ 
"ay         (n  +  2)  A;at-n-2  ""-'ayV-'/' 

,«  —  *  9<^«±i  .   (y^  +  1)  feat— n— 1    ,„^8  >         a  /0,^,  \ 
^^^    az    ^(n  +  2)  feai+n  +  2'*       ^^"''az  l^"^/ 


_L^  a<l>^.,   ,   (n  +  l)    fegi-fn-fl    2.«^8>g.         a  /*«^i\ 
a;.  0^  +  2)    feai-n-2'^  ""-'aV^r-^V' 

where  x»j  X^>  ^lo  *^h  denote  solid  hannonics  of  degree  n. 


(46) 


<5.  On  ^^e  i2a/e  o/  Decay  of  Slow  Currents  in  a  Spherical  Sheet  of  Water, 

Returning  now  to  equations  (33),  suppose  u,  v,  w,  ifr  each  propor- 
tional to  e"*',  and  put 

fe*  =  alv. 


Then  (33)  reduce  to 


(47) 


(v«-hfe-').=-ASi,^ 

y  dx 

y    Cz 

cn  ,  a^      dw  __  ^ 

Sx      By      Sz 


A  set  of  particular  integrals  will  be  furnished  by  (46),  provided 
If  F,  G,  H  denote  the  components  of  surface-traction  across  any 
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=  constant,  we  liave 

(,3n   ,     3?^  ,     3w\  .        /    3n  ,     ()v    ,     3?r\ 
caj        oi/        02? '  ^   Ox        ox       ox ' 

-'px'{-pv  (r- 1 )  t*+  ^  (ux  +  vy-^-wz), 

\   or        '         ox 


Sue. 


&c. 


But  the  particular  integrals  in  question  make 

ux  +  vy+wz  =  0; 


and  therefore 


Fr  =  —px+py  Ir^ 1  j  w, 

Or  =  — py+f>v  (r^ Ij  r, 

irr=  —pg+pv  [r;r 1  )w; 


or, 'from  (45),  with  the  aid  of  (40), 


Fr  =  -2M!+pvJ(n-l)  +  ^(A-at-n-l)|f,  (^y^-z^') 


+  py^  («-l)-  L(kai+n+l)^K  {v-^- 


dy 
"dyh 


<&C. 


&c. 


If  there  be  no  slipping  at  the  bottom,  we  must  suppose  w  =  0,  r  =  0,. 
tr  =  0,  when  f  =  0.     These  conditions  will  be  satisfied  if 

X,+X,  =  0,  (48) 

since  f„,  Sn  both  reduce  to  unity  when  f  =  0. 

If   there  be  no  stress  at  the  free  surface,  we  must  have  2^=0, 

Gf  =  0,   Jf  =  0,  when  £  =  1  or   r  =  a  +  ^.      This  condition  will  be 

satisfied  if 

2>  =  0, 


r(«-l)4-  ^—  (^^-7*-!)] 


^  [(w-l)  -  ^-^  (ikat+n  +  l)1  e'*""  '^*X„  =  0.    (49) 


i 
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From  (48),  (49)  we  deduce,  on  eliminating  Xm  X„, 

.;ihki  _  g  (n— 1)-  {a-¥h){kai-\- n 4- 1 )  . . ^. ^ 

a(n-l)  +  (a  +  A)(^'a^-n-l)•  ^     '' 

When  the  viscosity  is  small  this  equation  may  be  solved  by  successive 
approximation.     Putting  Tc  infinite,  we  deduce 


,2JUi  


or 


=  -1, 

2U-  =  (2»+l)5r, 


(51) 


which  is  the  same  as  the  value  found  in  §  1. 

We  conclude  that  the  rates  of  decay  of  the  free   current-motions 
are  not  sensibly  afEected  by  the  curvature  of  the  Earth's  surface. 

7.  On  the  Suhstdeiice  of  Tidal  Oscillations. 

The   equations    (47)    will   still   be   applicable    if    the   motion   is 
oscillatory.     From  them  we  deduce 


VV  =  0, 


(62). 


with  the  particular  integrals 

1  ao. 


M  =  — 


A  solution  of  (52)  is 


a    By' 


w 


Jin  *  3 


(53> 


(64> 


where  ^„»„  '^ntx  oxe  solid  harmonics  of  degree  rt  +  l ;  and  the  corre- 
sponding particular  integ^rals  aro 


w 


=  _  J_  ^^'j-j  -1A(  *-±i 


a 


3-- 


(55> 


To  these  must  be  added  complementary  functions  of  the  type  (46).. 

Now  we  have  seen  that  in  the  case  of  long  waves  in  two  dimensions, 
the  tangential  stresses  are  of  no  account  except  in  the  immediate^ 
neighbourhood  of  the  bottom.  In  the  present  case  we  shall  assume- 
that  the  motion,  except  through  a  very  thin  layer,  will  be  sensibly 


• 
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n  = 


V  = 


«?  = 


irrotational,  and  therefore  will  be  represented  by  the  particular 
integrals  (55).  The  complementary  functions  selected  should  there- 
fore be  such  that  they  vanish  except  for  very  small  values  of  f.  If 
we  suppose  that  the  real  part  of  ik  is  negative,  this  condition  will  be 
satisfied  provided  we  omit  from  the  Hght-hand  members  of  (46)  the 
terms  involving  ;^„,  3?_h-8  and  retain  only  those  involving  £„,  {-«-3. 
Thus  we  obtain  as  appropriate  solutions  of  the  equations  of  motion 

a    dx        adx\r^''f  dx        (n+2)  A;cu  +  n  +  2  ^-'-' a^.  Vr^W' 

_  J[3i/Vti_J^  3  /5[«*i\  .  >  30n^i  .  (n-fl)  kai-n-l    ,«,3>        ^  /^!t±i\ 
o    dy        aat/^»^*'^  dy        (n-h2)  fcai-hn  +  2  ^-"-' 3^  Vr^-»/' 


ay         aayVr^*'/  dy 

_  1  9<A«^i L  9  /?'«*i\4.^  30H^,     (n+l)  /tm-n— 1    j„.3>         3_  /l»^i\ 

a     a^         aa^V^*'*/  a^       (n  +  2Jfcat>n  +  2  ^-"-' 3^3  Vr'^^V* 

(56) 

The  conditions  «  =  0,  t?  =  0,*tr  =  0,  when  r  =  a,  will  therefore  be 
satisfied  if 

(n  +  2)  A:at  +  u  +  2  j 

From  equations  (56)  we  find 


) 


+  (n  +  l)f„^„^i  — (n  +  1)  ..^V.-T-To  3;r;^  f-H-3^«.i, 


/cai+n-}-2  r 


which,  by  the  aid  of  (57),  reduces  to 


ux 


+^+«,. = («+i)  [(^.-1)  -  gSrl^^^'^^-'-'^]  ^-'- 


At  the  free  sui'face  we  may  omit  the  small  terms  involving  f„,  (.n-z> 
and  take 


iix 


^       .  /     J^l^^^      A-at-n-lC,      (2w  +  3)^|l^ 


=  -(w  +  l)(2n  +  3)  ^  —     -  ^  +  ,    .  .      .  o  C  ^"^1- 


1896.]       Influence  of  Viscosity  on  Waves  and  Cnrrenis.  285 

Let  i  denote  the  height  of  the  waves  at  the  free  surface.  Then  we 
have  the  kinematieal  condition 

when  r  =  a  +  h;  whence 

y  (n  +  l)(2n  +  3)      f^./^.  i\  ^*  >  ^  /kq\ 

a(  =  -zf-.^-  ^  /~  j  1  4-  (/r«t~w- 1)  —  f  ^.,1.  (68) 

(A;ai+M4-2)(a  +  ^)  C  a  J 

Finally,  the  pressure  at  the  surface  r  =  a-^h  must  be  equated  to 

gf^f,  whei'e  g  denotes  the  value  of  the  acceleration  due  to  gravity. 

But  from  (34)  we  have 

\l/  =  const.  -}-  V—p/p, 
and  therefore 

[,A]=const.  +  [7]-i7f, 

where   the   square  brackets  indicate  that  surface  values  are  to  be 
understood. 

If  there  be  no  external  disturbing  force,  the  penodic  part  of  V  will 
be  the  potential  due  to  the  hannonic  inequalities  f.  Denoting  the 
surface-value  of  this  potential  by  v  and  equating  periodic  parts  in  the 
two  members  of  the  last  equation,  we  obtain 

C^]  =  v'-gi.  (59) 

But  from  (58)  we  see  that  { is  a  surface-harmonic  of  order  (n-f  1),. 
and  therefore  we  obtain  at  once 

/      47rp  (a-{-7i)  y 
V  =  -  -  4 ; 

2u-f3        ' 

while,  if  o-  denote  the  mean  density  of  the  system  under  consideration, 
including  both  solid  nucleus  and  liquid  surface  layer,  we  have 

g  =  57ro-(a  +  ^). 

Thus  V  =  -  -  '^        gC 

(Z?*-f  o)  o- 

and,  if  we  denote  by  ^„^.i  the  expression 

the  equation  (59)  becomes 

Introducing  the  values  of  ^,  f  from  (56),  (58),  we  find 

■A„.. +^,M/r"-'  =  -  g^'  nr^" ?•  ^y.!r?;A  I  ^  +  (^at-n-1)  A  ]  ^,., 

a    (A*tti+n4-2)(a-|-/0  I  a  ) 
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when  r  =  a-f /t ;  thus,  on  using  (57),  we  obtain 

_      2»o     (w  +  l)(2»+3)      r,  ,  ,2.  .  i\7/  1 

a*   (A"at+w  +  2)(a  +  A)  ^  ^   '    J  ' 

or  kai+1  —  (m  + 1)  (kai—'n  -- 1)  ^/a 


whence,  finally, 


SfH.i  a  +  /r       ^ai-(n4-l)Hi+l  +  (n-|-l)*Va       ^^ 

On  putting  ^•  infinite  it  follows  that,  as  a  first  approximation, 

(a  +  7i){a-(n-fl)A}* 
or,  with  sufficient  accuracy, 


a 


where 


l^t^(n  +  l)(n  +  2)g^.,h^ 


(62) 


From  this  we  obtain 


whence 


or 


fe=±(l+Oy(/5/2i'), 
ik=±(i-l)^((i/2y). 


The  upper  sign  must  be  taken,  since  by  hypothesis  the  real  part  of 
ik  is  negative.  From  (61)  we  therefore  find,  as  a  second  approxima- 
tion. 


whence 


.  =  ,,!  [l  -i  yj^i-,  -  I  y*^,] . 


*  Cf,  Lamb,  Hydredynamiet^  p.  315. 
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Hence  the  speed  of  the  oscillation  is  reduced  by  friction  in  the 
ratio  . 

and  the  modulus  of  decay  is 

y(8^V/?v).  (63) 

Using  C.G.S.  units  and  taking 

a/p-^,     I' =0178,     a  =  6-357xlO«,     ^  =  4xlQ\ 

we  deduce  as  the  moduli  of  decay  for  the  types  corresponding  to 
n  =  0,  n=  1,  42*6  and  31'7  years  respectively,  while,  when  n  =  100, 
we  find  a  modulus  of  decay  of  4*8  yeans. 

Even  with  considerably  smaller  depths,  the  moduli  of  decay  of  the 
principal  types  of  oscillation  will  still  be  long.     Thus,  if  we  take 

/i  =  2  X  10*, 

which  implies  a  depth  of  200  metres,  or  rather  more  than  100 
fathoms,  the  moduli  of  decay  for  the  types  n  =  0,  n  =  1  are  4*5  and 
3'3  years  respectively. 

These  results  indicate  how  slight  can  be  the  effects  of  viscosity  on 
the  motions  of  the  sea  except  possibly  in  shallow  confined  waters. 
It  seems  that  wherever  the  depth  exceeds  a  very  moderate  amount, 
say  100  fathoms,  the  rise  and  fall  of  the  waters  due  to  the  disturbing 
influence  of  the  Sun  and  Moon  will  not  be  appreciably  affected  by 
friction.  It  may  be  ui'ged  that  we  have  a  direct  contradiction  of  this 
statement  in  the  fact  that  the  phases  of  the  tides  even  at  islands  in 
the  open  sea  often  differ  widely  from  the  phases  of  the  corresponding 
equilibrium  tides.  According  to  Sir  Q-.  Airy,*  the  acceleration  or 
retardation  of  the  semi-diurnal  tide  on  the  Moon's  transit  ^'  does  not  at 
one  port  in  a  hundred  agree  in  any  measure  with  the  result  of  this 
[the  equilibrium]  theory,"  and  the  want  of  agreement  is  attributed 
by  him  entirely  to  the  effects  of  fnction.  The  explanation  seems  ti> 
have  been  generally  accepted  by  his  successors,  and,  if  it  be  true,  will 
entirely  invalidate  our  present  results.  A  different  explanation  oi' 
the  phenomenon  in  question  has,  however,  been  given  by  Newton,t 
and,  in  spite  of  the  criticisms  to  which  this  has  been  subjected  by 
Airy,J  it  appears  to  me  that  the  results  as  stated  by  Newton  aro 


♦  Uncyc.  Metrop,,  Art.  "  Tides  and  Waves,"  §  G2. 
t  Pt-incipia,  Book  m.,  Prop.  24. 
{  Z.(?.,  }}  16,  19. 
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substantially  correct,  and  that  an  agreement  in  phase  at  all  places 
between  the  dynamical  tides  and  the  equilibrium  tides,  even  without 
viscosity,  could  only  be  expected  under  very  special  circumstances  as 
to  the  distHbution  of  land  and  water  on  the  globe.  In  support  of 
this  view,  I  may  quote  some  examples  worked  out  by  Airy  himself 
in  later  sections  of  the  paper  referred  to  above,  the  bearing  of  which 
does  not  seem  to  have  been  fully  appreciated  by  the  author.  Thus, 
if  we  take  the  case  of  a  continuous  equatorial  canal  subjected  to  the 
disturbance  of  a  luminary  moving  uniformly  round  the  equator,  it  is 
known  that  the  foi*ced  tide  will  consist  of  a  progressive  wave  follow- 
ing the  motion  of  the  disturbing  body,  and  that  at  any  place  high  or 
low  water  will  always  accompany  the  transit  of  the  luminary  across 
the  meridian.  The  circumstances  will,  however,  be  totally  different 
if  the  canal,  instead  of  being  continuous  so  as  to  return  into  itself,  is 
of  limited  extent.  In  the  latter  case,*  to  find  the  complete  motion 
arising  from  the  disturbing  force,  we  must  superpose  on  the  primary 
wave,  due  directly  to  the  attraction  of  the  luminary,  secondary  posi- 
tive and  negative  waves  due  to  the  repeated  reflection  of  the  former 
at  the  extremities  of  the  canal.  These  secondary  waves,  which  have, 
as  it  seems  to  me,  been  erroneously  described  by  Airy  as  "free 
waves,"  will  be  co-periodic  with  the  primary  wave,  but  will  give  rise 
to  an  entire  re- adjustment  of  phase.  Even  in  the  case  of  continuous 
canals  the  examples  worked  out  by  Airyf  indicate  that  an  agreement 
in  phase  with  the  phase  of  the  equilibrium  tide  can  only  be  regarded 
as  fortuitous  in  character. 


♦  Airy,  Lc,  §296. 
t  X.f.,  }§  431  et  heq. 
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Connexion  of  Quadratic  Forms.  By  Lt.-Col.  Allan  Cunningham, 
R.E.,  Fellow  of  King's  College,  London.  Received  and  Read 
December  10th,  1896. 

[The  author*8  acknowledgments  are  due  to  Mr.  C.  E.  Bickmore  for  many  sngges* 
tions  in  preparing  this  paper,  and  for  reading  the  proofs.] 

1.  Quadratic  Forms, — The  function 

/(m,  n)  =  (mX*-hnT') 

is  styled  a  Quad/ratic  Form  or  sometimes  (for  shortness)  simply  a 
Form ;  the  nnmbers  m,  n  are  the  distinctive  characters  of  the  form 
itself,  the  numbers  X,  Y  merely  determining  the  particular  number- 
N  expressed  in  the  form.  When  either  of  m,  n  =  1,  the  form  is 
styled  simple;  when  neither  of  m,  n  =  1,  it  is  styled  non-simple, 

2.  Object  of  this  Paper. — In  this  paper  a  method  is  developed 
(Art.  24)  whereby  from  two  given  distinct  forms  of  the  same  number 
a  new  and  distifict  form  may  be  derived  under  certain  conditions. 
Each  of  the  three  so  "  allied  forms  "  will  be  shown  to  be  in  certain 
cases  similarly  derivable  from  the  other  two.  The  process  depends  on 
two  known  processes  here  styled  conforrruil  Tnultiplication  and  con- 
formal  division ;  to  render  it  clear,  it  has  been  necessary  to  develop 
these  in  considerable  detail,  especially  with  regard  to  the  conditions 
of  possibility  of  the  latter  (the  conformal  division)  ;  this  occupies 
Art.  6-23.  The  new  process  of  "  derivation  "  occupies  Art.  24-35, 
followed  by  examples  Art.  36-41. 

3.  Notation. — The  following  notation  is  used  uniformly  throughout 
this  paper.     All  symbols  used  denote  integers, 

^  =  a  positive  integer  ;    jp  =  a  prime  ; 

/,  F,  ^,  ^  denote  quadratic  forms  (usually*)  oi  positive  numbers  ; 

/  (m,  n)  =  m^  -\-nu^ ;  /  (1,  mn)  =  ^  -|-mnw*; 

F{m,n)  =  7nT^-hnlP;  F(l,  mn)  =  T'-^mnlP; 

^  (w,  n)  =  mx^  -i-nif ;  ^  (1,  mn)  =  a^  -\-nmi/  ; 

^  (in,  n)  =viX^'^nY^;  *  ( 1 ,  mn)  =  X- -h mriY^. 

»  It  is  ofton  convenient  to  use  the  negative  unit-form  (Art.  9),  /('«,  —«)  =  —  1, 
instead  of  the  positive  form  /(«,—»/)  =  +!. 
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Thus  /  (m,  — n),  /  (n,  — m),  /  (1,  — mn),  <fec.,  usually  denote  positive 
numbers;  al8o/(rw,  ^^ii)  denotes  the  ambiguous  (m^'^nw'),  i.e.,  the 
positive  number  (mt^—nu*)  or  (nu*— wi^). 

4.  Isomorphs,  Antimorphs,  Symmorphs. — Forms  /,  (m,  n),  /,  (m,  n), 
<fcc.,  containing  the  ^ame  m,  n,  are  styled  IsomorpJis,  (as  being  of  «om€ 
form)  ;  the  two  forms  /  (m,  n),  /  (n,  m)  are  also  isomorphs  when  7n,  n 
are  both  positive.  Two  forms /(m,  — n),f(n,  — m)  in  which  the  m,  » 
carry  opposite  signs,  and  are  interchanged  in  position,  are  styled  -4nfi- 
morphs;  thus/  (1,  —n),f(n,  —1)  are  simple  antim^orphs.  Two  forms 
/(m,  n),  /  (1,  mw),  wherein  the  mn of  the  simple  form  =  the  product 
of  the  m,  n  of  the  non-simple  form,  are  styled  SymTnorphs,  (as  being 
closely  related,  as  will  appear  later).  When  m,  n  carry  opposite 
signs,  the  antimorphs  /(r»,  —  n),  /(n,  —  7/i)  are  e^uch.  symm^yrphs  of 
both  the  antimorphs  f  {\,  —mn),f(mn,  — 1). 

5.  Conformals,  Non-confarmals. — The  three  forms  Iso-,  Anti-,  and 
Sym-morphs  are  so  closely  related  (as  will  appear  later  on),  that  it  is 
convenient  to  include  them  under  a  single  name,  viz.,  Conformals. 
Forms  not  so  related  are  styled  Non-conformal.  The  simple  form 
/(I,  mn)  may  be  a  symmorph  of  several  non-simple  forms  /(m,,  n,), 
/(mj,  n,),  &c.,  which  are  non-conformal  among  each  other,  provided 
mn  =  m^n-i  =  m^n^  =  &c. 

Note. — ^When  either  of  m,  n  contains  square  factors,  these  factors  may — ^if  con- 
venient— be  cancelled  from  m,  »,  and  absorbed  into  the  adjacent  squares  X^,  T^, 
The  properties  of  mo-,  anti-,  and  sym-morphitm,  and  ai eonformality  are  not  affected 
by  the  presence  of  square  factors  (even  though  these  factors  be  different)  in  the 
m,  M  of  some  of  the  forms ;  these  properties  are  defined  by  the  various  m,  n  after 
excluding  square  factors  from  them. 

6.  Conformal  Multiplication. — The  following  *  process,  whereby  the 
product  of  two  conformals  (/,  F)  is  expressed  as  a  conformal  (O),  is 
styled  Conformal  Multiplication;  there  are  two  principal  cases  (marked 
1.,  u.) 

i.  /  (m,  n)  F  (m,  n)  =  (mf  +  nw') (mr» -h 7ilP) 

=  Z«-hmnr'=0(l,  mn),  (1) 

where     X  =  mtT  :k  nuU,  Y  =  tU^  uT,  (opp.  signs  in  X,  Y).        (la) 

ii.  /(m,  n)F{l,  mn)  =  (m<'-|-ntt»)(r»+»in[7*) 

=  mX»  +  nr»  =  4>  (m,  n),  (2) 

*  These  results  are  well  known :  they  are  here  gpiven  in  detail,  for  reference 
further  on. 
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where     X  =:  tT  ±  nuU,  Y  =  mtU  ^  uT,  (opp.  signs  in  X,  Y).      (2a) 

The  results  when  the  coefficients  m,  n  carry  the  same,  or  opposite, 
sign  are  worth  recording. 

i.    /(w,  n)jP(m,  n)  =  *(1,  mn);  /(m,  — n)F(m,  — n)  =4>(1,  — mn), 

(3) 

ii.    f{7n,n)F(l,mn)  =4>(m,n)  ;    /(m,  — n)  F(l,— mn)  =4>(w,  —n)  ; 

(4) 
with  their  sub-cases 


la. 
iia. 


/(m,  — n)  j^C  n,  — m)  =  <^  (mn,  — 1), 
/(m,  — n)F(mn,  —  1)  =  O  (n,  — m). 


(5) 
(6) 


The   simple  cases,  when  either  m  or  n  =  db  1,   are  of  special 
importance : 

ib,  lib.  /(l,n)f(l,n)  =*(!,»)  ;  /(I,  -n) 2^(1,  -n)  =*(l,  -n)  ;   (7) 

with  their  sub-cases 


ic. 


lie. 


/K-l)2?'(m, -1)=*(1,  -m), 
f(m,  -l)F(l,  -m)  =*(m,  -1). 


(8) 
(9) 


Thus,  in  all  cases,  the  product  of  two  conformals  (/,  F)  can  be 
expressed  as  a  conformal ;  also,  when  the  two  factors  /,  F  are  unequal^ 
it  is  expressible  in  two  isomorphic  ways,  in  consequence  of  the  double 
sign  in  X,  Y;  and  the  signs  used  in  X,  Y  are  opposite  or  similar^ 
according  as  the  coefficients  m,  n  carry  the  same  or  opposite  signs. 

[If  m,  n  contain  a  common  factor  ir,  so  that  m  >i  k^.,  n  »  hv,  then  its  square 
appears  in  the  product  tnn  =  ir  ./w  in  Itesnlts  I,  3,  &c.,  and  may  be  absorbed  into 
the  adjacent  square  (F^,  if  found  convenient.] 

Product  of  Non-conformals. — The  product  of  two  unequal  non- 
con  foi-mals  (/,  F)  is  sometimes  (arithmetically)  expressible  in  one  way 
as  a  conformal  of  o?ie  of  the  fa<:tors ;  but  it  does  not  seem  possible  to 
formulate  this  algebraically. 

JEx, — Let/  =17,  -F  —  33  =i  6  .  1*  +  7  .  2* ;  here/cannot  be  expressed  oonfonnally 
with  the  g^ven  form  of  F;  but  the  product /F  —  661  «  1*  +  36  .  4',  which  is  a  con^ 
formal  (symmorph)  of  F. 

7.  Degraded  Confornuils. — Since  the  three  numbers  m,  n,  mn  may  be 
written 


m  =  m  .  P-f  n.O^;        /i  =  w?  . O'  +  n  .  1*;       mn  =  0' -|- tnw  .  P  ; 

U   2 
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they  may  be  looked  on  as  degraded  conformals  of  /  (m,  n)  and  /  (1,  mn). 
The  intimate  connexion  of  symmorphs  is  now  seen,  as  they  are  inter- 
changed by  multiplication  by  m,  n  ;  for 

m  (^*  +  mnw')  =  m^  +  «  (mu)' ;    n  (^'  +  mnw')  =  m  (nw )'  +  n^. 

In  four  cases  one  of  the  two  product-forms  ^  also  degenerates,  by 
one  of  its  terms  X,  Y  becoming  zero, 

Case   i.,  when  m^jT  =  nM^T";    or      tU  =  uT. 
Case  ii.,  when     tT^  nuU;    or  mtU  =  uT, 

8.  Continued  Conformal  Multiplication. — The  above  results  are  easily 
extended  to  the  continued  product  of  conformals  ;  the  formulas  are 
inconveniently  heavy,  but  the  results  expressed  in  woi*ds  are  simple. 

**  The  product  of  several  conformals  is  a  conformaL"  (10) 

**  That  of  several  (r)  non-simple  isomorphs  is  an  isomorph  or  synmiorph, 

according  as  r  is  odd  or  even.^*  (lOflf) 

**  That  of  several  simple  isomorphs  is  an  isomorph."  (10*) 

In  each  case  the  final  product-form  *  is — when  the  factors  are 
unequal — expressible  in  fotir  isomorphic  ways  when  there  are  three 
factors,  and  generally  in  2'''*  isomorphic  ways  when  there  are  r  f actore, 
on  account  of  the  double  sign  involved  in  X,  Y ;  and  the  signs  used 
in  X,  y  are  opposite  or  similar,  according  as  the  coefficients  m,  n  carry 
the  same  or  opposite  signs. 

9.  Unit-Forms. — When  m,  n  are  such  that  values  of  r,  v  can  be 
found,  so  that 

/q  (m,  n)  =  mr*-|-nu'  =  ±  I,  (m,  n  must  be  of  opp.  signs),  (II) 

then  the  powers  of  /q  are  all  =  rt  I,  and — being  products  of  con- 
formals— are  expressible  (Art.  6,  8)  as  conformals  of  /^ ;  thus 
(w,  c  denoting  odd  and  even  integers), 

l/oKti)]'  =  r'e  +  mn.vJ=/.(I,mn)  =  (±  1)'  =  +  I,     (Ila) 
{foOn,nyr=mTl-\-nvl    =f^(m,n)    =(±I)"=±I.     (lU) 

Such  quantities  /^  (m,  n),  /©  (1,  m»),  and  their  powers  are  called 
Unit-foi'vis  oi  f  (in,  7i),  /(I,  vin). 

[Note  that         />  (1»  —**)  =  tJ— »u2  «  +  1  is  always  possible  ; 

but  fo{^* —f^)  —  "To^fivQ  = -Ij  /(m,  w)  =  + 1  or  —1  arc  only  possible  under 
certain  conditionp.] 
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10.  Automorphs. — The  product  of  a  ntunber  ^  in  a  given  form 
N  =^f(m,  n)  by  any  of  the  unit-forms  N^  =zf^(m,  n)  or  /,  (1,  vin) 
thereof,  or  by  their  powers,  is  unchanged  in  value,  and — being  a 
product  of  conformals — is  expressible  as  a  confoimal.  All  such 
forms  of  the  same  number  N,  derivable  from  one  another  by  conformal 
multiplication  by  a  unit-form  (N^)  thereof,  are  styled  Automorphs  (of 
that  form)  ;  and  are  considered  equivalent  forms,  Fonns  of  the  same 
number — not  so  derivable  from  one  another — are  styled  AnautomorpJis, 
even  though  they  be  conformal  (as  conformals  of  composite  numbers 
are  not  necessarily  automorphs). 

lOfl.  Use  of  unit-forms, — Unit-forms  are  of  great  practical  use  (in  computation)  in 
modifying  the  form  of  a  number  iVinto  an  automorph  thereof  (t.^.,  without  changing 
the  value  of  iV),  and  chiefly  in  two  ways  : — 

(1)  In  chafiging  the  form  f{my  n)  or/(l ,  mn)  into  the  symmorph  /(I,  mn)  or  f{m,  n) ; 
or/(m,  —n)  into  its  antimoi'ph  f{n^  -m). 

(2)  In  reducing  a  form  [mt'^—nu^  in  which  t,  u  are  large  numbers  into  an  isomorph 
imt^—nu^)  in  which  t,  u  are  smaller  numbers. 

Examples  of  both  cases  are  given,  Art.  39-41. 

11.  Monomorphs,  Dim/yrpliSj  Polymorphs. — A  form  /(wi,  n)  of  a 
particular  number  (N)  is  styled  a  Monomx/rph,  Dlmorphy  or  Polymorph ; 
when  N  is  expressible  (anautomorphically)  in  o^ily  one  way,  in  tico 
ways,  or  in  several  ways  in  that  form,  or  conformally  thei'ewith ; 
automorphs  (of  that  fonn)  being  hei*e  reckoned,  as  above  stated,  as 
e<jmvale7U  forms. 

Examples. — (I)  Primes  are  always  monomorphs  of  every  form  in  which  they  are 
expressible  :  thus  conformal  forms  of  a  prime  are  necessarily  automorphs.  (2)  Pro- 
ducts of  two  unequal  conformals  f{m^n)  and  ^(w,  n)  or  -F(l,m»)  are  always 
dimorphs  (of  that  form).  (3)  Products  of  three  tmequal  conformals  are  always 
tctramorphs  (of  that  form).  (4)  Pnxlucts  of  several  (r)  unequal  conformals  are 
always />o/yMor/;7*«  of  order  2''"^  (of  that  form).  (5)  Composite  numbers  (JV)  may 
be  motiomorphs  of  certain  forms,  and  are  always  monomorphs  of  any  form  wherein 
i/i,  n  are  both  +  ,  and  either  m  or  n  >  JJV.  (6)  Thus  dimorphism  marks  a  compo- 
site number ;  whilst  monomorphism  is  a  ncc-cssary  (but  not  a  sufficient)  mark  of  a 
prime. 

12.  Powers  of  Forms. — The  r^  power  of  a  form  N  =zf  (?n,  n) — being 
a  product  of  conformals — is  expressible  conformally  (Art.  6,  8), 
witli/(m,  ii),  noting  that,  by  (10a,  b), 

**  The  r^'*  power  of  a  non-nimple  form/(m,  «)  is  an  isomorph  ♦  (m,  «),  or 

symmorph  ♦  (1,  niu)  of /(/;i,  w),  according  as  r  is  odd  or  even.^^  (12) 

J5ut  theie  is  an  apparent  exception  to  the  rules  of  Art.  11,  aa  to 
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the  j9oZy-morphism  of  the  result  (which  are  there  given  only  for  un- 
equal factors).     Thus,  by  the  rules  of  conformal  multiplication  of 

Nz=zf(m,n)=z  (m^  +  »w') 

by  itself,  the  two  power-forms  arising  at  each  step  from  the  double 
sign  in  X,  Y  are — writing  m^+wu*  =/  (for  shortness) — 

N^  =  (m^-nt*')'  +  mn  (2^«)*  =  (m^-|-ntt')*-|-mn  .  0»,  (13a) 

JV»  =  m[^(m^-3»u«)}»  +  n{u(37n^-nM»)}'  =  m(y')'+n  {uf)\    (136) 

2V*  =  (mV— 6mn^V  +  nV)*  +  mn{4^M  {me-nu^)}^ 

=  {(me»-nM')/]'+mn[2/w./]'=  (m^-|-nM»)*+wn.O*.  (13c) 

N^  =  &c.,  &c.,  &c. 

It  will  be  seen  that  there  is  only  one  new,  really  distinct,  form  at 
each  step ;  the  remaining  forms  of  each  step  degeneratiog  to  simpler 
forms,  including  the  original  form  /  (m,  n)  a«  a  factor  of  both  Xy  Y, 
and  ending  with 

N^  =  (f^-\-mn , Qr)j  when  n  is  even; 

or  =  m  (tf^'-'>y+n  (uf'-'^f^y,  when  n  is  odd,  (ISd) 

In  a  certain  sense,  therefore,  the  powers  of  a  form  /  (m,  u)  may  be 
said  to  be  monomorphs  of  that  form. 

13.  Product  of  Automorphs. — The  continued  product  of  several 
(say  r)  automorphs/,,/,,/,,  .../r  of  any  form  f  (m,  n)  of  a  number  N 
is  of  course  expressible  conformally  with  /  (m,  »),  since  automorphs 
are  only  a  special  kind  of  conformals.  Now,  if /^  be  any  unit-form  of 
/(m,  n),  then  (Art.  10)  each  automorph  of  /  differs  from/  only  by 
some  power  of  /o  being  included  in  it,  so  that 

/,=/./:,  /.=/./:,  /.=/./;,  &c. 

Hence  /, ./,./, .../.  =/^/r'"^*  •*'  =  N\  (14) 

Thus  the  continued  product  of  r  automorphs  of  /  differs  from  /''  only 
by  some  power  of  the  unit- form  /q  being  included,  and  all  the  forms 
in  which  A'''  is  thus  expressible  are  automorphs  of/''  itself,  and  there- 
fore comprise  no  new  distinct  fonns  other  than  those  arising  from  the 
involution  of  /  (vi,  n)  by  itself,  and  may  therefore  be  said  to  be  (in 
a  certain  sense)  tnonomorphlc,  (Art.  12), 
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14.  Batio  of  Conformals. — The  ratio  of  two  conformals  F  -5-/,  &c.,  is 
generally  expressible  in  an  infinite  number  of  ways  as  a  ratio  of  two 
numbers  O  -5-  ^,  each  conformal  with  F,  f  by  merely  multiplying  both 
numerator  and  denominator  by  the  same  number  x  conformal  with 
both.     Thus 

j^  _  F  (m,  n)  _  F(m,n)  x  (^^  ^)  _.  *_(VwtnJ  .^^^^ 

f  (^,  n)       f  (m,  n)  X  (w,  ^)      ♦  (1»  w^w) 

=  ^  (^^  ^)  X  (li  ^^)  -_  ^(^1  ^)  ^55) 

/  (w,  ^)  X  (^»  ^»*)      0  (^1  ^) 

The  simplest  change  of  this  sort  is  by  use  of  the  degraded  (Art.  7) 
conformals  m,  »,  or  mn ;  thus 

(16c) 
Similarly,  the  ratios  of  conformals 

F(m,  n)  -T-/  (1,  mu),     F  (1,  mn)  -i-/(m,  7t),     &c.,  &c., 

admit  of  similar  automorphic  changes. 

15.  Cofiform^l  Division. — The  following*  process,  whereby  the 
quotient  (N)  of  two  confonnals  (F-r-f)  is — under  certain  conditions — 
expressed  as  a  conformal  (^),  is  styled  Conformal  Division,  The 
conditions  are 

i^  to  be  a  multiple  of/,  or  JV  =  F-^f  =  integer.  (16) 

^  to  be  dimorph,  and /to  be  monomorph  (of  their  form).  (17) 

The  squares  (^,  u)  in/,  and  the  squares  (7,  U)  in  /*,  to  be  in  each  case  prime- 
pairs.  (18) 

Then,  dividing  the  product- identities  f  .F  ^=  <!>,  [(1),  (2)  of  Art.  6], 
^y  /*»  so  ^^^^  N  =■  F-T-/  =  ^-T-/^,  and  writing  out  at  length  as 
below,  it  will  be  shown  (below)  that  the  X  and  Y  of  one  of  the  two 
paira  X,  Y  in  each  of  the  three  results  (19,  20,  21)  below — arising 
from  the  double  signs  in  X,  Y  in  the  three  formulaa  (19a,  20a,  21a) 
are  always  both  (arithmetically)  divisible  by  their  denominator  (/), 


•  These  results  are  already  known :  they  ai*o  given  here  in  detail ,  for  use  further 
on  ;  it  has  been  necessary  to  investigate  the  conditions  of  posnihility  of  this  division 
pretty  fully  here,  as  the  now  process  of  "  derivation  **  (the  object  of  this  paper)  is 
strictly  limited  by  these. 
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«o  that  the  X  -i-f,  T -t- f  used  below  are  integers  ;  and,  finally,  the 
quotient  N  becomes  in  each  case  expressed  conformally  with  Fjf; 
thus  three  principal  cases  arise. 

[In  forming  Case  iii.  from  Result  (2),  an  obvious  interchange  of  /with  F,  and  of 
tf  u  with  Ty  U  of  that  result  has  had  to  be  made.] 


7ii^+nw»    ""(m^+ntiy  ^^^  ^^^^ 


=  ( 


m^n))  v./(m,  n); 


C/(m,  n))     (/(w*, 

=  ^-^rifnn . y'  =  ^  (1,  mn)  ;  (19) 

where  X  =  mfT  ±  nwU",  Y  =.tU^  uT;  (opp.  signs  in  X,  Y).    (19a) 

i,  ^  =  ^il-^  =  ?!+J!L?  =  ^^^±!L^;,  [by  (2)] 


^'"(/(iior+^o-o^)' 


=  ma;'  4-  ny*  =  0  (m,  n)  ;  (20) 

where  X  =  tT±  nuU,  Y  =  mtU  =F  nT;  (opp.  signs  in  X,  Y).  (20a) 


iii.  N  = 


/(l,mn)        1^  +  mnu*        {t^'  +  vmuY  L  y  I  ;J 


^'^\f{i,nm))  "*"^\/(l,  mn)/ 


=  mx*-\'ni/  =  0  (m,  n) ;  (21) 

>vhere   X  =  fi'  ±  tmCT;  Y  =  mTt*  =F  27^ ;  (opp.  signs  in  X,  Y).  (21a) 

Argument, — The  argument*  (as  to  the  divisibility  of  X  and  Y  by  /) 
is  that  nnless  one  pair  (X,  Y)  of  the  two  pairs  (X,  Y)  given  by  the 
double  sign  be  arithmetically  divisible  by  the  denominator  (/),  the 
double  sign  would  make  the  number  of  ways  in  which  the  product 
/.  F  could  be  expressed  in  the  form  ^  (m,  n)  or  4>  (1,  mw)  double  of 
that  in  which  the  numerator  F  itself  could  be  so  expressed  (when  the 
X",  Yof  <1>  are  mutual  primes,  and  the  t,u  of  f  are  also  mutual  primes)  ; 

♦  Case  i.,  with  its  proof,  is  adapted  from  Mr.  Bickmore*s  paper,  **0n  the 
Numerical  Facstors  of  a«—  1,"  Art.  8,  in  Messenger  of  M'U hematics^  vol.  xxv.,  p.  10. 
Tlie  proof  of  Case  ii.  was  communinatt'd  to  the  author  by  Mr.  Biokraore.  The 
proofs  of  the  three  <Mi8eH,  being  quitp  similar,  have  been  combined  into  one,  as 
above,  by  the  author. 
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whereas,  when  /  is  a  monomorph  factor  of  the  dimorph  conformal  Fj 
this  number  is  unchanged. 

The  cases  when  the  coefficients  tw,  n  carry  the  same,  or  opposite, 
sign  are  worth  writing  down  side  by  side  for  contrast  and  reference : 

i.    F(m,n)-T-/(m,n)  =  9(l,mn);      -F(7n,  —  n) -^/(m,  — w)  =  ^(l,— ww), 

(22a) 

ii.  JP(l,mn)-r-/(m,n)  =  0(m,n);     jP(1,— 7nw)-^/(m,  —  n)  =  0(m,  — n), 

(226) 

iii.  F(7>i,n)-7-/(l,?/in)= 0(m,w);      F{m,  — w)  -7-/(1,  —  mn)=fi>{m,  —  n) ; 

(22c) 
with  their  sub-cases 


ia.  F  (m,  — n)  ^/(^^  — m)  =  ^  (win,  — 1), 
iia.  ^'(mn,  —  l)~/(m,  — n)  =  ^  (n,  — m), 
iiia.  i^(m,  —  n) -r-/(mn,  —  1)=  #  (n,  — m). 


(23a) 

'  (236) 

(23c) 


The   simple   cases  when  either  m  or  n  =  ±  1   are  of  special  im- 
poi'tance ; 

i.,ii.,oriii6.  i<'(l,n)^/(l,n)=^(l,n);  F(l,--n)-=-/(l,— n)=^(l,-n), 

(24) 
with  their  sub-cases 


ic.  F  (m,  -1)  -=-/  (m,  -1)  =  0  (1,  -m), 

iic.  2^(1,  -m)-7-/(m,  -1)  =  ^  (m,  -1), 

iiic.  i?'(m,  —1)  -T-/(l,  — m)  =  0  (?m,  — 1), 


(24a) 
(246) 
(24c) 


Thus,  in  all  cases  [under  the  conditions  (16)  to  (18)],  the  quotient 
{N)  of  two  conformals  {F  -rr  f)  can  be  expressed  as  a  conformal  (0). 
The  quotient-results  are  exactly  analogous  with  the  product-results, 
and  are  woi^h  comparing  with  them  *  in  detail ;  but  in  the  division 
process  (except  when  the  denominator  /  =  ±  1,  Art.  16),  one  of 
the  signs  (±)  involved  in  the  X,  Y  leads  to  no  result  (^s  in  every 
such  case  only  one  of  the  pairs  of  X,  Y  is  divisible  by  its  denominator 
/),  so  that  the  quotient-forms  are  all  unique  for  the  particulai*  values 
of  wi,  w,  t,  w,  T,  U  in  F,  /. 


*  Note  that  the  Ringlo  product,  Case  ii.,  with  it«  Sub-cases  ii.a,  A,  c^  gives  rise  to 
tico  quotient  CatiOttii.,  iii.,  with  corresponding  Sub-cu0e8  ii.d,  b,  c,  uud  iii.ri,  b,  c. 
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16.  Gonformal  Division  hy  a  Unit-form, — When  the  divisor  /  is  a 
unit-form  /q  (Art.  9)  of  the  numerator  F^  then  both  pairs  of  the 
X,  Y  are  of  course  divisible  by  the  unit-denominator  (/©  =  db  1),  so 
that  two  conformal  quotients  are  here  yielded,  but  these  are  merely 
automorphs  or  equivalent  forms  ;  this  requires  no  formal  proof. 

17.  Conformal  Division  hy  anAutomorph. — When  the  divisor /is  an 
automorph  of  the  numerator  F,  the  conformal  quotient  is  unique  and 
is  always  a  unit-form  of  F,f;  this  requires  no  formal  proof. 

18.  Conditions  of  Conformal  Division, — The  conditions  (16,  17,  18) 
of  conformal  division  need  careful  attention.  The  condition  (16)  of 
(arithmetical)  divisibility  ot  Fhj  f  is  obviously  necessary  to  any  sort 
of  division.  The  remaining  conditions  are  needed  to  the  argument 
(Art.  15)  that  one  pair  of  the  X,  Y  should  be  (arithmetically) 
divisible  by/;  these  will  be  considerably  relaxed  in  Art.  19-21. 

The  condition  (17)  that  F  should  be  dimorph  when/  is  monomorph 
is  the  most  important ;  it  is  needed  fi'om  the  fact  that,  in  all  the 
quotient-theorems  of  Art.  16,  the  numerator  {F)  =  the  product 
of  two  conformals  (/,  ^),  and  must  therefore  be  dimorph  (of  their 
form),  by  Art.  6. 

33        6.1»  +  7.2«       /(m,  n)    *     ^  '  ' 

Here  F-rfia  an  integer ;  Fffare  oonformalfl  (symmorphs),  and  /  is  a  monomorph 
of  form  /(m,  »i) ;  also  the  t^  u  of /and  the  T,  Uoi  Fare  mutual  prime-pairs.  Thus 
all  the  conditions  of  conformal  division  are  satisfied,  except  that  Fib  a  monomorph 
(instead  of  dimorph) ;  so  that  the  conformal  division  of  F+fis  impossible,  and  N 
cannot  be  expressed  in  the  form  ^  (5,  7). 

Ko(€. — Unfortunately  the  investigation  of  these  conditions  (dimorphism  of  F, 
monomorphism  of/)  is  laborious  when  F  or  /  respectively  is  a  high  number.  In  that 
case  the  best  plan  in  practice  is  to  examine  the  monomorphism  of/  only  ;  and  (when 
/  is  a  monomorph)  to  proceed  to  the  conformal  division  at  once :  if  one  pair  of  the 
X,  Y  turn  out  to  be  divisible  by  /,  this  shows  that  the  conformal  division  is 
possible ;  whilst,  if  neither  pair  of  X,  Y  is  divisible  by  /,  this  shows  that  some 
condition  of  confoimal  division  is  violated.  When/  is  not  a  monomorph,  proceed 
as  in  Art.  20. 

Exception. — In  two  cases  the  dimorphism  of  -F  is  unnecessary,  viz.,  (1)  when /is 
a  unit  form  of  F,  and  (2)  when/,  F  are  automorphs  ;  in  both  these  cases  F  may  be 
a  monomorph  (when /is  monomorph)  ;  this  is  sufficiently  evident  from  Art.  16,  17. 

19.  Extension  of  Conditions  of  Conformal  Divisioyi. — One  of  the  main 
conditions  of  conformal  division  of  Art.  15  was  that  /  should  be  a 
monomorph.     This  condition  is,  however,  not  essential. 
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In  every  case  the  numerator  {F)  is — ^by  hypoth. — the  product  of 
two  conformals  (/•  ^) ;  hence,  when  /  itself  is  a  polymorph,  it  follows 
that,  for  every  distinct  (i.e.,  anautomorph)  conformal  partition  of/,  there 
are  two  distinct  conformal  partitions  of  F ;  and  thus,  if  /  is  capable 
of  r  distinct  conformal  partitions,  F  has  2r  distinct  conformal  partitions, 
only  ttoo  of  which  correspond  to  any  particular  partition  of  /.  Hence, 
when  /  is  not  a  monomorph,  the  proper  condition  as  to  the  form  of  F 
is — excluding  the  two  exceptional  cases  of  Art.  16,  17 — 

'*  The  form  of  the  numerator  {F)  should  be  one  of  the  two  (anautomorphic) 
conformalB  eorre»ponding  to  the  particular  form  (/)  of  the  divisor.*'         (25) 

Note. — When /is  a  high  number,  the  a  priori  investigation  as  to  whether  this 
condition  is  satisfied  would  be  very  laborious.  The  simplest  plan  in  practice  would 
be  to  attempt  the  conformal  division  direct :  if  successful,  this  would  be  sufficient 
proof  of  its  possibility ;  whilst,  if  neither  of  the  JC,  Y  are  divisible  by/,  this  would 
show  that  some  condition  of  conformal  division  was  violated. 

If,  however,  the  quotient  *V  be  really  expressible*  conformally  with  -F,  /,  then 
the  preceding  anal}rsis  shows  that  the  numerator  must,  in  general — (omitting  the 
exceptional  cases  of  Art.  16,  17) — be  expressible  in  two  forms  satisfying  the  above 
condition,  but  the  analysis  does  not  show  how  these  two  new  forms  of  F  are  to  bo 
found  from  the  given  -F,  /.  The  labour  involved  would  probably  be  prohibitory 
when  F*  is  a  high  number.  This  difficulty  may,  however,  be  entirely  avoided  by 
the  process  of  the  next  article. 

20.  Practical  Conformal  Division^  (/  polymorph). — When/  is  not  a 
monomorph  (of  the  given  form),  this  indicates  that  it  is  a  composite 
number  (Art.  11). 

Let  /  be  resolved  into  its  prime  factors,  say  /„  /„  /j, ...  /r ;  next,  let 
each  of  these,  or  as  many  of  them  as  possible,  be  expressed  t  in  quad- 
ratic forms,  conformal  with  / ;  these  will  necessarily  be  mouomorphs. 
Any,  not  so  expressible,  should  be  combined  into  products  of  two  or 
three,  &c.,  at  a  time,  and  these  products  should  then  be  expressed  t 
in  forms  conformal  with  / ;  these  will  also  be  mouomorphs.  Thus 
finally  /  will  have  been  resolved  into  monomorphic  conformal  factors, 
8ay/=/;./^./8.  ...fr. 

The  process  of  conformal  division  may  now  be  applied  to  forming 
the  following  conformal  quotients  in  succession : — 

J^i=4     i?'.  =  4     F,  =  ^,    &c.;     \BBt\y,    ,t>  =  -^.     (26) 

/l  J  2  Ji  Jr 


*  In  many  cases  this  is  known  to  be  possible  a  priori :  e.g.y  if 

(r'  +  w  [)'-')  -i-  (^2  +  wM^  « J»  (a  prime) , 

then  p  is  known  to  be  of  form  «*  +  wy',  when  «  =  1,  ±2,  ±3,  —5,  &c. 

t  This  should  not  be  laborious,  because  the  factors  are  supposed  to  bo  not  largo 
numbers. 
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The  denominators  all  satisfy  the  necessary  condition  ;  if  the  con- 
formal  division  of  the  given  Fhy  fhe  possible,  the  process  will  succeed 
at  every  step  ;  but,  if  at  any  step  the  conformal  division  fail — i.e.,  if 
it  turn  out  that  neither  pair  of  the  X^.u  i^i-i  are  (arithmetically) 
divisible  by  their  denominator  /, — then  the  conformal  division 
proposed  of  1^  by  /  is  impossible. 

Note. — ^The  process,  thus*  conducted,  is  direct  and  certain — (effecting  the  con- 
formal division  when  possible,  and  showing  its  impossibility  when  impossible) — 
involving  no  ambiguity  beyond  that  due  to  the  double  sign  in  X,  T,  which  is  re- 
moved at  each  step  before  proceeding  to  the  next,  so  that  the  ambiguity  is  not 
cumulative. 

21.  Common  Factors  of  F,  /. — The  arithmetical  operations  become 
of  course  easier,  when  the  numbers  m,  n,  t,  u,  T,  U  to  be  operated  on 
can  be  reduced  in  magnitude.  When  F,  f  contain  common  factors, 
these  can  sometimes  be  cancelled  out  without  destroying  the  con- 
formality  of  F,  /,  and  also  without  violating  the  conditions  of 
conformal  division.  This  is  especially  the  case  when  some  two  or 
more  of  m,  n,  ty  w,  T,  U  contain  common  factors  ;  such  factors  are 
easily  recognised.     The  chief  cases  are : 

(1)  Factors  common  to  <,  «,  T,  [7  may  be  cancelled. 

(2)  Factors  common  to  m,  n  may  be  cancelled  in  Case  i. 

(3)  m  may  be  cancelled  when  common  to  u,  U  in  Case  i. ;  or  when  common  to 
«,  Tin  Case  ii.  ;  or  when  common  to  tfU in  Case  iii. 

(4)  n  may  be  cancelled  when  common  to  ^,  T  in  Cases  i.,  ii.,  iii. 

(5)  Factors  common  to  T,  [7,  but  not  contained  in  /,  m  may  be  removed  from  F 
temporarily,  and  the  conformal  division  will  take  effect  upon  the  numerator  so  re- 
duced ;  the  factors  removed  are  to  be  restored  to  the  quotient  after  the  operation. 

Note  that  the  cancelling  of  m,  n  in  (3),  (4)  changes  JP,  /  into  their 
symmoi-phs. 

Exception. — ^When/is  a  divisor  of  both  y,  IP  (in  which  case /must  be  a  square) 
the  mere  cancelling  of /out  of  both  T,  T^  yields  at  once  a  conformal  quotient,  and 
this  is  in  general  the  only  mode  of  procedure :  if,  however,  this  quotient  (say  F)  be 
still  divisible  by/,  the  conformal  division  may  bo  performed  on  the  quantity  F+f; 
and  the  result  when  multiplied  by  /  will  be  a  new  conformal  quotient-form  of 

22.  Case  ivhen  mn  is  — . — When  m,  n  carry  opposite  signs,  the  form 
being  then  /  (??i,  — n),  /  (1,  — 7/i?i),  &c.,  it  may  happen  that  the  con- 


♦  An  example  (in  very  high  numbers)  of  the  process  conducted  direct  by  Result 
(25)  and  another  conducted  as  here  described  are  given  at  end  of  Art.  41. 
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formal  division  indicated  in  Results  (22a,  6,  c ;  23a,  6,  c ;  24a,  5,  c) 
will  fail,  t.e.,  it  may  turn  out  that  neither  pair  of  the  X,  Y  of 
fonnulae  19a,  20a,  21a  is  arithmetically  divisible  by  the  denominator 
(/)  :  this  would  show — provided  that  the  pi*ecautions  of  Art.  18,  19, 
20  have  been  attended  to — that  the  forms  of  0  in  question  were  not 
possible  farms.  In  such  a  case  the  conformal  division  may  still  be 
possible  if  either  the  numerator  (F),  or  denominator  (/),  can  be  con- 
verted into  their  antimorphsj  say  F'  ov  f :  by  this  conversion  the 
following  formulffl  are  interchanged  (22a,  23a),  (226,  236),  (22c,  23c)  ; 
(24a,  246  or  c),  and  the  quotients  are  of  course  the  antimorphs  of  the 
original  quotient-forms.  The  above  conversion  can  always  be  done 
if  either  F  or  f  possess  an  antimorpMc  unit-form  Fl^orfo  (by  the  con- 
fonnal  multiplication  F=F,  Fq,  f  =,f  .f*^^  Art.  6),  and  also  in  other* 
cases  not  readily  recognisable  a  priori, 

Ex.:  y^l37^gg^^^^^7.11«-2.1« 

16         /        17.1«-2.1=' 

Hero  /  —  15  is  a  monomorpkf  of  the  form  (17^— 2m'),  80  that  Result  (22a)  should 
be  directly  applicable ;  and  yet  the  conformal  division  (22a)  fails  (for  it  will  be 
foimd  that  neither  pair  of  the  X,  Y  of  formula  19a  is  diyisible  by  15). 

But,  converting /into  its  antimorph  /—  15  =  2 .  4'— 17  .  1',  then 

JV  «  -^  =  ^J  •  I- "J^— r  ;    which  falls  under  (23a),  with  (19a), 
/         2 .  4*^—17  .  1^ 

,,  /11.4^-1.  1\2      /17.  11.1+2.4.1\« 
"^M— 16— )-l 15 ) 

«  34  . 3»  —  1 3'    (the  result  required) . 


23.  Conformal  Division,  Uses  of. — This  process  is  of  great  use  in 
effecting  directly  the  quadratic  partition^  ^  (m,  n)  of  a  large  number  N 
when  given — as  often  happens  in  higher  arithmetic — in  the  form  of 
a  quotient  F  -^  f,  when  the  corresponding  partition  F  (m,  n)  of  the 
numei-ator  is  also  given  :  in  most  cases  the  resolution  of  the  divisor  / 
into  factors,  and  the  expression  of  these  in  quadratic  forms  conformal 
with  F,  would  be  compai^atively  easy. 

[Examples,  some  very  large,  will  be  given  later  (Art.  41).] 


•  E.g.,  when  -mw  =  34,  146,  194,  205,  221,  305,  377,  386,  410,  466,  &c. 
t  Because  its  prime  factors  3,  6  cannot  be  expressed  in  the  form  (17^— 2tt'). 
X  The  problem  is,  in  general,  one  of  considerable  labour,  when  the  number  N 
is  large. 
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24.  Derivatum. — A  niftlioil*  will 
certftiii  conditious,  from  two  giren 
ber -Y,  a  tbii-d  form  of  tliat  namb 
given  forma,  may  lie  dtriced:  the  process 


■  be  developed  wliei'eby,  nniler 

■(;onforma,l8  of  tbe  eame  nnm- 

non-conformaJ   with   both   the 

be  called  Den'uation, 


I 


o  piven  forms  will  be  cftUed  Bcue-fnmiK,  and  the  new  form  will 
be  called  the  Derired  furm  ;  the  three  forms  together  will  be  called 
AUiedformf. 

Let  N  be  a  number  espresned  in  the  tiro  non-nonformal  baae-forma 
N=$^+mie'  =  $i?+m/,     {m^n).  (27) 

Then  N  can  always  be  reduced  to  the  form 

}  {"',  -")' 


(where  F,  f  are  isomorpha). 


•'S'jry 


I'  -ny 


which  is  of  i-equii-ed  form.  (28) 


25.  Condiiions  of  Deri'cabiliti/.  —  When  certain  relations  exist 
between  fl,  m,  «,  the  expression  (fl .  F-f-/)  just  found  for  N  may  be 
{algebraically)  reduced  to  a  ii(?ic  (jundratic  form  which  will  be  found 
to  be  conformal  with  F,/,  but  non-conformdl  with  both  base-fonna. 
These  conditions  take  fonr  principal  forms,  with  two  cases  in  each 
(cone spending  to  a  ±  sign  of  S),  viz.. 


.9=1; 


J     ii.  6ii  +  f.ul=l, 


=  -1; 

and     exl  +  nyl  = 
and     ff^l  +  tiyl  = 


As  the  process  involves  a  conformal  division,  the  conditions  of  such 
division  (Art.  18)  must  also  be  satisfied ;  the  satisfaction  of  these 
conditions  seems  difficult  to  recognise  a  priori,  but  in  any  actual 
numerical  case  this  will  be  sufficiently  revealed — as  eiplained  in 
Art.  18-20 — by  the    success  or  failure  of  the  attempt  at  the  con- 


"  Thia  method — believed  to  be  new— ia  the  object  of  thin  paper  ;  the  mothodB  of 
multiplicstioa  and  division  of  a  fonn/by  an;  of  ita  uoit-formH,  above  developed. 
provides  the  meauB  of  finding  the  aiitomotpht  thereof,  but  not  of  finding  nra-  or 
diitinct  forms. 
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formal  division  itself.  Moreover,  as  the  result  of  confonnal  division 
is  unique  (Art.  15),  only  one  new  form  can  be  "  derived  "  from  a  given 
pair  of  base-forms. 

26.  Quadratic  Triads. — In  certain  cases  the  allied  forms  (Art.  24) 
are  such  that  each  one  of  the  three  can  be  similarly  derived  from  the 
other  two  considered  as  base-forms.  Such  '*  allied  forms  "  are  called 
a  Quadratic  Triad.  It  will  be  found  that  the  allied  forms  of  Cases  i., 
ii.,  iii.,  ia.,  iia.,  iiia.  are  always  quadratic  triads  ;  but  that  those  of 
Cases  iv.,  iva.  are  a  quadratic  triad  only  under  a  certain  further  con- 
dition. 

27.  Derivation. — Cases  i.,  ia.  (0  =  1,  or  —  1 ;  m:T^n). 

In  i.,  N=i^'^  mxi?  =  «' + ny'.  (29) 

In  int.,  "N  =  mw;*— v'  =  ni/^s^,  (29a) 

Here  (28)  reduces  to 

i.  y="*("^)'-»(y")';  jg.  ■y="^y^')'-"*(f^)',      (30) 

vnw  —  ny*  mw  —  ny* 

and,  by*  conformal  division  (when  possible),  these  yield 

either  i.  ^  =  ^— twnu' ;     ia.  N  =:  mnu^  —  ^  ;  (31) 

or  (Art.  22),     i'.  N=  mnu'-t';     ia.  iV=  ^-mnul  (31') 

Thus,  from  any  two  single  non-conformal  base-forms  (29,  29a)  of  the 
same  number  N,  the  third  form  (31)  is  directly  derivable  when  it  is  a 
possible  form  ;  or  the  alternative  form  (31')  is  indirectly  derivable 
when  the  first  form  (31)  is  impossible  (see  Art.  22). 

Further,  the  derived  form  (31),  but  not  the  alternative  (31'),  is 
identifiable  with  (^*-fZu')  in  Case  i.,  by  taking  l=z  —  mn;  or  with 
(W— <*)  in  Case  ia.,  by  taking  I  =  mn.  The  symmetry  of  the  three 
forms  shows  that,  if  N  be  actually  expressible  in  the  three  simple 
non-conformals 

i.  2V  =  ^  +  lu^  =  v^-trmo^  =  aj'-fny*,  (32) 

or  ia.  jY  =  Zu' — ^  =  mw^—i^  =  ny^—x^,  (32a) 


*  If  m,  M  oontam  a  common  factor,  say  m  =  ic/i,  »  «  kk  ;  then  the  product  wm 
may  in  all  fooh  formulae  be  replaced  (Art.  5,  Note)  by  fiv,  the  square  (it*)  being 
abtorbed  Into  u'. 
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where  I,  m,  n  are  connected*  by  any  one  of  the  relations 

i.  Z  =  —  mn,     m=^  ^nl,     n  =  —  Zm,  (33) 

ia.  Z  =  mn,         m  =  nZ,         n  =  Zw,  (33a) 

then  each  one  of  the  three  forms  is  directly  derivable  from  the  other 
two  (as  base-forms),  so  that  the  three  forms  (32)  or  (32a)  are  a  quad- 
ratic triad. 

[But  when  the  two  base-forms  (29)  or  (29(i)  of  J\r  lead  to  the  alfemative  derived 
form  i/  or  ia.'  of  (31') — (which  can  only  happen  when  the  forms  i.,  i«.  of  (31)  are 
impossible) — then  the  three  forms  are  merely  allied  forms,  but  not  qtiadratie  triads  ; 
as  neither  of  the  forms  (29),  {29a)  would  be  derivable  from  the  other  pair  taken  as 
base-forms.] 

Ex. — One  of  the  most  useful  examples  of  Case  i.  is  when  n  =  —  m,  giving — when 
{ji^—my^  is  a  possible  form  of  N — the  qiuidratic  triad 

JV  =  a*  +  b*  -  !;•  +  mw^  -  a^^my^.  (34) 

This  includes  aU  primes  of  form     p  =  4mv  +  1 , 

when  m>  1,  but  <  11  (and  also  many  cases  when  m  >  11). 
When  (x^—my*)  is  not  a  possible  form  of  iV,  then  the  two  forms 

a'  +  b*«  i-s  +  OTu;'  (34a) 

would  lead  indirectly  (Art.  22)  to  {my'—x^  as  derived  form,  provided  m  be  of  form 
m  =s  a'  +  jS^  (a  necesaary  condition  of  the  coexistence  of  the  three  forms),  and  they 
then  form  a  quadratic  triad ;  this  form  is  discussed  in  the  Example  at  end  of 
Cases  iii.,  iiiff.,  Art.  30. 

28.  Gases  ii.,  iia. 

N  =  Bv^^-mw^  =  Ox^^-nif     (6z^l;  m^n),         (35) 

where  each  of  the  base-forms  admits  of  a  unit-form  (both  -f  1,  or 
both  —1),  i.e., 

Case  ii.     ^+mM;J=l,         and     ^a^+nyj^l,  (36) 

Case  iia.  Ov] -f- mwl  =  —  1,     and     ^a^  -h  nyj  =  —  1  (36a) 

(both  involving  "  m,  n  of  same  sign,  opposite  to  that  of  6  "). 

By  conformal  multiplication  of  each  base-form  by  its  own   unit- 


*  See  previous  note.     Square  factors  in  mn,  nl,  Im  may  be  cancelled  from  the 
values  of  I,  m,  n  respectively,  and  absorbed  into  n*,  w*,  y'  respectively^ 


1896.]  Connexion  of  Quadratic  Forms,  305 

form,  each  is  reduced  to  a  simple  form  (its  own  symmorph),  so  that 
ii.,  iia.  become 

ii.     JV=7'-(-tfm)TP  =  -S?-(-^)r  (-^m, -^n  are  both  -f)  ; 

(37) 

iia.  N=  (-^m)TP-F«=(-.fti)Y'-Z»  (-ftn, -^  are  both  +), 

(37a) 

which  now  fall  under  Gases  i.,  ia. ;  so  that  a  third  form,  non-conformal 
with  both  base-forms  (as  below),  is  directly  derivable  in  each  case 
(when  conformal  division  is  possible) ;  ^  being  here  absorbed 
under  u', 

either  ii.  ^  =  <*  — mnw';  iia.  jN^  =  mntt'— ^,  (38) 

or*  (Art.  22)  ii'.  N  =  mnu^-'i^ ;         iia'.  N  =  fi-mnu*.  (38') 

Hence,  reasoning  as  in  Cases  i.,  ia.  [noting  that  the  base-forms  are 
considered  equivalent  to  their  automorphs  (Art.  10)],  it  follows  that,  if 
N  be  expressible  in  the  three  non-conformals  below  (subject  to  the 
conditions  accompanying),  then  each  set  is  af  quadratic  triad, 

ii.  JV'  =  ^  4-  lu'  =  Ov^ + mw;«  =  Ox' + ny\  (39) 

where  one  of  Z  =  —  mn,  m  =i  -- nl^  n  =^  —  Im,  is  satisfied,     (40) 

and  each  form  admits  of  a  unit-form  (=  -f  1).  (41) 

ii  a.  N^lu^-f^  6v^ + viw^  =  Ox^ + ny\  (39a) 

where  one  of  I  =^'mn,  m  :=  nl,  n=^  Im,  is  satisfied,  (40a) 

and  each  form  admits  of  a  unit-form  (=  —  1).  (40a) 

[Note  that  the  first  form  (lu^:hi^)  of  each  triad  necessarily  admits 
of  the  unit-form  [  =  -h  1  in  (39),  and  =  —  1  in  (39a)  ] ,  when  one  of  the 
conditions  I  =  =Fmn,  &c.  is  satisfied,  since  mn,  —Om,  —On  are  all  -f  •] 

29.  (7a«e5  iii.,  iiia.,  iv.,  iva.     (B^l,  m^n.) 

Here  2V  =  ^t?»  -f  mw^  =  Ox^  +  nf,  (41 ) 


♦  Afl  in  Case  i.,  conformal  division  leads  directly  to  the  forms  (38)  when  these  are 
ponnible^  and  only  leads  indirectli/  to  the  altei'tiative  forms  (38')  when  the  former  aie 
im  possible. 

t  The  alternative  forms  (38')  are  excluded  from  (39),  (39a),  as  they  would  not 
form  a  quadratic  triad  with  (35). 
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subject  to  one  of  the  conditions 

Case  iii.  Ocr*  =  vii^  —  nv' ;  iiia.  Oa^  =  nv^  —  niT^,  (42,  42a) 

Case  iv.   ^o^  =  r'— mnv';  iva.  ^<r*  =  mnw'— r*.  (43,43a) 

Now,  in  each  case,  the  reduced  form  (28)  of  N  may  be  written 

N  =  {6c*)  gL|-"E);-»  iy^y  =  e  ■  f^ ,  (44) 

in  (awy  —  n  {(ry)  f  (m,  n) 

wherein  /,  F,  and  9  =  6a^  are  tsomorphs  by  virtue  of  the  conditions 
(42,  42a,  43,  43a). 

By  conformal  multiplication  of  0,  F,  the  numerator  can  be  in  each 
case  reduced  to  a  conformal  of/,  jP,  viz., 

iii.  e  .  F  =  (mr-nv^)  [m  {wxY'-n  (yvY]  =  'P-mnJP, 
iiia.  e.F=  (ni;«-mr'){m(MJx)*-n(yt;)'}  =mnTP-T^, 

iv.  e.F=z  (r'-mwv-)  [m  (w;a;)*-n  (yvY]  =  mT*-nJP, 

iva.  e  .  F  =  (mni;*-r»)  {m  (t(7a*)'-n  (yv)*}  =  nTP—mT*. 

Next,  by  conformal  division  of  the  reduced  OF  hj  f  (when  the  con- 
ditions of  such  division  ai^  satisfied),  the  quotient-form  is  obtained 
conformal  with/,  F;  thus 


iii.  N^ 


9.F 

/ 


T^—mnlP 


-  =  m^—nu*y 


(45) 


ma.  ^  =    -■   —  = 
/ 


iv.  N  = 


iva.  N  = 


e.F 

f 


e.F 


m  (<rtf7)'— n  {<ry)^ 

or         =  ntt»-m^  (Art.  22),   (45') 

— — _ — _  =  «tt'-  m^,  (45a) 

m{<rwy—n\<ryy 

or         =  mt^  -  nw*  (Art.  22),  (45a') 

— — — --  =  t^—mnvr,  (46) 

m{(Twy—n{(ryy 

or         =  mnv}-e  (Art.  22),  (46a') 

nTP—mT^ 


f 


-  =  mnt*'— ^, 


(46a) 


m  (<n<;)* — n  iyyY 

or         =  i*~mnu>  (Art.  22).  (46a') 

Thus,  in  each  case,  a  third*  form  is  derivable  from  the  two  base- 
forms,  non-conformal  with  both. 


♦  By  Art.  '22,  the  first  form  (45,  45<i,  46,  46a)  of  the  above  pairs  of  alternative 
forms  is  the  correct  form,  whenever  it  is  a  possible  form;  the  second  form 
f  15',  Aon'f  46',  46a')  being  used  only  when  the  former  is  an  impossible  form. 


1896.] 


Connexion  of  Quadratic  Forms, 


807 


30.  Cases  iii.,  iiia. ;  Quadratic  Triads, — It  will  now  be  shown  that 
the  two  forms  (41)  along  with  their  derived  form  (45)  or  (45a)  [not 
(45')  or  (45'a)]  are  in  each  case  a  quadratic  triad.  Taking  Case  iii. 
first : 

Case  iii.; — It  has  been  shown  that,  when  N  is  actually  expressible  in 
the  three  allied  forms 


N=mfi-nu^  =  Ov^-^-miij^  =  ^aj'-fny*     (0  rjfc  1,  w  ^  n)  ; 


} 


(47) 


or         N=f^  (m,  -n)  =  /,  (fl.m)  =/,  (0,  n), 

then /j  (to,  — n)  is  directly  derivable  from/,(fl,  to), /,(9,  n)  provided 

flo*  =  mr*— nw',     or    mr' =  »»»-(— n)T*,  (48) 

and  this  latter  is  seen  to  be  the  necessary  and  sufficient  condition 
that/,  {6,  n)  should  be  directly  derivable  from  f^  (m,  —  n), /,  {6,  m). 

The  derivability  of  the  form  /,  {0,  m)  from  /j  (m,  —  n),  /,  (^,  n)  is 
not,  however,  so  obvious.     The  two  forms 

N  =  m^  —  ntt*  =  6a?  +  my*, 

combined  as  in  Art.  24,  give 

N  =  ^(^^^J±^'  =  I  (suppose). 


Here 


/  =  tt'  +  y*  =  ~  (m^'-0ie*),  by  the  data, 

n 


V 


mi^—ea^ 


{me^Ba?\  by  (48), 


=  t^—Om ,  Mj,     (by  conformal  division) 
=  f,  +  ^ .  u,,  (by  Case  i.), 

because  the  twoforms/ = /(I,  1)  =/(l,  —Om)  involve/ =/ (1,6m), 
by  Case  i.     Hence 

^__  6(Ma;)'  +  mry<)' 
^j  +  Om  .  Wj 

=  017* -hmt^'  =  /,  (0,  m),    (by  conformal  division). 

Thus  the  three  forms  (47)  of  Case  iii.,  with  the  relation  (48),  are  a 
quadratic  triad. 

A.    ft^ 
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Case  Hi  a. — Interchanging  m,  n  of  Cafle  iii.,  a  similar  procednre 
shows  that,  when  N  is  actaallj  expressible  in  the  three  allied  forms 

N  =  nu*-mi^  =  ev^-\-m'u^  =  Oaj'  +  ny',  (47a) 

subject  to  the  condition  6a^  =  nv^—mr^,  (48a) 

then  the  three  forms  (47a)  are  a  quadratie  triad, 

[^Note, — The  preliminary  hypothesiB  tliat  N  is  actually  txprettibU  in  the  three 
forms  (47,  47a)  involves  the  po»sibility  of  all  the  oonformal  divisions  required  above, 
and  also  ezdodos  the  ohanoe  of  any  of  the  oonformal  quotients  taking  the  anti' 
morphie  form  of  Art.  22.] 

Sx. — One  of  the  most  useful  examples  of  above  is  when  m  » ^^  1  «  —  n.  Gases 
iii.,  iiia.  ooalosoe,  so  that,  when  JVis  actually  exprctniU  in  the  three  forms 

N  -  a«  +  b»  -  ei;»4fr»  «  Ox«-y»,  (49) 

the  coexistenoe  of  which  involves 

e-T*  +  u»,  (49a) 

then  the  three  forms  (49)  are  a  quadratie  triad.     [Oompare  (34a),  Art.  26.] 

Ex.  2. — ^When  m  +  n  =  0,  the  systems  (47)«  (47a)  are  each  divisible  throughout 
by  m  (because  the  first  form  is) :  this  case  is  then  reducible  to  the  last  (49,  49a). 

31.  Cases  iv.,  iva.  may  he  quadratic  triads, — Let  ^  be  a  number 
actually  expressible  in  the  three  allied  forms 

Case  iv.     N  =  t^—mnu^  =  eif^-mu?  =  Oaj'-fny',  (50) 

wherein                                    Q<^  =  i^^mnv^^  (51) 

or          Case  iva.  ^  =  mnijf'~f  =  Oi;* + mto*  =  ©oj* + ny',  (50a) 

wherein                                   Oo'rsmnu'— t';  (51a) 

then  it  has  been  shown  (Art.  29)  that  in  each  case  the  first  form 
{±(^'  — mnii')]  is  directly  derivable  from  the  other  two,  as  base- 
forms. 

Now,  if  the  firat  form  in  each  case  admits  either  of  the  symmorphic 

mrj-nuj  =  1,     or     nv\—mT\  =  1,  (52) 

then  Gases  iv.,  iva.,  reduce  to  Cases  iii.,  iiia.  respectively.  For  N 
and  QfT^  are  thereby  changed  as  follows  : — 

iv.  mrj— nvj  =  1  changes  N  =>  f—mni^  to  {mt'^—nur)^ 

and  Oa^  =  r'— mni/'  to  {mr'^  —  nv*) ; 

ivrt.  mrj— wvj  =  1  changes  ^  =  mwu'  — /'  to  (nu'^— ?«/'*), 

and  00^  =  ?W7J!;^  — r  to  {nv^'  —  mr'^)) 
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iv.  ni^— mrj  =  l    changes  N=z  fi^-mnu*  to  (nt***— w^), 
and  Oa^  =  r*-mnw'  to  {nv'^—mT^)  ; 

iva.  «vj— W7^=  1    changes  N  =  mnu^'-t*  to  (m^**— nw''), 
and  tfcF*=mnv*— r'  to  (mr'*— nv**). 

Thus  mi^— ni^  =  1  changes  Case  iv.  into  iii.,  and  iva.  into  iiia., 
nvl—mTl=  1  changes  Case  iv.  into  iiia.,  and  iva.  into  iii. 

Hence,  with  the  added  condition  (witJ— nwj)  =±1,  the  three  allied 
forms  (60,  60a)  of  Cases  iv.,  iva.  are  quadratic  triads,  but  not  other- 
wise. 

Ex, — ^An  intereflting  example  of  CSase  iv.  is  when  o-'  =  1,  n  »  — m,  giving 

JV  =»  /«  +  (m«)«  =  0r«  +  mu^  ^  Bx^-my^;    and  8  =  t«  +  (mw)'.  (63) 

But  these  allied  forms  do  not  form  a  quadratic  triad, except  when  tn  ^^l^  as  this 

is  the  only  waj  in  which  the  condition  «»tJ— nvj  ^rkl  can  be  satisfied  (viz.,  by 
m  =  — >•  =  ±  1,  tq  —  1,  wt)  «  0),  giving  the  quadratic  triad  (49)  of  Case  iii. 

32.  Conditions  of  Derivnbility . — The  fourOases  (i.,  ii.,  iii.,  iv.)  investigated  are  not 
the  only  cases  in  which  a  new  form  is  derivable  from  two  given  base-forms  of  the 
same  number  {N).    For,  writing  the  reduced  expression  (28)  to  which  these  lead, 

jy=9."'K);-"W'-eZ,  («4) 

mto^—ny^  f 

then — since  Fffaie  conforraal — it  follows  that,  if  ^contain  /  as  a  factor,  and  if 
the  conditions  of  conformal  division  are  also  satisfied,  the  quotient  F-i-f  is  itself 
expressible  as  a  conformal,  say  F'y  of  F^f;  excluding  now  the  case  of  $  being  con- 
formal  with  I* J  and  therefore  with  F^  /,  as  being  really  a  particular  case  of  Case  iii. 
(making  0-^1),  there  remains  the  case  of  the  product  (X)  of  the  two  non-conformals 
(0,  I*)  being  conformaUy  expressible  with  F  (>.e.,  with  F,  f) ;  this  case  is  sometimet 
(arithmetically)  possible,  (Art.  6)  ;  but  it  seems  difficult  to  formulate  it  algebra- 
ically, and  it  is  doubtful  whether  the  derived  form  in  question  would,  along  with 
the  two  base-forms,  yield  a  quadratic  triad. 

33.  Practical  Procedure, — The  procedure  in  Cases  iii.,  iiia.,  iv.,  iva. 
merits  further  examination.  After  reducing  N  to  the  form  6/-?-/, 
it  consists  of  two  steps: — I.,  conformal  multiplication  of  6,  jP; 
II.,  conformal  division  of  (0  .  F)  by  /.  This  procedure  is  general,  and 
certain  of  success  when  0  has  the  requisite  form,  and  when  the  con- 
formal division  required  is  possible. 

For  practical  computation,  however,  it  is  often  much  more  con- 
venient to  invert  the  order  of  the  above  steps,  performing  the 
conformal  divisions  firat  (whenever  possible),  and  following  with  the 
conformal  multiplication,  as  by  this  procedure  much  lower  numbers 
have  to  be  dealt  with  than  by  the  previous  order.     This  may  be  done 
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in    the    following  casoB    (whenever    the    conformal    divisions    are 
possible) : — 

(i)/  =  er.    (2)  F^fF-,    (3)/=/,/,,    e  =  e'/„    F=/,F.  (66) 

The  order  and  nature  of  the  operations  are  then  as  follows : — 


CoMSinONS. 

oTSP. 

(1)  /-  9f 

(2)  F^/r 

(3)/-/i/,.  e-e'/„l^-/,i^ 

I.     Conform.  Diyn.    ... 

f-^B-f 

F-rf^r 

e-r/i-e',  F-i-A^r 

^Conform.  Miiltn. ... 

n.  \ 

'-Conform.  Divn.   ... 

•  «  •                           •  •   • 

•  •  •         •  •  • 

•••                 •••                 •••                 ••• 

The  simplest  case  is,  of  course,  when  6  =/,  for  then  N  obviously 
reduces  to  xr        m  /      m        r     m 

Note. — The  condition  /  =  Of  of  Case  (1)  above  is  alvoays  satisfied^ 
for  the  data  [(27)  Art.  24]  give 

mv?—ny^  =  0  («'—!?'), 

whence  /  =  9  (aj*— v*) ; 

but,  as  the  conformal  division  may  in  this  case  be  impossible,  it  is 
often  convenient  to  use  the  other  cases. 

The  denominator  /  being  thus  always  composite  (often  highly 
composite),  the  procedure  of  Art.  20,  viz.,  dissecting/  into  its  raono- 
morphic  factors,  should  be  adopted ;  and,  to  shorten  the  numerical 
work,  it  is  important  to  strike  out  the  obvious  common  factors  of 
0F,  /  as  explained  in  Art.  21 :  one  case  is  especially  simple,  viz., 
when  either  of  the  pairs  (w?,  n),  (to,  y)  have  common  factors  ;   thus,  if 


n  V 


it» 


w  ^ 

y       ri 

then  the  expression  (28)  for  N  is  at  once  reduced  to 


(56) 


jY-  ff   f/.(«>>a;)'-y(i?t;)'^ 


(57) 


which  has  the  pi'actical  advantage    of    containing   lower  numbers 
than  (28). 
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34.  Repeated  Derivation, — The  process  of  derivation,  above  applied 
to  two  non-conformals,  may  be  extended  to  three  or  more  non- 
conformals,  in  Cases  i.,  ia.,  ii.,  iia.,  say, 

^=  ^x\-^Wi  =  Qx\^hy\  =  ^^Whyl  =  &c.,  (58) 

wherein  0  is  the  same  throughout,  and  Zj  rjt  Z,  rjfc  Z,  rjt  <fec.,  (68a) 

when   the   conformal   divisions  requisite  are  all  possible.      It  will 
suffice  to  show  this  for  three  forms  of  Case  i. 

Case  i.  {0  =  1). — Let  N  be  expressed  in  the  three  non-conformals 

N^x^-^-l^y]  =  x\i-l^y\  =  a-l+Z,yJ.  (59) 

By  combining  the  second  and  third,  the  third  and  first,  and  the 
first  and  second  forms  in  succession,  the  three  new  derived  forms  are 
obtained,  when  the  conformal  divisions  are  possible  (excluding  tlie 
alternative  case  of  Art.  22), 

-^= ^M-^^y»  =  ^li-hhyli  =  x]t-hhyw  (^^^O 

and,  by   combining   any  one   of  these   with  the  non-corresponding 
original  form,  a  new  derived  form  results. 

Case  ia.  (^  =  —  1)^ — This  follows  by  merely  slight  alterations. 

Cases  ii.,  iia. — Also  follow  by  reduction  to  Cases  i.,  ia.,  as  in 
Art.  28. 

Cases  iii.,  iiia.,  iv.,  iva. — Do  not  appear  to  be  susceptible  of  this 
extension,  without  some  additional  conditions. 

35.  Generalization. — The  process  of  derivation  may  be  extended* 
to  the  more  general  quadratic  forms 

N  =  kv^  -h  avw  +  hw^  =  fcx*  +  cxy  +  eZy',  (60) 

wherein  one  of  the  coefficients  (A;)  is  common  to  both  forms.     Here 

4A;2V=  (2A;t;-haw?)'-h(4A:6-a«)  w^  =  (2^  +  cy)*  +  (4A;d-c')  y^ 

by   obvious   substitutions.     Hence,    provided  mrfzn  (so  that  tliese 


*  This  extension  is  due  to  Mr.  Bickmore. 
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forms  may  be  non-conformal),  these  yield  (when  the  conformal 
division  required  is  possible)  the  new  form  of  AikN^ 

4ikN  =  t^—mn .  u\     or    mn .  u'— ^,  (606) 

and,  when  iJc  is  conformal  with  /  (1,  ^mn),  N  itself  is  expressible  [by 
conformal  division  of  (606)  by  4^]  in  the  three  forms  (60a,  6),  which 
then  form  a  quadratic  triad. 

86.  Numerical  Examples. — The  power  of  the  process  of  derivation 
is  best  seen  with  very  large  numbers  ;  as  with  small  numbers  the 
partitions  can  often  be  more  easily  effected  by  direct  trial.  But  it  is 
well  to  begin  with  small  numbers. 

37.  JBx. — ^The  amall  prime  p  »  241  affords,  from  its  numerous  partitioiis  (shown 
below),  many  easy  examples  ;  the  antdmorphs  of  the  second  and  third  lines  are 
connected  by  the  (negative)  unit  form  shown  in  the  fifth  line 

jp«16'i.4>«     13»  +  2.6'    -    7^  +  3. 8»=     6«  +  6.6«=   14>  +  6.3«   -     9»  +  10.4» 
=     21«-2.10»- 17'-3.4*-   2o«-6.8«-  31«-6.i2*=   41»-10.12« 
=     2.11»-.1»   «    -    »  6.7S-2'      -.10.6a-3« 

■  •  •  •  •  •  ""^  •  •  •  •  «  •  "^    W  «  V       ^^  m0m    ^ 

Unit-- 


...  ... 


form 


).- 


1«-2.1« 


I  •  ■         •  •  I 


=     2«-.6.l2    -       3*-10.1« 

-      1»+16.42=    ll»  +  30.2» 
=   16«-16.1»-.   19»-30.2« 


«     -  e.g'-o.T*. 

Thus  there  are  seven  quadratic  triads  of  the  simplest  form  (34)  of  Case  i., 

/>  =  a»  +  b'  =  €>'  +  mw»  =  «*— my', 
given  by  m  =  -«  -  2,  3,  6,  6,  10,  15,  30. 

Of  Case  i.  (8=1),  and  also  of  Case  ia.  (a  =  —  1),  there  are  twenty-eight  quadratic 
triads  (Art.  27)  given  by  the  four  interchanges  of  sign  ( ±  w,  ±fi)  in  the  scheme 

±m  »2,     2,     2,     3,     3,     6,     6, 

±»    =  3,     5,  15,     6,  10,     5,  10, 

/=±m«  or  ±uy  =  6,  10,  30,  16,  30,  30,  16. 

Of  Case  ii.  there  are  two  quadratic  triads  given  by 

(e,  t»,  w) -(-2,  1,  3)    and    (-6,1,6). 

Of  Cases  iii. ,  iv.  there  are  four  quadratic  triads,  given  by 

(e,  m,  fi)  -  (3,  1,  -2),  (-2,  1,  3),  (6,  1,  -6),  (-5.  1,  6), 

these  all  falling  under  both  Cases  iii.,  iv.,  because  m  «  1  in  each  instance. 

There  are  no  instances  of  Cases  iitf.,  iii/r.,  iva.  in  the  above  scheme  (the  conditions 
not  being  satiHfied). 
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38.  Case  i. — ^Anj  two  non-oonformal  simple  forms  of  the  miall  prime  p  ^  241 
will  serve  to  prove  the  actual  working  of  the  process,  #.^., 

i>-5*  +  6.6«-14*  +  6.32; 

here  0^1,  m  *  6,  n  >»  5.    Then,  bj  (30), 

6(6.14)>~5(6.3)»  ^   F 
^  ""        6  .  62-6  .3-         "  /  * 

Hero  the  factor  9  maj  be  cancelled  out  of  both  F,  f ;   leaving  the  reduced  divisor 
/-r  9  =s  (6  . 2'— 6 .  l^  «  19,  a  prime,  and  therefore  a  monomarph  (see  Art.  11,  21). 

Hence  6    28^-5. 6» 

^       6.2«-5.1='  ' 

whence,  by  conformal  division, 

«19»-30.2«, 

the  required  derived  form. 

[To illustrate  the  working  of  the  cases  when  B^^  ±lt  it  is  better  to  take  larger 
numbers,  giving  m^^lf  n^^ikl.] 

39.  Case  ii. — Given  JV  =  42,641  in  the  three  allied  forms 

iV  «  2  .  642*-7  .  279»  =  11 .  277«-2  .  633^  «  11 .  3842-7  .  476«, 

with  the  corresponding  unit-forms  (determining  the  derivabilitj) 

1  -  2 .  2«-.7  . 1»  -  11  .  3S-2.  7'  -  11  .4»-7  .  6«. 

By  conformal  multiplication  of  each  form  of  if  by  its  own  unit-form,  there  follow 

^'=  216«-14  .  16»  =  279*- 22  .40"  =  27l»-77  .  20", 

which  now  faU  under  Case  i.    Thus  either  set  by  itself,  or  any  one  form  of  either 
set,  togfether  with  the  non-conformal  pair  of  the  other  set,  is  a  quadratic  triad, 

40.  Cases  iii.,  iUa.— Take  JV-  3317. 

iV«6.91"-2.138")  ,  _  ,  r  Case  iii. 

.      f  -  13.12»  +  6.17"-  13.16"  +  2.14«^ 
=  2.41"-5.3"     )  (Caseiiia. 

Here  0  a  13,  m  «•  5,  n  »  2  ;  and  taking  0*  »  1,  the  condition  of  derivability  of 
both  Cases  iii.,  iii  a.  is  fulfilled,  viz., 

e(r«  -  13  .  1"  «  5  . 3"-2  .  4"  -  2  .  3"-6  .  1", 

the  two  cases  being  connected  by  the  unit-forms 

19"-10.6"-  1  «  10.1"-32, 

by  which  the  two  leading  forms  are  seen  to  be  antimorphs,  and  the  conditions 
themselves  (48),  (48a)  are  also  antimorphic.  Hence  the  two  sets  of  **  allied  forms'' 
are  quadratic  triads. 

To  show  the  working  of  the  process  of  derivation,  let  N  be  gfiven  in  the  second  and 
third  forms,  to  derive  the  first  form 

^•=  .3.  12«+5.  17"=  13.  16"  +  2.  H^ 
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giving  e  -  13,    m  =-  6,    «  «  2, 

with  the  condition  «<r*  «  13  .  I*  «  6  .  3»- 2  . 4». 

Here,  by  (28),        N^  n  ,^J.\L±'^^^A}1'W  «  ,.Z. 

6.17'-2.14*  / 

Hero  /- 1063  =  13.81, 

80  that  e  divides  out  of/;  whilst  9,  being  a  factor. of  /  and  of  both  members  of  F, 
may  be  cancelled  out  of  both  F,f:  the  reduced  denominator 

/-hl3.9  -9-(7«-10.2«), 
which  is  a  mvnomorph  (symmorphic  with  the  reduced  numerator,  JP  -r  9).      This 
reduces -y  to  j^_  5  .85«-2  .  Sg*  . 

7»-10.2«     * 
whence,  by  oonformal  division, 

iV=  5  (7.85  4-2.  2.56  \«^/ 5.  2. 85 +  7.56  \8 

=  6.91«-2.138», 
as  the  derived  form. 

41.  Partition  of  Large  Primes. — A  frequently  recuiring  necessity  in 
the  theory  of  residues  is  the  partition  of  a  large  prime  (p)  into  the 
simple  form  p==  fi-\-  lu*^  where  I  is  some  (given)  small  number 
(Z  =  -f  1,  ±2,  ±3,  (fee.).  Unless  one  of  ^,  u  be  a  small  number  (in 
which  case  the  partition — ^by  direct  trial — is  easy),  this  is  often  a 
laborious  work.  The  pi*operties  of  quadratic  triads  afEord  con- 
siderable help  in  this :  for,  if  any  two  (non-conformal)  partitions 

p  =  v'+muT*  =  a^  +  ny*  (61) 

can  be  discovered,  forming  a  quadratic  triad  with  the  required  form 
(^-f  ^t*'),  the  latter  is  at  once*  derivable, 

Base-FortM. — Suitable  base-forms  (61)  may  often  be  discovered  by  the  following 
tentative  process.  Subtract  from  the  given  p  a  number  of  t  squares  (say  p',  a^) 
each  <  p  ;  also  subtract  the  given  p  from  a  number  oft  squares  (say  tr»,  X'^>  each  >  p. 
Resolve  J  the  differences  {p'^v^)y{p'^x^  into  their  factors  :  some  of  these  differences 

•  It  is  assumed  that  the  required  form  {fi  +  /«')  is  a  poBsihU  form  of  p  (this  would 
be  known  a  priori) :  this  being  so  appears  to  involve  the  possibility  of  the  conformal 
division  required  (when  conducted  properly  ;   see  Art.  20). 

t  A  large  Table  of  square  is  required  for  this  part  of  the  process  :  the  extent  of 
the  Table  available  is  a  practical  limit  to  the  utility  of  the  process.  Barlow's 
Tables  extend  only  to  10,000^:  Ludolfs  and  Kulik's  Tables  both  extend  to 
100,000^,  but  are  both  out  of  print,  and  are  raio  books  now. 

X  The  trial  squares  (v^,  z*)  should  be  so  chosen  that  these  differences  should  be 
ro(^lvable  into  factors  at  sight  from  a  factor- table  (otherwise  the  lal)oiir  of  factor- 
ization is  considerable).  Barlow's  New  Mathematical  TahUe  (1814)  are  very 
suitable,  as  they  give  the  factors  of  all  numbers  <  10,000  :  they  are  imfortunately 
out  of  print. 
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will  be  fotmd  to  contain  square  factors,  «.#.,  will  be  of  form  mw*^  n^f^ ;  these  will 
give  a  number  of  partitions  (61)  with  yarious  yalues  of  m,  ft.  If  any  pair  (m,  »)  of 
these  are  such  that  wm  of  the  conditions 

/«i— mn,    m^—nl^    n^-^lm  (62) 

is  satisfied,  then  that  pair  will  be  suitable  base-forms. 

The  advantage  of  this  is  that  in  that  part  of  it  which  is  tentative  any  two  forms 
(61)  which  will  satisfy  any  one  of  the  conditions  (62)  will  suffice  ;  so  that  there  is  a 
good  chance  of  a  suitable  pair  being  found  with  less  labour  than  would  be  requisite 
for  directly  effecting  the  partition  {t'  +  lu^}.  It  sometimes  happens  that  one  or 
more  forms  of  a  given  prime  are  determinable  algebraically^  and  that  in  the  course 
of  the  above  tentative  work  a  new  form  may  be  found  suitable  for  use  with  it  as  a 
base-form. 

^i;.— Let  p  -  10,567,201  (the  large  factor  of  27»- 1).    Find  the  partitions 

/»  -  a»  +  b»  -  c*  +  2d». 

As  the  last  two  figpures  (01)  oi  p  are  the  ending  of  the  squares  of  four  classes  of 
numbers  only,  viz.,  of  such  as  end  in  01,  49,  51,  99,  the  trial  values  of  v,  x  are  con- 
veniently assumed  of  these  forms,  because  the  differences  {j>^i^)t  {p^^  will  then 
all  end  in  00,  and  will  be  therefore  more  easily  factorized.  Starting  from  the 
critical  value  Vp  =  4516  nearly,  and  trying  all  possible  values  of  r,  x  of  above 
forms,  both  <  Vp  and  >  -/jt?,  forming  the  differences  {p^v^y{pr^x*)j  and  factorizing 
these  differences,  there  result  (after  a  good  many  trials)  the  two  suitable  forms 
(for  the  a,  b  partition) 

p  -  235l«+  14  .  600*  -♦76,399»-14  .  20400', 

which  fall  under  (34),  Case  i.    Hence,  by  (28), 

(76,399  .  600)«->-  (2a51  .  20400)*  ^  76,399'  f  (2351  .  34)'  ^  F^ 
600' +  20400'  **  I'' -1. 34*  *  / 

/76,399. 1  +  2351  .34. 34\'^  /76399.34-2361.34\'    ,.     ,ax 
"I 1157 )   M n57 j'(^l»> 

-  2415' +  (34.  64;'  =  a' +  b'  (as  required) . 

[iW^._The  divisor  /=  1157  =  13  .  89  =  1'+  34'  =  31'  +  14'  is  not  a  monomorph. 
The  success  of  the  conformal  division  in  this  instance  is  due  to  the  fact  that  the 
forms  of  J^, /here  used  chanced  to  be  corresponding  forms  (Art.  19) :  the  work  has 
been  here  done  with  the  non-monomorphic  divisor  only  to  show  that  it  may  some- 
times succeed :  the  safer  plan  would  be  to  proceed  as  in  Art.  20.] 


*  A  much  smaller  solution  of  this  form  (x-—  I4y')  can  be  found  from  this  one  by 
conformal  multiplication  by  the  unit- form  15^—14  .4*  =  1  ;  thus 

p  =  (76,3992-14  .  20,400') (15S-  14  .  4'), 

which,  on  reduction,  gives  p  =  3535'  — 14  .  404'.     ThiH  might  have  been  used  aa 
the  {t*  -  14y')  form  above.     [This  was  pointed  out  by  Mr.  Bickmore.] 
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Stxt,  to  effect  tlio  partition  p  <•  c'  +  2d'.     Id  the  coiine  of  Uie  tentatiro  work 
Bbore,  the  form  j,  _  aasi'-a.SO" 

was  obtained  [at  the  start) :  this,  and  the  now  known  form  (a'4  V],  aro  suitable 
bMe-tonns  (Einoea'-i-b',  o*  +  2d^  e'  — 2P area qnadratiQ  triad),  w>  that 

p-241S'  +  2176'-325I'-a.30'. 
Thia  falk  under  CaM  I.    Hence,  hj  f28}, 

_  (ai76.3261)'  +  2{BJ16.30)'       (2415  ■  16)'-f  2  (M4  .  3251)'       ^ 
^  2l76»  +  2.30'  "  lfi'  +  2.M*'  "  / 

(Ilia  factor  8  banoir  been  cancelled  ont  of  F,/). 

Here    /- 692,087  -  II .  19  .  2833  -  ia*  +  2  .  lijCl'  +  a  .  3>)(*l»  +  2  .  2**), 
so  that  the  lafii  procedure  is  to  divide  oonf onnally  bj  each  factor  separately  (writing 
A  ~  l^T  /t  *  1S>  /i  -  2833),  aa  in  Art.  20.    Omitting  details,  the  stops  are 


r,- 


331.433'  +  2.479.037' 

19  -  (l>  +  2.3>) 


133,831'42.  77.644'        _  623t  +  2 .  2258' - 


(ht  a  Series  of  Cotrinodal  Quarties.     By  H.  M.  Tatloe,  M.A. 
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1.  Many  well-known  theorems  in  the  geometry  of  the  triangle 
relate  to  straight  lines  drawn  at  right  angtbs  to  the  eidea  of  the  tri- 

In  attempting  to  generalize  these  theorems  we  are  led  to  consider 
in  what  caaea  and  in  what  circumstances  it  is  possible  by  orthogonal 
projection  to  project  a  triangle  and  a  given  point  in  its  piano  into  a 
triangle  and  its  orthocentrc. 

2.  A  welt-known  theorem  given  by  Lazare  Camot  states  that,  if 
the  angular  points  A,  B,  C  ot  &  triangle  be  joined  to  any  two  points 
0,  0'  in  its  plane  by  straight  lines  which  cut  the  opposite  sides  of  the 
triangle  in  the  points  D,  D',  E,  E',  F,  F",  then  these  six  points  lie  on 
a  conic.     From  the  well-known  properties  of  the  nine-point  circle  it 
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appears  that,  if  the  point  0  were  the  centre  of  gravity  of  the  triangle 
ABGy  and  if  the  conic  DI/EE^FF'  were  an  ellipse,  then  the  orthogonal 
projection  which  would  project  the  ellipse  into  a  circle  would  project 
the  triangle  ABC  and  the  point  (/into  a  triangle  and  its  orthocentre. 
It  can  be  proved  that,  when  the  point  0  is  the  centre  of  gravity  of 
the  triangle  ABO,  the  conic  BD'EE'FF'  will  be  a  parabola  if  the 
point  0'  lie  on  a  side  of  the  triangle  or  a  side  produced ;  the  conic 
will  be  an  ellipse  if  the  point  (/  lie  within  the  triangle  or  in  a  part  of 
the  plane  reached  by  crossing  two  of  the  sides  ;  and  the  conic  will  be 
a  hyperbola  if  the  point  (/  lie  within  a  part  of  the  plane  reached  by 
crossing  one  of  the  sides. 

3.  We  shall  now  consider  the  more  general  problem  to  find,  when 
one  of  the  points  0,  0'  is  given,  the  locus  on  which  the  other  point 
must  lie  in  order  that  the  conic  BI/EE'FF  may  have  a  given 
eccentricity. 

If  the  terms  of  the  second  degree  in  the  equation  of  a  conic  in 
rectangular  coordinates  be 

the  eccentricity  e  of  the  conic  is  given  by  the  equation 

l-e«    ^AB-E^ 

or  the  equivalent  equation 

e*       _{A-By^-4^ 
(2-e»)»  {A^By      * 

4.  If  the  equation  of  a  conic  in  trilinear  coordinates 

t*a*  -t-  r^ + w?y* + 2ufly  +  2t;'/3y  +  2,wap  =  0 
be  ti^ansformed  to  rectangular  coordinates  by  the  usual  transformation 

a  =  pi—x  cos  a—y  sin  a, 

/3  =  p^—xcoa  fi  —  y  sin  )8, 

y  =  p^—x  cos  y  -y  sin  y, 
then 
ar*  {  MC08'a-|-t;cos*/3-+-M7cos'y  +  2tt'cos/3cosy+2t;'co8y  co8a  +  2ii;'cosacos^ 

-\-xy  [2u  cos  a  sin  a  +  2t;  cos  />  sin  fi-\-2w  cos  y  sin  y +  2u'  (cos  /3  sin  y  H- sin  j3  cos  y) 

-f  2v  (cos  y  sin  a  -f  cos  a  sin  y)  +  2w'  (cos  a  sin  /3  +  cos  P  sin  o)  } 

+  y'  {  u  sin'  a  +  u  sin'/3  +  «;  sin'  y-f  2M'sin/3  sin  y +  2t7'  sin  y  sin  a  +  2w;'  sin  a  sin^} 

H-  terms  of  first  degree  =  const. 
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If  this  be  written 

Aaf +2Hri/  + By* +terma  of  firat  degree  =cotiBt., 
then 
^  +  B  =  w  +  f +  w  +  2u'coa(3— y)+2w'coB  (y-a)+2w'ooB  (a-/J) 

=  u+v+ie~2u'coaA—2v'coeB—2w'ooaC; 
A-B  =  ucoB2a  +  vcoa20+wcoa2y+2u'coB(fi+y) 

+  2«'coB  (y+a)  +  2w'cos  (a+/3) 
=  ucoa2a+uoo8(2a-2C)+-ircoB(2a+2P)+2M'coa(2i.  +  B-G) 
-2t.'coH  (2a  +  B)-2w'coB  (2a - C) 
=  coa2a{«+i;cos20+MCO8  2B+2u'cofl(B-0) 

— 2«'coB  B— 2w'coa  G] 
+  sin  2a  {v  Bin  2C-io  sin2B-2K'ein  (B-0) 

+2v'eiiiB~2ic'ainG]; 
2ff  =  uBin  2<.+t.Bin  2^+wflin2y  +  2tt'8in  ((8+7) 

+2t.'8in(y+a)  +  2w'sin(a+/3) 
=  «Bin2a+jiBin(2a— 20)  +  «'Hin(2a+2B)+2i*'Bin(2a+B-0) 
-2ti'8m(2a+B)-2w'8in(2a-0) 
=    sin2aJu+i;coB20+M'coB2B+2i.'coB(B-C) 

— 2f'coB  B— 2w'co8  0} 
+  coa2aJ-fsin2C  +  W8in2B+2u'sin(B-C) 

-2t.'flinfl+2«.'flinC}. 
Therefore 
(il-B)'+4fl'  =  u*+&c.  +  4i*'*+&c.+2Mt>coB2(a-(8)  +  Ac. 

+2uVco8(a— 0)  +  &c.  +  4ua'cos(2a-;3— y)+&c. 
+2Mti'cos(a— 7)  +  (fcc. 
=  u'+&c.+4iu''+&c.  +  2u«co820+&c.-8ttVco80+&c. 
+  4uu'coB  (B— C)  +  &c.-4uii'co8  B+Ac. 
If  we  take  the  triangle  AUG  aa  the  triangle  of  reference,  then,  if 
the  coordinates  of  0  be  a,  fi,  y,  and  those  of  (/  be  a,  p,  y,  and  i,  y,  z 
be  current  coordinates,  the  equation  of  the  conic  DDEKFF'  is 

Comparing  this  equation  with  the  equation 

««* + cy' + wa' + 2a'yi + 2v'zx  +  2ic'a;!/  =  0, 
we  see  that  each   of   the   expreBsions  A-\-B,  A—Ji,  ill  is  of   —1 
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dimension  in  a/?y,  and  that  therefore  the  equation 


(^-J5)-+4If*  = 


{A  +  BY 


{2-ey 
admits  only  terms  of  the  form 

JL  JL  J_   i_  _L  i.. 

a*  *     i3* '     y* '    fiy     ya'    ajS ' 

it  follows  therefore  that,  if  the  point  0'  (o',  ^^  y)  be  fixed,  and  the 
eccentricity  e  be  given,  the  locus  of  the  point  0  is  a  trinodal  quartic 
having  A,  B,  C  for  nodes. 

It  appears  also  from  the  equation 


J5-fl«= 


,-    l-e« 


wM-^^y 


that  the  locus  AB—B}  =  0  separates  the  parts  of  the  plane  in  which 
0  must  lie  in  the  two  cases :  (1)  when  the  conic  is  an  ellipse,  and  (2) 
when  it  is  a  hyperbola. 

It  may  be  remarked  that,  if  the  conic  be  a  circle,  the  locus  of  the 
point  0  is  reduced  to  a  point. 

6.  The  remaining  part  of  this  paper  is  concerned  more  especially  , 
with  the  case  when  the  conic  is  a  parabola.     It  is  somewhat  more 
convenient  in  discussing  this  problem  to  use  triangular  coordinates. 

The  condition  that  the  triangular  equation 

should  represent  a  parabola  is 

/3/3'yy        yy  aa        ua/>/^       aa\fiy        pyl       p/3  Vya        y'al 


\py        fjy/\ya        ya/ 


so  that 
C  /S'y'      I'/ a        yV 


-2.4.  2.  +  A+    2 


=  (-i 


fi^ 


7/  a»"  "^  VT"  ~  tt'7  7?  "*"  i"^ 
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={G 


=  {.V-y-)/3y+/r(y'-a-)ya  +  y-(.-_(r)a/3)', 

an  equation  which  gives  the  locos  of  the  point  Ofoi*  any  given  positiou 
o'/^y'  of  the  point  0',  when  the  conic  DD'EE'FF'  is  a  parabola.  The 
equation  may  for  convenience  be  written  Sa'lYy'a^yL  =  S*. 

6.  It  may  be  noticed  that  the  line  L  =  OiE  the  polar  of  the  point 
O"  with  respect  to  the  conic  fiy  +  ya+a^  =  0,  which  ia  the  circum- 
scribing ellipse  of  minimnm  area. 

The  conic  S  =  0  is  a  hyperbola  circnm scribing  the  triangle  ABO 
and  passing  through  its  centre  of  gravity  Q  and  also  through  the 
point  0'. 

The  conic  iS  =  0  is  completely  determined  by  the  position  of  the 
point  C,  but  any  position  of  the  point  &  on  the  conic  iS  ^  0  wonld 
"equally  well  determine  the  same  conic  S  =  0.  On  the  other  hand, 
evety  different  position  of  the  point  0'  on  the  conic  8^0  gives  rise 
to  a  different  qaartic  8a'/3'y'o/3yL  ^  S*.  It  seems  convenient,  in 
discaesing  the  different  forms  of  the  quartic,  to  assume  the  conic 
8  =  0  determined  by  some  point  on  it  and  then  to  trace  the  changes 
in  the  quartic  curve  for  different  positions  of  the  point  O",  while  it 
traces  out  the  conic  5=0. 

This  has  been  done  for  me  by  my  friend  Mr.  W.  H.  BIythe,  who 
has  kindly  drawn  a  series  of  diagrams  illustrative  of  the  manner  in 
which  the  shape  and  the  position  of  the  quartic  curve  change  with 
the  position  of  the  point  0'. 

A  paper  by  Mr.  BIythe  exhibiting  these  diagrams  accompanies  this 
paper. 

7.  It  is  easy  to  prove  that  the  straight  line  j3+>  =  0  meets  the 
quartic  twice  at  the  point  A,  and  is  a  tangent  to  the  curve  at  tho 
point  of  intersection  with 

a(a'/3'  +  aV  +  2/JV)-^a'(/i'-y')  =0. 
that  is,  at  the  point 

_    -  _^  _+!s        ^   ->■--=      1- 
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Similarly,  the  straight  line  -^  -f-  -^  =  0  meets  the  curve  twice  at 

P        y 
the  point  -4,  and  it  touches  the  quartic  cui-ve  at  the  point  whei'e  it 

meets 

a  (2a'+/3'+/)+^  ^(/3'-y')  =  0, 

that  is,  at  the  point 

a  /3  y 


«'  .   _     .        /8'        _  y 


/3'-y'       2a'+P  +  y        2a'+/3'  +  y' 

1 


a'(/J-y')-(>3'-y')(2a'  +  ^  +  y) 

_  -1 1_ 

(i(3'-y')(a' -!-/>''  + y')  /i'— > 

8.  We  will  now  discuss  in  which  of  the  portions  of  space,  into  which 
the  plane  is  divided  by  the  three  sides  of  the  triangle  ABC  and  the 
line  i>,  the  curve  Safi'ya(iyL  =  S^  lies. 

It  is  clear  from  the  form  of  the  equation  that  the  portions  of  space 
in  which  the  curve  lies  are  to  be  found  from  each  other  by  crossing 
tu'o  or  four  of  the  straight  lines  a  =  0,  5  =  0,  y  =  0,  L  =  0. 

If,  thei-efore,  for  any  given  position  of  the  point  a'/B'y'j  we  deter- 
mine the  position  of  the  line  L  and  also  the  position  of  some  point  on 
the  curve  in  one  of  the  parts  of  the  plane,  we  shall  have  determined 
in  which  parts  of  the  plane  the  curve  lies. 

Fii*st,  let  us  take  the  case  where  /3'-hy',  y'+a',  and  o'-|-)3'  are  all 
positive,  that  is,  where  the  point  u'/^'y'  lies  within  the  triangle  A!B'G 
foi-nied  by  drawing  through  the  angular  points  of  the  trianorle  ABG 
parallels  to  the  opposite  sides ;  then  the  expression  X  or 

is  positive  if  a,  /3,  y  be  all  positive..  Therefore,  in  this  case,  if  o',  /J',  y 
be  all  positive,  there  must  be  some  part  of  the  curve  within  the  tri- 
angle ABC^  but,  if  one  of  the  three  quantities  o',  )3',  y  be  negative, 
there  is  no  part  of  the  cui^ve  within  the  triangle  ABC. 

In  this  case,  the  triangle  is  not  cut  by  the  line  L. 

Next,  let  us  consider  the  case  where  a+fi*  and  a'+y'  are  both 
positive  and  /3'  -H  y'  is  negative  ;  in  this  case,  the  line  L  will  cut  the 
sides  AG  and  AB  both  internally  in  some  points  Q  and  JB,  and  the 
quantity  L  will  be  negative  for  points  on  the  same  side  of  QB  as  A, 

VOL.  xxviii. — NO.  595.  Y 


322 


Mr.  H.  M.  Taylor  on  a 


[Dec.  10, 


and  positive  for  points  on  the  opposite  side.  It  follows  thei-efore 
that,  if  the  product  /3'y'  l>e  positive,  some  part  of  the  curve  lies  within 
the  quadrilatei-al  RBGQ,  and,  if  the  pi-oduct  ji'y  be  negative,  no  part 
lies  within  the  qaadrilatei*al  BBCQ,  Again,  in  the  case  where  /3'-f-y' 
is  positive  and  both  a'-f/S'  and  a'H-  y'  are  negative,  the  line  L  cuts  both 
the  sides  AG  and  AB  internally  in  some  points  Q  and  B ;  and  the 
quantity  L  is  positive  for  points  on  the  same  side  of  QB,  as  the  point 
A^  and  negative  for  points  on  the  opposite  side.  It  follows  therefore 
that  some  pai't  of  the  curve  lies  within  the  quadrilatoral  BBCQ. 
The  tangents  at  the  double  point  A  are 

These  tangents  will  be  real  if 

is  positive,  that  is,  if  a  (/3'-f  y')(y'  +  o')(a'-f /3')  is  positive  ;  that  is,  if 
the  point  a'/3'y'  lies  within  the  quadiilateral  BCB'C  or  in  any  of 
the  spaces  reached  fi'om  within  the  quadi'ilateiul  by  ci*ossing  two  of 
its  sides. 

9.  For  convenience,  we  will  take  the  equation  of  the  quartic  to  be 
aV3*y*  -f  6*y'«*  +  c»o*/3»  =  2a)3y  ( Zo + w)3  +  wy ) . 
When  this  equation  is  written  in  the  foim 

{aPy-^hya^-cafty^^  2a/3y  {(Z  +  6c)  a+(m  +  ca)  )3+(n-f  "6)  7  j, 
we  see  that  the  straight  line 

(Z+6G)a  +  (m  +  ca)p  +  (M  +  a6)y  =  0 

is  a  double  tangent  to  the  quai'tic   touching  at  the  points  whei*e  it 

meets  the  conic 

npy  -f-  hya  +  cafl  =  0. 

As  the  above  fonn  of  the  equation  of  the  quartic  is  equally  true 
when  the  sign  of  one  of  the  lettera  a,  6,  c  is  changed,  it  follows  that 
the  straight  lines 

(Z  +  6c)a  +  (m— rw-)/3+(n-a6)y  =  0, 

{l—hc)a'\'{m-\-ac)fi-{-{n^ah)y  =  0, 

(l-hc)  a-+-(m  — rtc))3+(?*-+-a6)y=0 

are  double  tangents,  their  points  of  contact  boing  the  points  wl.ere 
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the  J  meet  the  conies 

-a/3y  +  6ya  +  ca/3=:0, 

afiy  —  by  a  -i-  cafi  =  0, 

a/3y  +  6ya— ca/3  =  0, 
respectively. 

The  eight  points  of  contact  of  these  four  doable  tangents  lie  upon 
the  conic 

and  the  eqnation  of  the  quartic  may  be  written 

{(Z-|-Z*c)a  +  (m-hac)/3-f  (n+at)y]  [(Z+6^)  a  +  (m-ac)/3  +  (n-a6)  y} 
X  {(Z— ?>c)a  +  (m-f  6c)/3  +  (n-a6)y}  {(Z-6c)a  +  (m-ac))8+(n+a6)y] 
-  {  (Z*  -  6V)  o«  +  (m' -  c V)/3«  +  (7t«  -  a»6»)  y»  +  2mnPy  +  2»Zya  +  2Zma/9  \ » 
=  -  aVc'  {  a*y3*y»  +  6  V«'  +  c  V^-  2a)8y  (Za + m)8  +  ny ) }  =  0. 

Of  the  four  conies 

aPy  +  hya  +  Ca)8  =  0, 

— a)3y-f  2>ya-f  ca/3  =  0, 

apy—hya-\-cafi  =:  0, 

a^y  +  2>y  a — ca/3  =  0, 

three  are  hyperbolas  and  one  is  an  ellipse.     They  touch  in  pairs  at 
the  angular  points  of  the  triangle  ABC. 

10.  When  we  compare  this  form  with  the  earlier  form 

Ba^'yaPyL  =  S\ 

we  have 

a  =  a'(/3'-y'),     h  =  fi\y'-a'),     c  =  y{a'-p'), 

I  =  4a'/3V(|3'+y')+i3'y'(a'-/3')(«'-y'). 
Z+6c  =  4a'/JV'(/3'+y'), 

l-bc  =  4a'(iy{li'  +  y')  +  2fiV{a-^){a'-y') 

=  2/3V  {2a'/9'  +  2«iy +  0"-  a'l3'-a'y'+ft'y'} 

=  2/3V{a''  +  a'/3'  +  ay+/3V} 

=  2li'y\a'+fl'){a'+y'). 

Therefore    P-6V  =  8a'/3V(/3'+y'X/+«')("'+/3')- 

V  9. 
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The  equation  of  the  conic  through  the  eight  points  of  contact  of 
the  four  double  tangents  therefore  is 

4a'/9'/ {  (/3' +  y')  «  +  (/  +  «') /3 +  («'  + i3')  y } 

x2{^V(a'  +  )S')(«'+y>  +  y'a'(^-  +  a'Xi8'  +  y')/3  +  «'i3'(y'+«')(y'+^)y} 

+  2«'^V(/3'-y')(y'-«')(a'-/3')  (a'(/3'-y')^y +  /8'  (/-«')  y« 

+  y(a'-/3')a/}}=0; 
or 

4(/3'+y')(y'+«')(a'+/3'){(/3'+y')<'  +  (y'+a')/8+(a'+/3')y} 

^  { Ix^  +  ^'  +  ^'  1  +  (^'-y')(/-«')(«'-/9') 

Cp +y       y  +a       a  +p  ) 
X  {a'(/3'-y')/3y+/3'(y'-a')yafy'(a'-/3')a)3}  =0. 

The  equations  of  the  four  double  tangents  of  the  quartic  are 

(P'  +  y')„  +  (y'  +  a')p+(a'+iy)  y  =  0, 

2/3Va  +  y'  (a'  +  zS-j/J+ZS-Ca'+y')  y  =  0, 

y'(a'+)S')  a+2ay/9+a'  (/3'+y')  y  =  0, 

jS'  (a' + y')  a + a'  (fiT + y')  /3  +  2a'/ry  =  0. 

The  condition  that  the  quartic  should  degenerate  into  two  conies 
is  identical  with  the  condition  that  the  conic 

8a73y  {/3y(/3'+y')+ya  iy'+o.')+aft{a'+^)] 

=  („„'()3'-y')+j3^'(y'-a')+yy'(«-/3')}' 

should  degenerate  into  two  straight  lines. 


This  is 

a-'iP-yJ,         a'/3'08'-y')(y-a) 

— 4a')3'y'(a'  +  ^'). 

-4a'^y' (a +/?'), 

<'V(i3'-y')(«'-/3')     )3y(y'-a')(«'-^) 
-WyS-y'Cy'+a'),       -ia'^y  {^  +  y'), 


ay  {iy-y){a-^) 
—  4a'/3V(y  "f  a') 

/JV(y'-«')(a'-i8') 
—ia'/J-y'dS'  +  y') 

7"  (a'-ys-)' 


=  0, 
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which  reduces  to 

"''/3'y'*  (/5'+y')'  (/+«')'  i'^'+P'f  =  0- 

The  quartic  therefore  splits  up  into  two  conies  only  when  tlie  point 
afl'y'  lies  on  a  side,  or  a  side  produced,  of  one  of  the  two  triangles 
ABC,  A'FG\ 

If  a  =  0,  the  equation  of  the  quartic  becomes 

i3^yV(/3-y)'  =  0, 

that  is,  the  quartic  reduces  to  the  two  straight  lines  BC,  AG,  repeated 
twice. 

If  ^  +  y'  =  0,  the  equation  of  the  quartic  becomes 

(2a'/8'/3y+^(a'-/3')ya  +  /J'(a'  +  /3')a^]'  =  0. 

The  quartic  therefore  reduces  to  the  conic 

2a'/3y  +  (a'-j8')7a4-(a'4-/3')  ajS  =  0, 

repeated  twice.  This  conic  circumscribes  the  parallelogram  ABA'C, 
and  has  its  centre  at  the  middle  point  of  BC.  It  is  an  ellipse, 
a  degenerate  parabola,  or  a  hyperbola,  according  as  the  point  a'/J'y' 
lies  between  the  points  B'  and  C,  coincides  with  one  of  them,  or 
lies  outside  them. 

The  quartic  degenerates  into  a  straight  line  and  a  cubic  when  the 
point  a^y'  lies  in  one  of  the  straight  lines  AG,  BG,  CG;  thus,  if 
fy  =  y,  the  equation  of  the  quartic  admits  of  the  factor  a ;  the  quartic 
therefore  in  this  case  reduces  to  the  line  BC  and  the  cubic 

8a'/3y  (2/3'a  +  (a'  +  /3')/3  +  (a'  +  /30/3}  =  a  {(a'  +  /3') /3~(a'-i3')y}*. 

The  form  of  this  cubic  will  change  as  the  point  0'  moves  along  the 
line  A  G. 

11.  The  following  diagrams  illustrate  these  results.*     Let 
S  =  i(3ya'  (^-y)+ya/3'  (y-a)-fa/3y  (a-/3), 
L  =  a(/^'  +  y')+/3  (y +  a')  +  y  (a'-h/3'). 

A  point  P  [a',  fi\  y']  moves  along  a  conic  of  the  form  S ;  it  is  re- 
quired to  trace  the  changes  in  the  form  of  the  quartic 

Take  the  triangle  of  reference  as  equilateral. 


*  The  rest  of  the  paper  i«  dtie  to  Mr.  W.  H.  Blythe ;  see  §  6. 
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Figure  1  repreeenta  the  locos  of 
P,  a  hyperbola  passing  thi<ongh  A,  B, 
C,  the  angolar  points  of  the  triangle 
of  reference,  and  through  its  centre 
of  gravity. 

This  locns  cuts  the  lines  ;3-f  y  =  0, 
y+a  =  p,  a+j3  =  0  in  the  points 
L,  M,  N. 

[The  points  L  and  N  are  too  dis- 
tant to  be  shown  in  the  fignre  ;  their 
position  is  indicated  by  letters  placed 
at  the  side  of  the  diagi-am.] 

In  taking  different  positions  of  P  on  the  locus  given  in  Figure  1, 
we  obtain  all  possible  forms  of  the  qaartic ;  but  the  hyperbola  in 
Figure  1  will  in  certain  cases  reduce  to  two  straight  lines,  namely,  a 
side  of  the  triangle  and  its  corresponding  median,  i.e.,  a  =  0  and 
0=  Y-  When  P  moves  along  n  =  0,  the  quartic  reduces  to  two 
coincident  paira  of  straight  lines  a  =  0  and  ji  ^  y. 

When  P  moves  along  the  straight  line  ^  =  y,  the  qaartic  reduces 
to  the  straight  line  a  =  0,  together  with  a  cubic  having  a  node  at  A. 
The  forms  of  these  cubics  will  be  given  later  on;  see  Figures  16 
and  17. 

It  is  shown  in  Salmon's  Higher  Plane  Carve*  that  each  qaartic 
represented  by  the  above  equation  has  a  corresponding  conic,  such 
that,  a  a,  p,  y  be  a  point  Q  on  the  quartic,  and  x,y,  t  the  corre- 
sponding point  q  on  the  conic,  then 


3:1-  ;:  y»: 


:.ry. 


If  one  of  these  points  be  given,  the  other  can  be  found  from  the  fact 
that  QA  and  qA  make  L>qaal  angles  with 


?+>  =  o, 

OB  and  gJJ  with 

y+a  =  0, 

and  aC  and  qO  with 

a+(J  =  0. 

The  position  of  the  coi-responding  conic  can  also  be  determined 
geometi-icaily,  for  it  touches  the  six  straight  lioes 

;8+r  =  0,    r+«  =  0,    .+/3  =  0, 

a.+^/3'  =  0. 

(i/3'+7/  =  0,    rr'+™'  =  0- 
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It  is  only  necessary  to  know  the  straight  line 

This  line  cuts  the  sides  of  the  triangle  ABC  in  the  points  at  which 

meet  them. 

It  will  be  found  that  the  line  at  infinity  corresponds  to  the  circum- 
Bcribing  circle  of  ABC, 

Figure  2. — When  P  is  at  the  centre  of  giuvity  of  the  triangle,  the 
corresponding  conic  is  the  circumscribing  circle.  The  quartic  is 
represented  by  the  three  sides  of  the  triangle  ABC  and  the  line  at 
infinity. 


Fiyure  3. — Next,  let  P  move  to  a  point  between  the  centre  and  the 
angle  C. 

The  corresponding  conic  is  an  ellipse  cutting  all  the  sides  of  the 
triangle  internally,  and  the  circumscribing  circle  in  four  points,  two 
on  the  arc  CA  and  two  on  the  ai'c  CB.  The  quai^tic  has  therefore 
four  asymptotes  corresponding  to  the  four  points  at  which  the  conic 
meets  the  ciix^le. 

Two  infinite  branches  pass  through  the  angle  B  and  two  through 
A.  Each  pair  have  a  cori'esponding  hyperbolic  branch  having  the 
same  asymptotes. 

These  blanches,  which  touch  the  lines 

tt-|-^  =  0,     /3  +  y  =  0,     and     y  +  a  =  0, 

are  too  distant  to  appear  in  the  figure,  but  are  shown  in  Figures 
4  and  5. 

The  part  of  the  conic  lying  outside  the  tHangie  ABC  between  AB 
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and  the  circumscribiDg  circle  corresponds  to  a  loop  of  the  quartio 
ontaide  the  angle  C. 
Since  the  conic  toncheM 

aa'  +  AJ'  =  0,     i^'  +  yy'  =  0,     yy'  +  a«'  =  0, 
the  quartic  toucbefi 

Figure  i. — When  P  moves  to  the  angle  0,  the  corresponding 
couic,  still  an  ellipse,  touches  the  side  AB.  The  loop  oF  the  quartic 
at  C  disappear)),  and  we  hare  a  cnsp  at  C. 


Figure  5. — As  P  coutinnes  t«  move  in  the  same  direction  along  its 
locns,  the  corresponding  conic  does  not  cut  AB ;  therefore  we  find 
an  acaode  at  C. 

Figure  6, — When  P  coincides  with  L,  the  con-eaponding  conic 
becomes  two  coincident  straight  lines;  therefore  the  quartic  re- 
dnces  to  two  coincident  conies. 


RJ 


Figure  7. — Aa  P  continues  to  move  [in  the  same  dii-ection,  the 
con-csponding  conic,  now  a  hyperbola,  does  not  cut  BC,  GA,  or  the 
circumsGi-ibing  cii-cle,  but  cutsvlB  extenially.     The  qnartic  therefore 
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lifts  acQoden  at  A  and  B,  and  consists  of  two  finite  loops  having  n 
node  at  G,  both  external  to  the  triangle. 

Figure  8. — When  P  coincides  with  M,  the  corresponding  conic  be- 
comes two  coincident  stiaight  lines  that  do  not  cat  the  circttm- 
soiibing  circle.  The  qnartic  reduces  to  two  coincident  ellipses  that 
circn inscribe  ABC. 


Figure  9. — When  P  lies  between  M  and  B,  the  corresponding  conic 
may  be  either  an  ellipae  or  a  hyperbola,  for,  when  the  locus  of  P  cats 
the  ciitinm scribing  circle,  the  corresponding  conic  becomes  a  para- 
bola. 

This  fact,  however,  does  not  affect  the  fot-m  of  the  qnartic,  for  it 
only  implies  that  it  touches  the  circamscribing  circle. 

The  corresponding  conic  cuts  the  sides  AC  and  BO  externally,  but 
not  the  side  AB. 

The  fona  of  the  qnartic  as  shown  by  the  figure  is  such  that  it  has 
an  ftcnode  at  C. 

Figure  10.— When  P  coincides  with  B,  the  loop  beyond  B  dis- 
appears, and  is  replaced  by  a  cusp. 


Figure  11. — When  P  ;contiEue8  to  move  towaida  N,  the  corre- 
sponding conic  ceases  to  cat  AC  ;  we  now  find  acnodes  at  B  and  0. 
The  quartic  assumes  the  foim  of  Figui-e  7,  one  loop  being  too 
elongatiid  to  be  entirely  shown. 
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Figures  12,  13,  14,  and  15  are  similar  in  fonn  to  6,  5,  4,  and  3,  if  we 
interchange  the  angles  A  and  G. 

l2 


Figure  16. — Take  the  special  case  in  which  P  moves  along  the  line 
j8  =  y.  At  the  centre  of  gravity,  we  again  obtain  Figure  3.  Now 
let  P  move  towards  the  angle  A.  The  quai^tic  reduces  to  the  straight 
line  a  =  0  and  a  cubic. 

These  together  form  a  figure  as  given,  analogous  to  Figui'e  15. 

When  P  coincides  with  A^  we  again  obtain  a  cusp. 

When  P  moves  up  to  the  interaection  of  a-h^  =  0  and  a+y  =  0, 
the  quartic  reduces  to  a  =  0  and  /3-|-y  =  0,  each  repeated  twice 

l6 


Figure  17. — We  next  get  a  figure  somewhat  similar  in  form  to 
Figure  9. 

The  changes  that  follow  can  be  ti-aped  from  figures  already  given. 
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On  the  Stationary  Motion  of  a  System  of  Equal  Elastic  Spheres 
of  Finite  Diameter,  By  S.  H.  Burbury,  M.A.,  F.R.S.  Read 
December  10th,  1896.  Received  in  revised  form  May  15th, 
1897. 

1.  The  object  of  this  paper  is  to  pi*ove  that  in  snch  a  system  in 
stationary  motion  the  velocities  of  spheres  near  to  one  another  are 
con-elated.  That  is,  that  the  chance  that  n  spheres  forming  a  group 
together  in  space  shall  simultaneously  have  component  velocities 

t^  ...  Ml  -f  dtij,    i\  ...  i\  -f  di\,  . . .   ii\  ...  M7^  +  dw^ 

is  of  the  form  Ae'^^du^  ...  (iti7„, 

and  Q  is  not  merely  the  sum  of  the  squares,  as  in  MaxwelFs  system, 
but  a  quadratic  function,  of  the  velocities,  namely, 

Q  =  2  (w'-f  t'4- wr)  +226  (nu-^vv+mw), 

the  second  term  containing  the  products  of  every  pair  of  tt's,  <fec., 
but  no  products  tiv,  uiv,  or  t^w,  and  h  being  a  function  of  the  distance 
at  the  instant  between  the  two  molecules  whose  velocities  are  n,  Ac, 
and  u\  &c.,  which  becomes  evanescent  as  that  distance  increases. 

The  sufficiency  of  Maxwell's  distribution  of  velocities,  according  to 
which  Q  contains  only  the  squares  of  the  velocities,  has  been  proved 
by  several  writers,  but  always  on  a  certain  fundamental  assumption, 
which  is  time  only  for  infinitely  small  densities — The  assumption 
is  in  effect  this — let  fdxdydzdudvdw  be  the  number  per  unit 
volume  of  molecules  whose  coordinates  of  position,  a*,  y,  «,  and 
momenta  w,  r,  tr,  are  in  a  certain  state  A,  or,  as  we  may  express 
it,  fdx ..,  dw  is  the  chance  that  a  molecule  shall  be  in  that  state. 
Similarly, /'J.r' ...  dw  is  the  chance  that  another  molecule  shall  be  in 
the  state  A'.  Then  it  is  alw^ays  assumed  that  the  chance  of  two 
molecules  being  in  the  states  A^  A'  respectively  isffdu  ...  dw\  That 
is,  it  is  assumed  that  the  chances  ai*e  under  all  circumstances,  i.e,, 
even  when  the  two  molecules  are  on  the  point  of  collision,  inde- 
pendent.* 

♦  See  especially  Boltzmaxm's  Vorlaainffen  ubei'  Can  Theorie^  1895,  p.  22,  where  the 
asBumption  is  made  emphatically. 
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That  assumption  involves  the  non-existence  of  my  coefficient  h. 

It  will  be  sufficient  for  my  present  purpose  to  pi\)ve  the  necessity 
of  the  h  term  when  the  molecules  are  elastic  spheres  of  finite  diameter. 
For,  if  that  be  proved,  it  will  be  admitted  that  it  must  exist  in  more 
genei*al  cases. 

Art.  15,  Equations  (I.)  and  (24),  (25)  show  the  line  of  argument. 

I  claim  as  an  advantage  of  the  formula  that  it  gives  a  limit  of 
density,  or  density  and  temperature,  beyond  which  the  formula  can- 
not hold,  and  the  motion  must  change  type.  The  ordinary  formula, 
in  which  Q  contains  squares  only,  is  either  true  only  in  the  limiting 
case  of  infinitely  small  density — i.e.,  when  the  aggregate  volume  of 
all  the  spheres  in  unit  volume  is  infinitely  small — or  it  is  true  how- 
ever great  the  density.  There  is  no  intermediate  point  at  which 
we  can  with  reason  draw  the  line.  Using  my  formula,  we  have 
such  a  point.  For,  as  the  density  increases,  b  increases,  until  the 
determinant  of  Q,  namely, 

1}  =  I  2       fe„     6i,     1 


'u 


or  some  one  of  its  coaxial  minors  becomes  zero,  or  negative.  And  then 
Q  will  for  some  values  of  the  m's,  v's  and  ti^'s  become  negative.  And 
the  law  necessarily  fails.  The  change  of  type  of  the  system's  motion 
is  represented  mathematically  by  the  vanishing  of  the  determinant. 

2.  It  is  necessary  first  to  treat  the  case  where  the  molecules  are  of 
infinitely  small  dimensions,  so  that  collisions  between  them  will  not 
occur.  That  being  the  case,  the  system  will  be  in  stationary  motion 
if  the  velocities  are  distributed  according  to  Maxwell's  law,  Q  being 
a  sum  of  squares  only.  This  we  may  admit,  whatever  views  we  may 
hold  as  to  the  possibility  of  a  distribution  according  to  any  other 
law.  I  shall  then  assume  that  distribution  to  exist.  And  it  follows, 
from  Q  being  a  sum  of  squares  only,  that  the  fact  of  any  molecule,  or 
any  group  of  molecules,  having  any  given  velocities  afEords  (if  the 
whole  number  of  molecules  considered  be  infinite)  no  presumption 
whatever  with  regai*d  to  the  velocities  of  any  other  molecules. 

3.  Let  p  be  the  average  number  of  molecules  in  unit  of  volume,  the 
ilLV;stem  being  homogeneous  in  this  respect.  We  may  suppose  the 
>irlicJe  system  to  be  comprised  within  an  elastic  boundary  at  an 
iMKttite  distance  which  reverses  the  velocities  of  all  molecules  which 
^rUs^  it*  so  that  p  may  be  regarded  as  invariable  with  the  time. 
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4.  Let  P  be  any  point,  r  the  distance  of  any  other  point  from  P. 
Let  /  be  a  function  of  r  which  satisfies  the  following  conditions, 
namely, 

(A)  /  is  equal  to  unity  at  all  points  within  a  small  sphere  of  i^adius 
a  described  about  P  as  centre. 

(B)  /  is  finite  positive  and  continuous  everywhere. 

(C)  /  is  of  negative  degree  at  all  points  outside  of  the  a  sphere. 

We  may  take  for  a  the  radius  of  a  sphere  which  on  average  con- 
tains one  molecule. 


5.  Let  aj/3iy„  03/3^7,,  ...  a„/3„y„  be  the  component  velocities  in 
.r,  y,  and  z  of  the  n  molecules  which  at  any  instant  are  contained 
within  a  sphere  of  very  great  radius  B  described  ab9ut  P  as  centre. 
And  let 

the  summation  including  all  the  n  molecules,  and/  having  for  each 
molecule  the  value  proper  to  its  position,  as  /i  for  the  molecule  whose 
velocities  are  a^,  /3i,  y^,  &c.  ^,  17,  f  are  then,  R  being  very  great,  con- 
tinuous functions  of  a;,  y,  and  z. 


6.  Now  the  chance  that  the  n  molecules  shall  at  any  instant  have, 
for  their  component  velocities  in  «,  04  ...  aj  +  da,  <fec.,  is 


and  in  the  system  now  under  considei'ation 

Q  =  aj  +  aj-f  ...+<i«. 

But,  from  (1),  a«/«  =  f2/-a,/i-...  -a,..,/«.,. 

Further,  we  may  suppose    the    molecule    to   which  the  suffix  n 
belongs  to  be  very  near  P,  whence,  fi-om  condition  (A)  of  Art.  4, 


and 
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:$Kl«aTmiiiu^  this  Tmlue  for  a.  in  Q,  we  obtain 

-2r,«,f2/-2/,o,f2/-Ac. 

+ ^"i/t"i««i + 2fi/,Oi «! + 2/,/,o,o,  +  Ac. 


(2) 


T.  If  w»  BOW  integrate  e"*'  for  o,,  a,,  a,,  ...  a,_,  successively 
W<TWiw  Umitt  ±x,  we  get  the  resnlt  next  stated.  Let  D  be  the 
dMxst&iiuugit  of  Q.  that  is. 


D  = 


2(2/)' 

-2/.5/ 

-2faf 

-2r,2/ 

(2  +  2/:) 

2/,/, 

-2f.S/ 

2fJ. 

(2  +  2/1) 

im  mKicli  *v^ry  constituent  contains  the  factor  2.  And  let  D„  be  the 
«A»i>r  (ornwd  by  omitting  the  p^  row  and  q^  column.  Similarly,  let 
|\^  W  fK*  minor  formed  by  omitting  rows  p  and  r  and  columns 

by  integrating  for  a,  ...  a„.„  Q  is  reduced  to 


hD 


AW  ^  mWjpnting  for  a. ...  a»_,  only,  we  i-educe  Q  to 


ijti 


i»i 


1121 


JUL  ^ir«  find 


2-'(i+/:+...+/f.,)  1 

2"-2/',     since /^  =  1, 
2«-»(2f-/f), 

2-7./.. 

2-- (2/)', 
-2"-'/.  2/. 


(3) 


(4) 
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9.  We  have  then  for  the  chance  that  Oj  and  (  shall  lie  within 
assigned  limits,  whatever  a, ...  a„.  i  may  be,  the  expression 


Ae-'^'^  da,d(, 


and 


Let  us  write  a  for  a,.     Then,  if  for  brevity  we  put 


10.  Now,  if  at  P£  =  0,  and  at  P',  near  P,  £=  3£,  the  chance  that  at 
P'  a  shall  lie  within  assigned  limits  is  -4c"**'  (l  +  2/ia8f).  But,  if  at 
F i^Oy  let  us  use,  instead  of  a,  /3,  y. 


or 


and 


Q'  =  (u  +  i)«-2g  (w  +  0  f +^2/^ 


=  0  (te,  f),  suppose. 

If  f  be  the   value  of  that  function  at  P,  f +  3f  its  value  at  P\ 
and  if  0^  (w,  ^)  be  the  value  of  fp  (w,  ft  at  P',  then 

^i  (",  ^)  -*  ('<»  ft  =  ^^   ;>  <^  (^.  ft- 

Again,  let  0  (/t)  ^i^t  be  the  chance  that  at  P  m  shall  have  the  value 
//  ...  n-\-(lu,  whatever  (  may  be,  that  is. 


^00=  I      </^^(",ft, 


and  the  same  chance  at  P',  or  ^j  (w)  is 


^,  («)=('  rf^«>(«,«+8*l'  rff^^(«,«. 
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11.  Also  |^(«,«=  (^)?(~'«-  £^(«. «. 


di' 


if  I  — - 1  denotes  diffei-entiation  witli  tt  constant.     So 


\dil 


because  0  (u,  i)  vanishes  at  either  limit. 
Therefore 


=  3^1*   df^(t.,^)[2A«+2A(l-9)f], 


and  this  is  proportional  to 


€•-*"' 2VwSf, 


with  1i  nearly  equal  to  Ju 


(5) 


12.  Let  us  now  conceive  the  whole  space  in  which  our  molecules 
are  moving  to  be  divided  into  cubes  whose  edges  are  pai*allel  to  the 
coordinate  axes  respectively,   and  of  length  2a.     We  may  suppose 

dz      dx 

cube.     Let  uw  be  the  mean  value  of  uio  for  all  the  molecules  which  at 

any  instant  are  within  any  such  cube  S.     Let 


-f  -^   to  be  the  mean  value  of  that  function  throughout  any  such 


dl  .  di 


\dz 


dz      dxf 


(6) 


the  summation  being  for  all  such  cubes.     (See  p.  340,  Note.) 
There  are  two  other  functions  symmetrical  with  M,  namely, 


dl   .  dri 


)■ 


2mu(~  +  '^1,     and     Svu; 
\dy      dx 


—  fdri      di 


\dz       du/' 


It  is  sufficient  to  deal  with  3f. 
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13.  In  stationary  motion  M  is  invariable  with  the  time,  or 

And  uw  now  varies  with  the  time  for  the  cubical  spaces  under  con- 
sideration by  the  passage  of  molecules  into  or  out  of  them.  That  is, 
generally,  

— -  uw  ^  0. 

dt       ^ 

We  proceed  to  prove  that  in  the  medium  of  material  points  —  uw 

dt 

is  of  the  opposite  sign  to,  and  proportional  to,     -  4-  —  ,  so  that  the 

.     dM  dz      dx 

second  term  in  -^—  consists  of  terms  of  the  form 

at 

where  ^  is  a  positive  constant. 

14.  Consider  the  cubical  space  8  bounded  by  the  planes 


aj  =  a,     aj  =  —  a, 


y  =  a,     y  =  — a, 
2;  =  a,     5j  =  —  a. 


The  origin  is  then  at  the  centre  of  8.     Now  during  the  short  time 

dt  uw  is  not  on  average  afEected  by  the  motion  of  any  molecules 
which  during  the  whole  of  that  time  remain  within  /8,  because, 
there  being  no  collisions,  a,  /3,  y  remain  unchanged  with  the  time  for 
every    individual  molecule,  and  £  is  as  likely  to  be  increased  as 

diminished.  The  function  uw  can  vary  during  dt  only  by  the 
passage  of  molecules  out  of  and  into  8, 

Further,  under  the  circumstances  supposed,  £  varying  only  in  z^ 
and  f  only  in  ar,  uw  cannot  vary  on  average  by  the  passage  of  mole- 
cules out  of  or  into  iS,  through  the  faces  parallel  to  a»,  but  only 
through  the  faces  parallel  to  xy  and  yz. 

Let  i  be  the  value  of  that  function  at  the  centre  of  8,     Then,  a 

di 
being  small,  the  value  on  the  plane  «=a  is  £+a-j-.     Similarly,  on 

the  plane  x  =  a,  (  becomes  C+a^  •     And  on  the  plane  x?  =  a,  given 

dx 

that  £  has  the  above  value,  the  number  per  unit  of  volume  of  mole- 
cules for  which  w,  v,  w  lie  within  the  limits  u  ...  li  +  du,  &c.,  that  is,  the 
VOL.  XXVIII. — NO.  596.  z 
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number  of  the  class  (uvw)  is,  by  Art.  11, 

pA€'^^-'*'''^^dudvdw  (l-h2hiiajY  by  (5), 

where  ^  is  a  known  constant,  and  h  is  written  for  h'  of  Art.  11. 

If  y  be  negative,  they  enter  the  space  S,  if  y  be  positive,  they  pass 
oat  of  the  space  S,  at  a  rate  per  unit  of  area  and  time 

pA€''^^'''*''*^^dudvdw  (l-h2huaj^^  y, 
that  is,  on  average 

pAe-^^'*'*''*^^  dudvdw  (l'\'2huaj)  w, 

and  the  rate  of  entry  or  exit  for  the  whole  face  of  cube  S  on  the 
plane  z  =  a  is 

Therefore  the  class  (uvw)  is  increased  in  number  per  unit  of  time  by 
the  passage  of  molecules  through  the  plane  z  =  a  by  the  quantity 

-ita^pAe-''^^'*^**^^ dudvdw  (w'\-2huwaj). 

For  the  plane  2;  =  —  a,  we  change  the  sign  of  a  and  tp,  molecules 
now  entering  S  with  positive  w,  and  the  corresponding  expression  is 

4Kt'pA€-^^'''*^'^^dudvdw  (w^2huwaj). 

For  both  faces  the  increase  in  number  of  the  same  class  per  unit  of 

time  is  ,^ 

-  8aV^€-*("'*"'*«')  dudvdw .  2huwa  ^. 

dz 

By  symmetry  between  x  and  z  the  same  class  is  increased  in  num- 
ber per  unit  of  time  by  the  passage  of  molecules  through  the  faces 
x='  a  and  a?  =  —  «,  by 

-SaV^c-*^"'*''*"^)  dudvdw .  2huwa  ^. 

dx 

If  therefore  /  (w  v  w)  dudvdw  be  the   number  of   the  class   (m  v  tc) 
within  S, 

4f{uv  w)  =  -  SaV^e-*^'*'-'*-"^  2huwa  ('^  +  ^) .  (8) 

dt  \dz      dxf 
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But  t4W7  =  uivf(u  V  w)  dudvilw  -^  8aV  ; 

and  therefore 

-j~uw  =1      ^tw  — /  (w  V  iv)  dudvdw  ~  8a*p 


2/i  Vciz      c/aj/  ' 


and  therefore 


( 


a;;      oo;/  dt 


2/i  Wz      (ir/  ■ 


(9) 


J 

It  will  be  observed  that  -^(uiv),  thus  considered,  is  proportional 

dt 

to  the  rate   (  —  w)  at  which  positive  momentum,  denoted  by  «,  is 

transferred  across  the  plane  0  =  a,  in  direction  of  negative  z,  or  at 

which  positive  momentum  in  direction  z  is   transferred  across  the 

plane  a;  =  a,  in  direction  of  negative  x.     So  that,  if  by  any  change  in 

the   nature    of  the  molecule  that  rate  of  transfer  were  increased, 

—  uw  would  be  increased  in  the  same  proportion.     See  post,  Art.  16. 


15.  We  have  then  in  stationaiy  motion  of  the  system  of  matei'ial 
I"''"*'  dM 


dt 


=  0, 


■c—dfdi.dcx    -  1 /rfi  ,  (i:\» 


(I-) 


It  is  not  necessary  to  evaluate  the  firat  term,  but  it  is  important  for 
the  purposes   of  Art.  23,  post,  to   observe  its  form.      The  function 


dz 


cz  at  P  is  the  difference  between  the  value  of  f   at  P  and  its 


value  at  a  ])oint  distant  dz  from  P  in  direction  z.     Therefore 

xj^di  ^    df 


dz 


dz 


5a 


z    df 
r    dr 


z2 
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Consider  a  molecule  with  component  velocities  a,  /3,  y,  and  about 
it  a  sphere  of  radius  r  (a  little  greater  than  a  of  Art.  4).  Let  xyz 
and  xyz  be  two  points  on  that  sphere,  and  z'  •=  —  z.  Let  £,  /  relate 
to  xyz^  and  T,  /  to  xyz\  Then,  integrating  throughout  the  sphere,  we 
have 


f If  dxdydz  I  =  If  dxdy  (£-£'), 


d 


and  if  —  denote  the  change  due  to  the  motion  of  the  molecule,  and 
at 

n  be  the  volume  of  the  sphere, 


whence 


uxv 


d  dl 


dt  dz 


—  =  —  mcay 


11^ 

2/    r    dr 


,   .  1     I    df 
2/   r    dr 


on  average,  and 


-d  fd^  ,  dl 
df  \dz      dx 


I  If  r    dr 


(9a) 


J  7> 

It  will  be  observed  that   ,-  -^  thus  considered  is  proportional  to 

dt  dz  ^    ^ 

the  rate  (w)  at  which  positive  momentum,  denoted  by  tt,  is  ti-ans- 
f erred  aci'oss  any  plane  parallel  to  xy  in  direction  z.  And  therefore, 
if  by  any  change  in   the    condition  of  the  molecules  that  rate  of 

transfer   were  increased,    - — -  ,  and  similarly     -  ~r-»  would  be   in- 

dt  dz  dt  dx 

creased  in  the  same  proportion.     See  Art.  16,  post. 


*  It  may  Ihj  objected  that  the  method  of  Arts.  14  and  15  i«  only  applicable  to  a 
«pace  containing  many  molecules,  whereas  our  cube  iS  is  very  small.     But  we  may, 

in  Art.  14,  consider  an  infinite  number  of  such  cubes  for  all  of  which   (—+--) 

\dz    dr  J 

has  at  the  instant  the  same  mean  value.     The  method  is  then  applicable  to  the  sum 

of  such  spaces,  and  to  each  space  on  average. 
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16.  We  now  pass  to  the  ease  in  which  our  molecules,  instead  of 
being  mateiial  points,  are  elastic  spheres,  each  of  nnit  mass  and 
diameter  c.  One  known  efEect  of  this  is  that  the  quantity  of  momentum 
transferred  across  any  plane  per  unit  of  area  and  time  is  increased 
in  a  certain  ratio,  1  :  !+«:,  where,  in  the  case  of  elastic  spheres, 
K  =  fjTc'p.     This  increases  both  terms  in    (I.)   in    the  same  ratio, 

and  therefore,  so  far  as   this  property  is  concerned,    —  remains 

zero.  This  effect  arises  from  the  usual  convention  concerning  elastic 
bodies,  according  to  which  there  is  on  every  collision  an  instantaneous 
transfer  of  momentum  through  a  certain  space.  It  has  nothing  to  do 
with  the  change  of  direction  of  the  relative  velocity,  which  also 
occurs  on  collision,  and  which  we  shall  have  to  consider.  The  first 
effect  would  take  place  in  precisely  the  same  way,  if  after  every 
collision  the  direction  of  the  relative  velocity  were  restored  by 
Maxwell's  corps  of  demons  to  what  it  was  before  collision. 


17.  Since  every  collision  changes  the  direction  of  motion  of  the 
colliding  spheres,  the  expression  in  Art.  14  derived  fi-om 


\dz      dxf 


dnw 
"df 


contains,  in  addition  to  the  result  calculat^ed  in  that  article,  a  new 
term  derived  from  collisions  which  we  have  now  to  calculate. 

Let  F  be  the  half  i-elative  velocity  of  two  molecules.  A,  /i,  k  its 
direction  cosines  before  collision,  X',  //',  /  after  collision.  Let 
XF=  F„  i'F=  F,.  The  number  of  collisions  per  unit  of  volume  and 
time  for  given  Fis  2wc^pV,  Hence,  for  the  change  with  the  time  of 
VjfVt  due  to  collisions  with  given  F,  we  have 

2»rc*pF.P(\^'-Xr), 

the  bar  denoting  mean  values.     We  have  now  to  find  the  values  of 
XV  and  ky  for  all  collisions,  given  F. 

At  the  instant  of  collision  let  the  centres  of  the  two  colliding 
molecules  be  A,  B ;  so  that  AB  is  the  line  of  centres.  Let  BD  be  the 
relative  velocity.  Or,  if  BE  =  BE,  one  molecule  has  velocity  BE^ 
and  the  other  BE,  in  addition  to  the  velocity  of  their  common  centre 
of  inertia,  whatever  that  may  be.  Let  the  angle  DBA  =  0.  If 
^40  =  BO.  0  is  the  point  of  contact. 
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Let  BXy  BZ  be  the  directions  of  the  axes  of  x  and  z,  and  let  the 


angle  between  the  planes  DBA  and  DBZ  be  ^,  and  the  angle  between 
the  planes  DBA  and  DBX  be  <f>\ 

Then,  if  x^,,  z^  be  the  x  and  z  coordinates  of  A  referred  to  0  as 
origin,  and  if  the  direction  DE  be  that  of  A^f, 


2^0  =  —  y  —  COS  0  +  -^  V  1  —  I''  sin  B  cos  ^, 


x^  =  —X -^ cos  0+  —  V  1— A* sin 0  cos ^'. 


(10) 


2  2 

The  complete  definition  of  <p  shall  be  this : — 

When  the  plane  DBA,  turning  round  DB,  contains  the  axis  of  z, 
fft  =  0  for  that  position  of  BA  which  makes  the  least  angle  with  the 
axis  of  positive  z.  And  <p'  has  a  corresponding  definition  for  the  axis 
oi  X  (see  20,  post). 

18.  If  fj,,  (q  be  the  values  of  (  and  (  at  0,  then  at  A 


(-(o  =  -^  (-F  cos^-f  yi-v'  sin^  cos^)  ^,  1 

^'-iJo  =  4  (-Acos^-f  ^/i-K'n'mS  cos^')^. 
2  ctic  y 


(11) 


Then,  by  the  same  reasoning  as  in  Ai*t.  11,  the  number  per  unit  of 
volume  of  pairs  of  molecules  whose  components  of  half  relative  velocity 
are  r^...r,  +  <n^„  K^...F^-f  eiF^  and  F,...F,  +  (2r.  is  at  ^ 

Cc"''^^''*"^^''^'=^(2F,rf7,dF.(l+2UF4"-^+2/iFF4^], 
where  C  is  the  usual  constant  for  this  case.     Hence  we  find,  for  the 
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mean  valne  of  VgV^  for  all  collisions,  given  F, 

X  p28inOco8^(Wf'(i0  {l+2U7|^+2AvFf^o}. 
divided  by  Oe-^'"  J^dV,  dV,  dV,, 


and  the  general  mean  values  of  functions  of  X,  /i,  v  being  taken  after 
integration  according  to  0  and  ^. 


That  is, 

—  f4» 


vrr,  =  v'xy{ 


(2a2sindcos^ 

0 


) 


+  F*^  [*'d»  I  dj>'28inecose2feK»X  I  (-Aco80+  yi-Vsintfcoaf 

=  _^F.X«i;*(^  +  ^V    because       Xi;  =  0 
3  \az       oa;/ 

^_2hcy,J_/di      di\      ^  AV=J-.  (12) 

3        S,6\dz^  dxl'  3.5  ^  ^ 

19.  We  have  thus  proved  that,  on  the  average  of  all  colliding  pairs 
of  spheres,  Xy  or   F,K,  is,  before  collision,  of  the  opposite  sign  to 

( -z^  +  —  J .     This   proposition   does   not   depend    on    the   result  of 

collisions.     It  is  therefore  true   if,  instead  of   elastic   spheres,   the 
molecules  be  centres  of  force,  or  whatever  be  their  form. 

20.  We  have  next  to  calculate  the  mean  value  for  all  collisions  of 
XV,  or  the  value  of  Xk  after  collision.  This  will  depend  on  the  form 
of  the  molecule,  and  we  shall  now  deal  only  with  elastic  spheres.     It 

will  be  found  that  XV'  is  of  the  same  sign  with  ( ;^  +  ^  )• 

We  use  the  same  notation  as  before.  When  the  plane  DBA  turns 
round  DB  until  it  contains  the  axis  of  z,  let -4;,  A^,  which  are  on  oppo- 
8ite  sides  of  DB,  be  the  two  positions  in  which  that  plane  is  cut  by  the 
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circle  which  A  describes.  Let  A^  be  nearer  to  the  positire  axis  of  s 
than  Al.  Then,  for  A„  f  =  0 ;  for  A'„  f  =  v.  Similarij,  when  the 
plane  taming  ronnd  DB  contains  the  axis  of  or,  A„  A',  are  the  two 
positions  of  A  in  that  plane,  and,  if  ^,  be  nearer  than  A,  to  the 
positive  axis  of  ar,  f '=  0  for  A„  f'=  »  for  A'^ 

Let  €  be  the  angle  between  the  plane  of  DB  and  z  and  the  plane  of 
DB  and  or,  so  that  f'=  f  ~~^9  f  =  f '+^*  ^t  will  be  seen  that,  if  Aj^  is 
negative,  cos  e  is  positive  ;  if  Xr  is  positive,  cos  e  is  negative.*  In  either 


case 


cose  = 


— Xr 


v^i^:xVi-v«' 


we  have  then,  to  find  X'  and  y\ 


v'=— vco8  2^+yi  — »^sin2flcosf, 
X'=  -Xcos  2fl+  yi-X«8in2aoos 


"1 


(13) 


*  Thin  in  mont  easily  seen  by  ooiuidermg  the  case  in  which  V,  or  DB^  is  nearly 
in  the  pUme  of  xz.    Evidently,  if  Ajr  be  negative,  the  angle  between  the  planes 


-X 


^DAs  and  HDAx  i»  acute  with  the  above  definition  of  A^  and  -4,.    If  Ay  be 
positive,  it  is  obtuoo. 


1896.]  Equal  Elastic  Spheres  of  Finite  Diameter. 

whence  we  derive  the  two  symmetrical  systems,  namely : 


—v  COS  20+  \/l  —  y*  sin  20  cos  ^, ' 


V  =  - 


X  cos  20 ;==  sin  2tf  cos  0 : 


or 


/ 
v  ^ 


Xk 


V  cos  20 7 sin  20  cos  0', 


\'=  — Xcos  2tf4-  yi-X*sin2tf  cosf ., 
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(13a) 


(136) 


The  term  involving  sine  will  disappear  in  the  subsequent  integration, 
and  is  omitted.     The  above  systems  hold  for  all  values  of  X  and  v. 


21.  We  now  find  that,  for  given  F, 

'4» 


/  / 


F'aV=  Y^^ dB  [  d^2sin0cos0(l  +  2MF?^+2Ai'F{-4^,)XV 
Jo        Jo 

But,  with  the  above  values  of  X',  v\ 

[  'dtf  r cf0  2  sin  0  cos  B  \'r—  0, 

Jo        •^o 

as  is  easily  seen.     Therefore 

F'XV=  F*  [  d6  ^d^  2sin0costf(2UFf=^+2AvF«-^) XV 

=      2AcF»  j   dB\  (^sintfcostfX(— KCos0+'/l— v»sin0cos^)^XV 

+  2AcF»r  dO  r  d^'sintfcostfvC-Xcostf  +  ^/l-X'  sintfcos^O— XV, 
Jo      Jo  ^ 

(U) 

by  (11).  In  these  expressions  we  have  to  substitute  the  values  above 
found  for  X'  and  v\  and  perform  the  integrations  according  to  0,  and 
to  ^  or  ^^  It  is  convenient  in  evaluating  the  first  term  to  use  for 
XV  the  expression  (13a)  above,  and  in  evaluating  the  second  term  to 
use  the  expression  (136). 

To  efEect  the  integration  according  to  0  or  0',  we  reject  from  the 
product  cos  0  and  cos'  ^,  cos  0'  and  cos*  ^',  and  for  cos'^  or  cos*^'  we 
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write  i.     We  have  then  for  the  first  term 


2^07*1   dd\   fl^8inflco8flX(  — vcos^+ v^l  — i''8intfco80)XV-p 

=      2hcV^^{  del  ci^smflcostf\(-vcosfl+yi— K»8in0cos0) 

^^Jo        Jo 

X  (  —  vco82tf+  yi  — v*8in2flco80j  f  — Xco82fl -=^=r^8iii20co8^j 


=  -  2icF» 


^  W  {  do  8in  e  co8«  0  008*  2d 
dz        Jo 


+  2AcF» 


(2z 


Jo 


rfa8iii0oo8«e8in»20 


-2//c7»4^X«(l-v*)  i  f  dd  sin'  6  oos  6  sin  20 oos  20 
^2^  Jo 


+  2Ar7 


^-5        'Jo 


t^a  sin*  0  cos  0  sin  20  oos  20 


=     2AcF»^^ll±A2zi4;,V 
dz        3.6.7 


+  2;^cF»^^i-^^*. 
dzZ,h,l 

But 


X'  =  i     A»i?  = 


3.5' 


therefore  X*  =  5VP, 

and  our  expression  beoomes 


or 


dz  0.0.7 

l-2hcV'^)J?, 
3.5  dz 


By  symmetry,  the  second  term  gives 

3.5  a« 

and  so,  given  F, 

F'XV=  vrJ^= -^-2/icF' X»?  (^+ ^) 

=  376  ^*''^' 3.5(5^  "^dx)' 


(15) 
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since 


'^=ii' 


..d  r(xV-xT,=2».F.Jj(i  +  i){f  +  f).  (16) 


21a.  To  find  the  rate  of  change  with  the  time  of  F*F„  given  F,  we 
multiply  the  last  expression  by  the  number  of  collisions  which  take 
place  with  given  V  per  unit  of  volume  and  time,  that  is,  by  2irc^pV' 
The  result  is  that,  given  F, 

d_ 
db 


T^  =  «..,P^(.J,j!.)(|,|), 


and,  integrating  for  all  values  of  F, 

dt  '^    Jo  3.5  \  3       ii.hl\dz      dxl 

m 

1      ,   /I    ,     1  wd^^dn 

d 


(17) 


22.  This  being  the  value  of  -3-  V^Vty  what  is  the  value  of  -y-uw  ? 

at  dt 

Let  M,  V,  m;  and  u\  v\  w   be  the  component  velocities  of  two  colliding 

molecules,  and,  F  being  their  half  relative  velocity,  let   U  be  the 

velocity  of  their  common  centre  of  gi'avity.     Using  F^,  F^,  F.  for  the 

components  of  F,  and  CT,,  Z7y,  17^  for  the  components  of  Z7,  we  have 

w=F,-hi7„     w'=-F,+  i7„ 

t;=F,+  Z7„     t;'=-F,-ft^„ 

therefore  ww?  +  w V  =  2  (  F,  F,  +  l^x  TJ^) . 

And,  as  the  change  due  to  collision, 

3(wu;)4-3(wV)  =  23F,F„ 

because    J7j.,  17^,  and  [7,  are  not  altered  by  collision.     It  follows  that 
on  average  of  all  molecules 

d    Tr  1/  d 

and  we  may  now  write,  as  the  result  of  collision, 

\ds      dxJ  dt  '^•2h\-6      a.b/Kdz      dx/  ^     ' 
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23.  We  have  next  to  consider  the  chanire  in  the  term  uw  rr  — 

cU  dz 

due  to  the  variation  of  a  hj  collisions.     Consider  two  spheres  in 

collision,  the  origin  being  the  point  of  contact,  and  nse  the  constmc- 

tion  employed  in  Art.  16.     The  ordinates  of  their  centres  are  z  and 

— z,  where 

jp  =  A  (— vcos  tf-f- v^l— «^  sintf  cos^). 

For  one  a  is  increased,  and  for  the  other  diminished,  by  (X' — X)  F. 
Substituting  for  A'— ^  introducing  the  factor  2jrc*pF,  and  integrating, 
we  find  that  for  each  of  the  two  molecules,  as  the  resalt  of  collisions. 


uw  — 


\dz      dxl 


—    -ir(fpuw\vY^  =-i  —  4- 
Ih      ^  %f  r   dr 


16      '^  2/  r    dr 

(because  XvV*  =  ^uw  on  average) 

and,  adding  19  to  18,  we  find  for  the  change  in  -——  due  to  collision 


dt 


ajtf     3   ,  1  (di,d:y 


We  interpret  this  as  follows : — As  the  result  of  collisions^  molecules 
moving  in  a  given  direction^  say  x,  are  on  average  deflected  towards  that 
side  where  the  average  motion  of  the  spheres,  i.e.,  the  stream,  is  for  the 
time  being  in  x.     And  so  collisions  tend  to  increase  the  stream. 

24.  Now,  referring  to  equation  (I.),  we  see  that  -3-,  which  in  the 

dt 

medium  of  material  points  was    zero,  has,  when  the  spheres  have 

finite  diameter,  become  positive,  namely, 


dM 
dt 


of  which  the  first  two  tenns  are  together  zero,  as  befoi-e.     Therefore, 
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if  in  the  system  of  finite  spheres  (-1^)  »  ^m  liave  the  same  mean 

dM 
values   as   in   the  system   of  material  points,  -jj-  is  positive.     But 


dM 


in  stationary  motion  —  must  be  zero.     How  can  we  make  it  zero  ? 

25.  The  solution  is  this.     We  must  admit  that  the  motion  is  not 

stationary  if  ^,  1?,  i,  and  therefore  also  3=  +  ^,  have  the  same  average 

dz      ax 

values  which  they  have  in  the  system  of  material  points  for  which 

equation  (I.)  was  proved.     But  in  the  system  of  finite  molecules  ^  has 

become  f +f',  Ac.,  and  ( -7-  +  ^  )  has  become 

\dz      dx/ 


\dz      dxl       \dz      dxf 


That  gives,  by  arranging  the  terms, 

dM 
dt 


jJJ_.  dt\dz      dxl        2h\dz      dxl 

^^-''''^2hl\dz^l^)'^\-d^^dx)   l-^Yhydi^Tx)' 

(III.) 
The  first  two  are  together  zero  by  (I.) 

The  remaining  two  terms  can  be  made  zero  by  suitably  choosing 

\dz       dx/       \dz      dxl 
We  have,  namely, 

C  \dz       dxl        \dz      dxl   )        \dz       dx/ 


or,  if  IT,  «:•,  Ac.,  are  neglected  in  comparison  with  «:, 


\dz       dxl    '  \dz       dxl 


(20) 


If  we  had  introduced  the  factor  l+«:  into  the  first  two  terms  of 
(III.),  according  to  Art.  16,  it  would  not  affect  the  result,  so  long  as 
k',  &c.,  are  neglected. 

The  term   uw—  (-p-  +  -p-j  is  zero,  because,  as  we  shall  see,  Art. 

dt\dz       dxl 

32,  £',  f/,  {'  are  independent  of  «,  r,  %o. 
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26.  It  will  be  observed  that  the  ratio  so  found  is  independent  of 
the  form  of  the  functions  (,  ij,  (,  that  is,  of  the  form  of  the  function/ 
of  Art.  4.  In  order  to  confirm  this  I'esult^  let  us  consider  the  relation 
between  f ,  ij',  {',  and  the  coefficients  h  of  the  products  of  velocities  of 
different  molecules  in  the  index  of  c~***. 


27.  By  way  of  illustration  let  us  suppose  n  molecules  within  a 
sphere  of  radius  B,  their  velocities  being  distributed  according  to 
MaxwelFs  law  e'***,  where  Q  is  the  sum  of  squares  of  the  velocities, 
and  let  us  impart  to  each  molecule,  in  addition  to  the  velocity  which 
it  has  in  that  motion,  the  small  velocity  X*  in  x. 

This  being  done,  the  chance  that  one  of  these  molecules  shall  have 
velocity  represented  by  lines  drawn  from  the  origin  to  some  point  or 
other  within  an  element  of  volume  dO,  whose  centre  is  distant  p  from 
the  origin  in  direction  making  the  angle  a  with  the  axis  of  x,  is 

Ac'"^  (I  i'2hpX' cos  a)  dn. 

The  chance  that  another  molecule  shall  have  velocity  represented  by 
lines  drawn  from  the  ongin  to  some  point  or  other  with  an  element 
of  volume  cZQ'  distant  q  fi'om  the  origin,  in  direction  making  the 
angle  ^  with  p,  is 

Ae'^*  dQ'  ( I  -f  2hqX'  cos  a  cos  0  +  sin  a  sin  0  cos  e) , 

where  e  is  the  angle  between  the  plane  of  p  and  q  and  the  plane  of 
p  and  X.  The  chance  that  both  molecules  shall  have  the  velocities 
aforesaid  is 

^Jg-A(P'*«-)^Qjn'(l^_2/i2?X'cosa)(I  +  2%X'cosacos^  +  8ina8in^sin€). 

Multiply  this  by  sin  a  da,  and  integrate  for  all  values  of  c  and  a,  and 
we  find  for  the  chance 

^»e-M'^*«"^cZncZn'(l  -h  ^X'*pq  cos  ^V 

expressing  now  the  chance  that  the  velocities  p  and  q,  of  two  mole- 
cules, in  whatever  direction  either  is,  shall  make  the  angle  0  with 
each  other.  Now  let  u,  r,  w  be  the  components  oip;  u,  v\  w'  those 
of  q.     Then 

d0.d^  =  dude  die  dudv'dir\ 
P7  cos  ^  =  M?t'  +  rr'-hw*ir'. 
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Therefore,  since,  with  these  substitutions,  the  expression  does  not 
contain  0,  it  gives  the  chance  that  two  molecules,  both  within  the  R 
sphere,  shall  respectively  have  velocities  tt ...  w  +  c£t*,  Ac.,  in  the  form 

that  is,  assuming  X^,  <fec.,  to  be  small, 

A^e'^^da  ...  dw\ 

in  which  Q'  =  t,«  + 1;« -H  w;' + w''  +  v'H w;'' -  -o-  ^''(^w' + ^'«'  +  W''^')- 

o 

Evidently,  if  we  take  Y'  and  Z'  into  account,  we  shall  have  to  sub- 
stitute X^'^-  Y^-hZ"^  for  Z'2  in  the  last  expression. 

We  see  then  that  in  the  case  now  treated  the  coefl&cient  of  correla- 
tion has  the  foim 


(21) 


or,  since 


:^ -^-Y* -\- Z^  =: 


2nh' 


X,  Y,  Z  denoting  the  velocities   of  the  centre  of  inertia  of  the  n 
molecules  within  the  R  sphere, 

6  =  -  —  (X'*+  Y'^-h  Z'=»)/(X^+ YH^). 
n 

28.  Let  us  now  employ  the  convei-se  method,  namely,  to  find  f'^,  <fec., 
in  terms  of  the  coefficients  6,  supposed  given.     We  assumed,  in  Art.  4, 

*-   2/' 


whence 


dz  Sf  dz 


Let  ns  form  the  determinant 


D  = 


2  (5/)« 
-2/,5/ 

-2/,  2/ 


-2/.5/ 
(2  +  2/?) 

2M 


-2/.5/    ... 

2/J,     ... 
(2+2/J)  ... 
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29.  In  the  Bjstem  of  finite  spheres,  if  we  assnme  b  to  hare  the 
same  Tftlne  for  every  pair  of  molecules  considered  (which  we  have 
to  do  if  their  relative  positions  are  unknown),  we  find  that  eveiy 
constituent  of  D„  is,  owing  to  the  introduction  of  b,  multiplied  by 
-^—.     And  therefore,  b  being  very  small,  D„  becomes 


Pir 


M-1 


6A.- 


?+r=  DJkD-^-^bDJkD 


=  e-'^bDJhD. 


bDJhD 


n  being  large,  c 

which  agrees  with  Art.  27. 


b  =  -f(r-+^+p). 


(22) 


30.  Next,  let  us  assnme  b,  the  coefficient  of  correlation  between 
the  velocities  of  two  molecules,  to  be  a  function  of  the  distance  r  be- 
tween the  molecules  to  which  it  relates.  And  let  it  be  required  to 
find,  on  this  hypothesis,  the  ratio 


^^^"  (f)Mg)- 


Fort 


e  system  of  finite  spheres  we  shall  have 
where  b„  is  the  valne  of  b  for  the  two  molecnlcs  wliose  velocities  are 
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ttp,  a,,  &c.,  whence,  substituting  for  a^  as  in  Art.  7, 
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Then 


or 


do  I 


(•23) 


6  being  very  small,  so  that  its  square  and  higher  powers  may  be 
neglected,  and,  for  the  same  reason,  the  variation  of  D  may  be 
neglected,  as  will  be  easily  found. 


Now,  for  the  coefficient  b 

(ID 


!»«» 


ii^»  =  2A,„  =  2--'//,  (by  Art.  8), 
do 


and  so 


(24) 


the  summation  being  for  every  molecule  of  the  system  with  every 
other. 


31.  Now  let  us  assume 


6«i  = 

P9 


3    ^~' 


(25) 


r  being   the  distance  between   the  two  molecules  p  and  q.     Tlien 
^fp^^p^fq  ^^  represented  by  the  integral 


27r  being  used  for  4t  because  each  pair  is  te  be  counted  once. 


VOL.  XXVIII. — iro.  597. 


2  A 


35i  Mr.  S.  H.  Burbury  on  a  Syiem  of  [Dec.  10, 

It  follows  that,  for  all  fanctions  satisfying  the  conditions  of  Art.  4, 

226„/,./;  =  2"-'  J-c'pSr  =  kV,„  (26) 


\dz)    '  \</j. 


(-■■e-.-.m    :    S     ::.:!,  -i.  (20), 


which  is  independent  of  the  form  of  the  function  /,  provided  that 
that  function  satisfies  the  conditions  of  Art.  4. 

32.  We  ma;  therefore  now  constmct  an  aoxiliaiy  ey stem  containing 
the  same  number  of  molecules  as  the  given  system,  each  one  of  the 
former  corresponding  to  one  of  the  latter,  and  in  which  each  motecnie 
has  at  a  given  instant  the  same  position  which  in  the  original  system 
at  that  instant  the  corresponding  molecule  has.  Attribute  to  the 
molecules  in  the  anxiliary  system  so  placed  Telocities  at  haphazard 
in  such  way  that  the  mean  square  of  the  velocities  in  x,  also  in  y  and 

z  respectively,  shall  be  — ,,  where  the  ratio  —  has  to  be  determined. 

Bat  the  velocities  attributed  to  any  molecule  in  the  auxiliary  system 
shall  be  independent  of  the  velocities  which  the  corresponding  mole- 
cule has  at  the  given  instant  in  the  original  system.  Further,  f ,  t',  C 
shall  have  for  the  aniiliary  system  the  same  meaning  which  f ,  n,  C 
have  for  the  original  system,  ao  that  d'  =  0  on  average,  Ac. 

Then,  since  the  form  of  f ,  ii',  C  is  indifferent  so  long  as  they  satisfy 
the  conditions  of  Art.  4,  we  may  take  for  f ,  ij',  C  the  values  of  those 
functions  derived  from  the  auxiliary  system.  And,  whatever  be  their 
forms,  the  ratios 


^/'-/.-(DYd)-. 


and    are    the    same    for  all  functions  (    which    satisfy    the    con- 
ditions. 

Further,  as  a  limiting  case,  we  might  take  for  (,  »i,  t  *!»**  ''<""- 
ponent  velocities  of  the  common  centre  of  inei-tia  of  any  group  of 
;;  molecules  coiituiiicd  within  a  sphere  of  radius  S :  let  them  be 
X,  Y,  Z. 

33.  This,  then,  is  the  solution  of  the  problem  of  stationary  motion 
when  the  molecules  are  elastic  spheres  with  finite  diameter.  Any 
gmnp  of  contiguous  spheres  at  any  instant  have  greater  energy  of 
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motion  of  their  common  centre  of  inertia,  and  correspondingly  less 
of  relative  motion,  than  they  would  have  in  the  Maxwellian  system 
as  mere  material  particles,  the  entire  kinetic  energy  being  un- 
changed. The  ratio  E?  :  ^  or  X^  :  X*  is,  as  we  have  seen,  independent 
of  n,  the  number  of  molecules  in  the  group  chosen. 

34.  Now,  if  Q  be  a  sum  of  squares  only,  the  energy  of  the  motion 
of  the  common  centre  of  inertia  of  the  7i  spheres  can  on  average  have 

1     3 

no  other  value  than  -r-  — -  ,  that  is, 

But  we  have  seen  that,  in  the  system  of  finite  spheres,  X'-f  Y'-hZ^ 

has    become    X^-i-X'^  +  Y^-\-Y"'-^Z*-^Z'^,  and  is  therefore    greater 

1     3 
than  —       .     Therefore,  in  the  system  of  finite  spheres,  Q  cannot  bo 
n   2h 

a  sum  of  squares  only — to  prove  which  was  my  main  object. 

35.  In   the  proof  above  given  (Art.  31)  I  assumed  6  =  —  f  — 

For  that  purpose,  however,  -j-    would  answer  equally  well.     There 

is,  however,  another  test  to  which  we  may  subject  the  form  of  b 
chosen.  It  appears,  namely,  that,  for  a  group  of  n  molecules  within 
a  sphere  of  radius  B,  6,  if  it  have  the  same  value  for  every  pair 

of  molecules,  varies  as  — ,  by  Art.  29.     Now  the  number  of  pairs  that 

n  , 

can  be  formed  of  n  molecules  is  —^ — .     It  follows  that  the  sum  of 

the  coefficients  b  for  every  pair  of  molecules  within  the  B  sphere  ought 
to  vary  as  n  — 1,  that  is,  n  being  very  great,  as  n,  that  is,  to  vary  as  R^, 

JO 

and  therefore,  if  8  be  that  sum,  -jri  oc  J2*.     But  now,  if  B  becomes 

all 

B  -h  dB,  S  is  altered  only  as  follows,  namely  :  for  every  molecule  in 

the  shell  4:irB*dB,  we  form  a  pair  with  every  molecule  within  the 

sphere.      The    number  of    molecules   within    the    shell   varies   as 

47r  B^dB. 

The  sum  of  the  number  of  pairs  formed  between  any  one  of  these 

and  tlie  molecules  within  the  sphere  is  represented  by  the  integral 

7*  vQvs'ui  PAC  dl'y 

2a2 
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if  AP  =  r,     AG  =  21{, 


r-^(-d,)- 


Hence  the  snm  of  the  coefBcienta  b  for 
.nil  BBch  pairs  ie,  if  b=/(r), 

And  therefor©  ^oc  4«-E'  \^dr7'f(r)  (l-  ^). 

but  it  ought  to   vary  as  irR*.     Therefore  b,  or  /  (r),  must  be  bo 
chosen  thnt  ^ 

shall  be  independent  of  B.     Now,  if 

/M  =  $. 

the  integral  contains  log  R. 

But,  if  /W  =  -lij-. 

the  integral  is  pioportional  to 

i<»  (i- 


which  for  large  values  of  It  will  a 


SI' 

iver  the  purpose. 


\i6.  As  stated  in  the  beginning  of  this  paper,  the  law  of  distribution 
of  velocities  denoted  by  e"'"  can  hold  good  only  so  long  as  Q  is 
necessarily  positive,  that  is,  incapable  of  being  made  negative,  what- 
ever values  are  attributed  to  the  velocities  u,  v,  to;  that  is,  so  long  as 
the  determinant 

2     6„    6,. 

n=  b„  2    b„ 


and  each  of  its  coaxial  minors  is  positive.  The  limit  is  when  D  =  0. 
Now,  in  case  of  elastic  spheres,  6,  and  therefore  7>,  appears  as  a 
function  of  the  density  only.     That  is  because,  in  the  case  of  elastic 
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spheres,  the  change  of  direction  of  the  relative  velocity  dne  to 
collision,  and  therefore  XV— Xv  of  Art.  20,  depends  only  on  B  and  ^, 
and  not  on  the  magnitude  of  F. 

In  the  case  of  the  molecules  being  centres  of  repulsive  force,  let  c  be 
the  distance  at  which  when  two  molecules  approach  each  other  that 
force  first  becomes  sensible,  and  call  c  the  diameter  of  a  molecule, 
and  define  ^,  ^  aa  in  Art.  17.  It  is  then  easy  to  see  that  the  change 
of  dii*ection  of  V  between  the  beginning  and  end  of  an  encounter 
depends  on  F  as  well  as  on  Q  and  ^ ;  whence  we  may  infer  that,  in 
this  and  in  all  cases  where  finite  forces  act  between  molecules,  h  and 
D  are  functions  of  fe,  t.e.,  of  the  temperature,  as  well  as  of  the  density. 
It  seems  reasonable  to  expect  that  J)  =  0,  the  point  at  which  the 
mathematical  formula  ceases  to  be  applicable,  would,  if  we  could  solve 
the  problem,  express  that  relation  between  density  and  tempei*ature  at 

which  the  gas  changes  its  form  and  becomes  liquid. 
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Introduction. 

Eveiy  abstract  group  may  be  defined  by  a  system  of  generators 
which  are  compounded  in  accordance  with  a  table  of  geneiutional 
relations.     This  fundamental  theorem  is  due  to  Cayley. 

So  far  as  I  know,  no  such  abstract  generational  definitions  of  the 
groups  abstractly  equivalent  respectively  to  the  symmetric  and  the 
alternating  substitution-groaps  on  k  letters  have  been  given.  Of 
course  from  any  one  such  definition  many  other  such  definitions  may 
easily  be  deduced. 

In  this  paper  I  prove  the  following  theorems  : — 

Theorem  A. — The  abstract  ^roup  O  (k)  (A- ^2)  defined  by  the  A;— 1 
generators 

(1)  Jin  ((i=l,2,  ...,A:-1). 
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(d=l,2,...,fc-l), 
(d  =  l,'2...,fc-2). 

/d  =  1.2, fc-S\ 

\e=i-t-2,d+3 fc-l' 
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with  the  generational  relations 

(2)  Bl=l 

(3)  (B-B.,,)'  =  1 

(4)  (AB.)'  =  1 
[whence  follow  at  once 

(6)  (B^*,J»*)'=  1,    B<£^«B4=  B..>B*B4.i. 

(6)  {B.B^y  =  1,  5^J?,  =  B.B.l 

has  the  order  0  (k)  =  & !,  and  is  holohedricallj  isomorphic  with  the 
symmetric  snbstitution-gronp  on  h  letters. 

Theorem  A'. — The  abstract  group  ff  (i)  {i^3)  defined  by  the  two 
generators 

(7)  B,  C, 
with  the  generational  relations 

(8)  U*  =  1,    C  =  1,     (BO)*-'  =  1, 

(9)  (B0"BC*')*=1, 

(10)  (BC"B0*')'  =  1        (i  =  2, 3, ...,  fc-2) 

[where,  however,  every  relation  with  lower  sign  is  a  consequence  of 
the  corresponding  relation  with  npper  sign],  is  the  group  0  (k)  of 
Theorem  A. 

Them-em  B.— The  abstract  group  0  [k]  (fc^3)  defined  by  the  k~2 
generators 

(11)  Et  (d  =  1.2,  ..,,ft-2), 
with  the  generational  relations 

(12)  E[  =  l,  l!'^  =  l    (d  =  2,  3,  ...,ft-2), 

(13)  (B^E,.,)»=1    (d=l,  2,  ...,  fc-3), 


(14) 


(E^E.y  =  1 


=  1,2,  ,k-4\ 

=  *;  +  2.  rf+3,  ...,fe-2/' 


has  the  oi'der  0  (it}  ^  \kl,  and  is  holohedrically  isomorphic  with 
tlte  alternating  substitntion-gronp  on  k  letters. 
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^Addition^  June  28^A,  1897. — If  two  groups  (?,  ff  are  generated 
respectively  by  the  systems  of  generators  {-4,,  ...,  -4*},  {A{^  ...,  -4^}, 
and  if  the  generators  A'  satisfy  by  the  correspondence 

Ai  ^  A'i  (i  =  1,  2,  ...,  h) 

all  the  generational  relations  of  the  group  G,  then  this  correspon- 
dence determines  an  isomorphism  between  the  two  groups  G,  0\  In 
this  isomorphism  every  element  of  O  corresponds  to  one  element  of 
G\  The  identity-element  of  O'  corresponds  to  the  elements  of  a 
self-conjugate  sub-group  H  of  Q.  The  group  6?'  is  holohedrically 
isomorphic  to  the  quotient-group  OfH, 

Whence,  on  the  basis  of  known  theorems  of  the  theory  of  substitu- 
tion-groups : 

Theorem  C. — If  the  generators  of  a  group  0  of  order  greater  than 

2;  6        . 

satisfy  at  least  the  generational  relations  of  any  generational 

determination  of  the   abstract      ,  group   of    degree   k  for 

T    /  A     1       A  .  altematine:  "      *  r 

k^As;  k  =  4i      .         _,.        .  ^,  °       ^    symmetric 

,    ,  ,     ,        ^ ,  then  6?  IS  a  form  of  the  abstract      ,  ^  .         group, 

fc  ^  4 ;  «  =  4  alternating 

and  its  generators  satisfy  no  further  generational  relations.] 

1.  Four  Lemmas — Theorems  in  the  General  Theory  of  Abstract  Groups. 

Lemma  A. — A  group  G  contains  two  sub-groups  K^  and  JD^.  K^  of 
order  m  with  the  m  elements  fc„  ...,  k^  is  generated  by  the  g  genera- 
tors iCi, ...,  Kg,     Ln  of  order  n  with  the  7»  elements  Zj, ...,  Z„  is  generated 

by  the  h  generators  Xj, ...,  X^^.     If  now  every  product  Z,k>  (    ""♦•*•»     j 

\p=l,...,g/ 

can  be  written  as  a  product  ki  Z,,  or,  if  every  product  \ A;,  (  ^  "~  , '  * " '      ) 

can  be  so  written,  then  the  sub-groups  K^  and  L^  of  G  determine  as 
sub-group  H  of  lowest  order  containing  them,  the  group  H  of  order 
at  mx)8t  mn^  whose  elements  are  the  distinct  ones  of  the  m,n  products 

\j  =  1,  ...,  n  / 

Lemma  B. — If  the  group  (r^  of  order  n  with  the  n  elements 
<7„  ...,  ^M  has  an  involutoric  holohedric  isomorphism  with  itself,  viz., 

(i7i»  •••»  S^.>  •••»  Hn)  ^  (i7v  •••»  9>i^  •••»  90 

K  =  1,  i  =  1,  ...,  ;/), 
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where  («|,  ...,«<,  ...,  «.)  is  a  certain  permutation  of  the  indices 
(1,  ...,t,  ...,  ^))  then,  by  the  adjunction  of  a  new  generator  e  with  the 
generational  relations 

e*  =  1,    git  =  tg$,  (t  =  1,  ...,  n), 

the  group  0^  of  order  n  is  extended  to  a  group  (?^  of  order  2n  with 

the  elements  /  <      i  x 

fl^o  git  (*  =  1,  ...,  n). 

Lemma  C,  —  The  group  O^  of  order  n  is  generated  by  the  / 
generators  yj,  ...,  y/^  which  are  subject  to  the  generational  rela- 
tions 2.     Every  relation  %  is  taken  in  the  convenient  form 

If  the  relations  2'  obtained  from  the  relations  2  by  chang^g  in  every 
relation  the  sign  of  every  exponent  e„  ...,  e<  are  group-theoretic  con- 
sequences of  the  relations  2,  then  the  correspondence  of  generators 
(y ,  .-.,  y,)  '^  (y,'S  •••»  y/O  defines  an  involutoric  holohedric  isomor- 
phism of  the  group  (?„  with  itself. 

Lemma  D. — -If  the  generational  relations  2  of  the  group  6^^  of 
Lemma  C  are  all  of  the  form 

y;*  =  1,    (y:y;y"-''-'*  =  1, 

then  the  relations  2'  follow  from  the  relations  2. 

These  lemmas  may  be  easily  proved.  A  is  generally  known.  B  is 
the  simplest  case  of  a  general  theorem  given  by  Mr.  Holder  for  use 
in  the  construction  of  composite  groups  f  "  Die  Gruppen  der  Ordnungen 
P^i  P9^^  Pl^^  P*»"  Mathematische  Annalen,  Vol.  XLiii.,  pp.  301-412,  1893. 
See  p.  329). 

2.  Proof  of  Theorem  A. 

We  consider  the  group  Q  {k)  generated  by  the  A;— 1  generators 
^1,  ...,  Bjt.i  (1)  under  the  fundamental  relations  (2,  3,  4),  and  the 
derivative  relations  (5,  6). 

The  symmetric  substitution-group  Ojti  on  k  lettera  Zj,  ...,  Z*  is 
generated  by  the  fc— 1  transpositional  substitutions 

(15)  S,  =  (lj,.0  (d  =  1, 2, ...,  ^-1;. 

These  generators   S4  of  the  substitution-group  Ol  i  satisfy  the  rela- 
tions (2,  3,  4)  prescribed  for  the  genei-ators  B4  of  our  abstract  group 
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O  (k)  (and  conceivably,  thongh  not  actually,  other  relations  not 
therefrom  derivable).  Hence,  the  order  0  (k)  of  0  (k)  is  at  least  kl, 
and,  further,  if  the  order  0  (k)  is  exactly  k !,  then  G  (k)   is  holo- 

hedrically  isomorphic  with  G,^ ,. 

That  G(k)  has  the  order  0  (k)  =  k\  is  proved  by  a  one-based 
induction ;  it  is  obviously  true  for  A;  =  2 ;  we  prove  that,  if  it  is  true 
for  A;  =  m,  then  it  is  true  for  A:  =  m  -h  1. 

The  group  (?(mH-l)  with  the  generators  I^„  ...,  ^m-i»  J^m  has  the 

order  0  (m  +  l)^(7?iH-l)!.     G(m-\-l)  contains  the  sub-group 

K^i=G(m), 

with  the  genemtors  5„  ...,  J9„,_„  and  the  m!  elements  A:,,  ...,  A:„,.  (w!, 
since  its  order  is  by  hypothesis  ml). 

Now  the  substitution-group  6?^.  on  m  letters  /„  ...,  /«,  is  most  con- 
veniently extended  to  the  substitution -group  Gjl^i)!  on  m+1  letters 
hi  •••>  ^mi  ^»+i  by  the  cyclic  substitution 

which  has  the  penod  m  +  1,  and  which  is  expressed  in  terms  of  the 
genei-atore  6\,  ..,,  S^  (15)  by  the  formula 

(16)  T=S^S^.,...S,S,. 

We  extend  our  abstract  group  K^,  =  (7  (m)  to  G  (m'\-l)  by  the 
extending  generator  B^,  or,  what  amounts  to  the  same  thing,  by 
the  extender 

(17)  G  ^  B^B^,, ,,.  B,B,. 

The  relations  of  C  to  the  m  generators  of  C?  (m-hl)  and  the  period 
of  G  (which  is  surely  ^m-hl)  must  be  investigated. 

Noticing  at  once  that 

(18)  C''=B,B,...B^_,B^, 
and  defining  P«,^,  by  the  formula 

(19).  n„.,  =  G-'B„c, 

we  .have  the  transformation-relations 

(20)  B,^,  =  0-'B,0         (J=  1,  2,  ...,  m,  m-fl), 

where,  as  in  the  sequel,  the  indices  of  the  B4  arc  to  he  reduced  modulo 
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m-^l  to  indices  of  the  series  1, 2, ...,  m,  mH- 1.     (20)^.,,,  is  true  by  (19). 
(20)rf<i„  is  equivalent  to 

and,  hy  (17,  G),  this  is  equivalent  to 

B^B,n.i ...  Bi^2 '  BaB^^^Ba. Ba.iBti-2  •••  -^j^i 

=  B^B^^i ...  Brf+2«  Bi^iB^B^i^i ,  Ba-iBi.^ ...  B^B^ 

and,  by  (5),  this  is  true.     (20)  is  then  true  for  d^wi.     Now 

C''.G.G=C; 
hence,  by  (17),  and  (20)^.^, 

C-' .  B^B^^, ...  5,^1 .  C  =  B^.i^..  ...  B,B,  =  Cy 

* 

that  is,  -Sm+iC  =  Ci?i. 

Thus  (20)  is  true  also  for         d  =  m  +  1. 

Hence,  more  generally,  from  (20,  2,  5,  6,  17) 

(21)  G-'B,&^B,^j,    B,a  =  GW,,, 

/d  =  1,2,  ...,  m  +  1  \ 
\i  =  0,  ±1,  ±2,  ...r 

(22)  2?i=l,    B^B^^.B,  =  B,,,B^B^,,,    B.B.^B.B^ 

/d,  e  =  1,  2,  ...,  m  +  l\ 
\     e#(i-l,  d,  d  +  1  /' 

(23)  C  =  B^B^., ...  J?,I?i  =  2?„..,i?^  ...  B,B, 

or(24)  C  =  i?,B,.i...B,.^^,JB,_„^,     (^  =  1,  2,  ...,  m  +  1). 

Further,  the  period  of  (7  is  m+ 1, 

(26)  C"»^»  =  1. 

This  is  proved  by  a  one-based  induction.     Denoting  the  C  of  (17)  by 
O^^i,  we  have  rf  ^  ;^  ^  y 

and  we  suppose  that 

0:  =  (i?„.,B,„.,...i?,DO'"  =  l. 
Now  C„,  =  B^G^^^. 


^ 


JA 
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Hence,  by  (24),.^.,,  we  have 

(26)  (B«B„.,...B.B.B«„)"  =  1, 

or(27)     {B„ ...  B,){B^,^ ...  B,)(Bi ...  B,)(B, ...  J?«)  ... 

that  is,  by  (24),  (ZW  =  1. 

[The  specialization  of  C  to  T  shows  that  period  of  (7  is   ^m  +  l,  and 

this  result  G^^^  =  1  shows  that  it  is  exactly  m  +  1.]     We  notice  (for 
use  in  §  3)  the  relations 


.-I 


Now  we  consider  in  the  group 

(?(w  +  l)  =  6?(m  +  l  \B,,  ...,!?„.)» 
the  two  sub-groups 

^mi  =  G  (m)  =  G  (m  :  B„  ...,  B^-O, 

with  the  m!  elements  /?,,  ...,  Aj^i,  and  the  cyclic  Zr^+i  generated  by  G 
with  the  m  +  l  elements  (7  (J -=1,2,  ...,mH-l).  The  sub-group  jH" 
of  lowest  order  containing  ^,„t  and  l>»,+i  is  6?  (m-hl)  itself  with  the 

order  0  (?mH- l)^(m  +  l)!.      But    Lemma  A  (§1)  applies,    and  so 

0(m  +  l)^(m-|-l)!,  and  hence,  indeed,  0(m+l)  =  (m  +  1)!,  and  our 
Theorem  A  is  proved.     In  fact,  we  have,  (21), 

(29)  G'B^-B^,,G'         (^,  5  =  1, 2,  ...,m+l). 

For  the  cases  p— 5  =  0,  —1  (modtn-j-l),  writing  these  relations  in 
the  more  desirable  forms,  by  the  use  of  (17), 


(30) 


G^*'B^  =  B^.,B„., ...  B,B, .  0^ 
G'B,  =  B,B, ...  B^.,B^,, .  G^*\ 


we  have  in  the  relations   (29,  30),   {p,  «  =  1,  2,  ...,  m)   the  relations 
needed  to  make  Lemma  A  apply. 

The  G  (k)  is  then  the  abstract  symmetric  group  GIi- 

It  is  obvious  from  the  substitution-group  form   6?*.  of  the  abstract 

G  (k)  that  all  the  A;— 1  generators  B^  are  necessary  ;  if  one  is  omitted, 

a  sub-group  is  generated. 
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3.  Proof  of  Theorem  A'. 

The  gix)up  G' (k)   (k^S)  has  the  genei'ators  B^  C  with  the  genera- 
tional relations 


Defining 
(31) 


\i   —   »}   O,    ...)    K'-'/iJ, 


Bi^,  =  C-'UCS  -  B,  =  B,      (i  =  0,  1,  ...,  fc-1), 


we  have,  taking  indices  of  B,  modulo  A;,  fix)m  the  indices  1,  2,  ...,  k, 

(32)  2?,.,  =  G-'B,a  {dj  =  ],  2,  ...,  k). 

The  relations 

(33)  nl  =  1,  (B,B,)'=  1,  (I?,B.)»  =  1  (e=3,4,  ...,ft-l) 


yield 
(34) 


^i=l,     (J5,2?,.,)' =  1.     (i?-5.)'  =  l 


/i,  c  =  1,  2,  ...,  A;      \ 


Fui'ther,  since 


and  so 


(BGy-'  =  1, 


(CjB)*-^  =  1, 


(3.5)  C»  =  2?*.,B*.2 ...  B,B,  =  (7-^*-^^  (BGy-'B  =  (7  (O-B)*"^  =  (7. 

The  relations  31,  32,  33.  34,  35  show  that  the  group  Gt{k:B,  G) 
is  the  group  0{k',B^^  ....  i?t.i),  perhaps  reduced  by  additional 
generational  relations.  The  relations  (2,  3,  4,  21,  25,  28)  of  §§  1,  2 
show  that  G  {k  :  Bi,  ...,  B^-i)  is  the  G'  {k  :  B^  G\  perhaps  reduced 
by  additional  generational  relations.  Hence  the  G*  {k  :  B,  G)  and  the 
G{k  :  ^1,  ...,  i^jk-i)  are  identical. 

It  should  be  added  that,  for  fc  =  3,  the  three  relations 


involve  the  fourth 


5*=1,     C*=l,     (J?C)*  =  1 
(J5C-»i?C)»  =  l, 


and  thus  define  the  (dihedi-on}  gi*oap  G^. 
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4.  Proof  of  Theorem  B. 

The  generational  relations  of  the  abstract  symmetric  group  O  (k) 
involve  the  generators  IJj  evenly.  Hence,  the  different  expressions  for 
an  element  of  the  group  in  terms  of  the  generators  involve  all  either 
an  even  or  an  odd  number  of  generators.  We  may  then  speak  of 
even  and  of  odd  elements. 

There  are  ^kl  even  elements.  They  constitute  the  abstract 
alternating  group  (Jj*..  This  group  G^ti  is  within  the  0  (k)  generated 
by  the  k-2  generator 

(36)  E^  =  B^^.B,  (d  =  1,  2,  ...,  k'-2)y 
for  we  have 

(37)  B,B,  =  B,B,  ,B,B,  =  E,.,E:\ 

(c,  i=  1,  ...,  A;-l), 
where  we  have  written        E^^  =  B^B^^  1. 

These  generators  E^  satisfy  the  relations 

(38)  -27"' =  1,     El=:l 

(39)  {E,E,.,r=\ 

(40)  {E.E.Y  =  1 


(i=2,  3,  ...,  A;-2), 
(J  =1,2,  ...,^-3), 


/d=l,  2, ,^-4\ 

\e  =e/  +  2,  i  +  3,  ...,  it-2/ 

(and  conceivably,  but  not  in  fact,  others  not  derivable  from  them), 
and  are  connected  with  the  generator  B^^  which  extends  the  Gj*;  to 
the  Q^,  =i  0  (k)  by  the  relations 


(41) 


jB'=1,    B,E,  =  E;,'B,     (i  =  l,  2,  ...,ik-2). 


Now  the  abstract  group  0[k^  of  Theorem  B  has  the  A;— 2 
generators  E^t  subject  only  to  the  generational  relations  (38,  39,  40), 
In  accordance  with  Lemmas  D  and  C  (§1),  the  correspondence 

(42)  {E^,  ...,  Ek.2)  ^  (El  ,  ...,  EJi.i) 

defines  an  involutonc  holohediic  isomorphism  of  G{k^  with  itself. 
Then  (Lemma  B,  §  1)  the  group  G\k^  of  order  0[k]  is  extended 
by  the  adjunction  of  a  new  generator  Bi  with  the  generational 
ations 


V 


(43) 


^=1,    BtB^  =  E:'B,     ((i=l,  2,  ...,  fc-2). 
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to  a  group  of  order  20  [k].  This  new  group  is  generated  by  the 
k—l  generators   J?„  ...,  Bk.^  where  we  set 

Ba.,  =  E,B,  0Z  =  1,  2,  ..., /I— 2). 

These  generators  satisfy  the  relations  pi^escHbed  for  the  g^neratoi^s 
i?^  of  the  Oik),  and  conceivably  others  not  derivable  from  them. 
Thus  we  have 

ik\<  0{k}      and     20  [k]  <kl. 

Hence  ik\  z=z  0{k}, 

and  the  abstract  group  0[k^  is  indeed  the  abstract  alternating 
group  alt  I. 

If,  for  k  ^  5,  we  replace  the  generator  Ei  by  the  generator 

e:  =  e,e,, 

we  have  a  system  of  genera toi-s  ^J,  E^,  E^,  ...,  j^^.j,  all  of  which  are 
of  penod  2.  But  the  generational  isolations  for  this  system  are  more 
complex. 

Another  system   of  generators    suggests  itself,  viz.,  those  corre- 
sponding to  the  cyclic  substitutions  of  period  3, 

W,k),    (UW,    WM {h-,U.ih)- 

The  generational  relations  for  this  system  are  still  more  complex.* 


Thursday,  January  l^th,  1897. 
Prof.  E.  B.  ELLIOTT,  F.R.S.,  President,  in  the  Chair. 

Present—  fourteen  members  and  a  visitor. 

Mr.  William  Henry  Blythe,  M.A.,  late  Scholar  of  Jesus  College, 
Cambndge,  and  Pi-of.  Eliakim  Hastings  Moore,  B.A.  and  Ph.D.  Yale 
University,  Professor  of  Mathematics,  University  of  Chicago,  were 
elected  members. 

Prof.  Sylvester  spoke  at  some  length  "  On  the  Partition  of  an  Even 
Number  into  Two  Primes,"  and  answered  questions  put  to  him  by 
the  members  present. 
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Mr.  J.  J.  Walker  gave  a  solution  of  a  certain   quadratic  vector 
equation. 

The  following  papers  were  communicated : — 

Supplementary  Note  on  Matrices :  Mr.  J.  Brill. 
Some  Properties  of  Bessers  Functions  :  Dr.  Hobson. 
Mr.  T.  I.  Dewar  exhibited  a  large  number  of  stereoscopic  pictures 
of  the  Algebraic  Catenary. 

The  following  presents  to  the  Library  were  received  : — 


i( 


Nautical  Almanac  for  1900,*'  8vo  ;  London,  from  the  Lords  CommissionerR  of 
the  Admiralty,  1897. 

"  Proceedings  of  the  Royal  Society,"  Vol.  lx.,  Nos.  363,  364. 

'*  Beiblatter  zu  den  Annalen  der  Physik  und  Chemie,"  Bd.  xx.,  St.  11  ;  Leipzig, 
1896. 

"  Nyt  Tidsskrift  for  Matematik,*'  A.  Aargang  7,  Nos.  6,  6,  7  ;  B.  Aargang  7, 
No.  3  ;  Copenhagen,  1896. 

**  Proceedings  of  the  Physical  Society,*'  Vol.  xrv.,  Pt.  12  ;  December,  1896. 

Lorenz,  L. — **(EuvTes  Scientifiques,"  revues  et  annot6es,  par  H.  Valentiner, 
Tome  I.,  Farto.  1,  8vo ;  Coponhague,  1896. 

**  Jomal  de  Sciencias  Mathematicas  e  Astronomicas,"  Vol.  xn.,  No.  6  ;  Coimbra, 
1890. 

**  Nachrichten  von  der  Konigl.  Gesellschaft  der  Wissenschaften  zu  Gottingen," 
Math.-Phys.  Kl.,  1896,  Heft  3  ;  Geschiiftliche  MittheQungen,  Heft  2,  1896. 

**  Bulletin  des  Sciences  Mathcmatiques/'  Tome  xx.,  Nov.,  Dec.,  1896 ;  Paris. 

**  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  m..  No.  3» 
December,  1896  ;  New  York. 

'^  Rendioonto  dell'  Accademia  deUo  Scienze  Fisicho  e  Matematiche,"  Serio  3, 
Vol.n.,  Fasc.  11  ;  Napoli,  1896. 

*' Rendiconti  del  Ciroolo  Matematico  di  Palermo,"  Tomo  x.,  Fasc.  6  ;  Nov., 
Dec,  1890. 

Hartmann,  J. — **  Die  Beobaohtung   der   Mondiinstemisse,"  No.   6,  roy.  8vo ; 
Leipzig,  1896. 

Fischer,  O. — **  Beitrage  zur  Muskelstatik,"  No.  4,  roy.  8vo;  Leipzig,  1896. 

"Zur  filnfzigjahrigen  Jubelfeier  der  K.  Sachs.  Gesells.  der  Wissenschaften  zu 
Leipzig,"  roy.  8vo;  Leipzig,  1896. 

*'  Educational  Times,"  January,  1897. 

"  Annals  of  Mathematics,"  Vol.  xi..  No.  1  ;  Sept.,  1896. 

*'  Atti  della  Reale  Accademia  dei  Lincei,"  Sem.  2,  Vol.  v.,  Fasc.  1,  Dec.  1896  ; 
Roma. 

*'  Indian  Engineering,"  Vol.  xx.,  Nos.  20-25  (wantmg  22),  Nov.  28-Dec.  19, 
1896. 

**  Astronomical,  Magnetic,  and  Meteorological  Observations  made  during  1890  at 
the  U.  S.  Observatory,"  4to ;  Washington,  1895. 

Cayley,  A.—**  Collected  Mathematical  Papew,"  Vol.  xi.,  4to  ;  Cambridge,  1896. 
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Siipphnientavy  Note  on  Matrices.     By  J.  Brill,  M.A.     Received 
December  12th,  1896.     Read  January  14th,  1897. 


1.  The  present  communication  is  intended  to  be  supplementary  to 
the  "  Note  on  Matrices  "  printed  in  the  last  volume  of  the  Proceedings 
of  the  Society.*  In  that  paper  I  shewed  that  the  most  general  form 
of  the  differential  of  a  matrix,  such  that  it  is  commutative  with  the 
matrix  itself,  is  given  by  the  formula 

dm  =  2  Og:- ^t)!i!^z:A.).•  •  •  (^- M  ^,. 
*(A,-A,)(\,-A,)...(\,-X.)      • 

This  formula  is  sufficient,  as  stated  in  the  paragraph  appended  to 
the  note,  as  a  test  whether  the  differential  of  a  matrix,  due  to  the 
infinitesimal  variation  of  some  scalar  element  or  elements  contained 
in  its  expression,  be  commutative  with  the  matrix  itself.  When, 
however,  we  attempt  to  replace  it  by  an  integral  formula,  we  find  that 
it  gives  rise  to  n  conditions.    These  are  obtained  from  the  n  equations 


(cim— d\,)(m— X,)(m— Xj)  ...  (m— X»)  =  0, 
((£m  — flJ\,)(m— \i)(m— X,)  ...  (m— X„)  =  0, 


(1) 

(2) 


(<im-  — dX„)(m— \i)(m— A,)  ...  (w— X„_i)  =  0, 


(») 


made  use  of  in  proving  the  above  theorem.  That  the  single  equation 
is  equivalent  to  the  set  of  n  equations  is  evident,  since  they  may  all 
be  obtained  fix)m  it  with  the  aid  of  the  characteristic  equation  of  the 
matrix.  My  present  object  is  to  obtain  the  n  integral  conditions 
which  constitute  the  equivalent  of  the  single  differential  one. 
Taking  equation  (2),  we  have 

(dm—d\^)(;m—\^-\-Xi—\)(m—X^)  ...  (m— X„)  =  0; 

and,  therefore, 

(X,— X,,)(c?wi  — dX,)(m— Xj)  ...  (wi— X„) 

—  (e?m— rfXj)(m— X,)(m  — Xj)  ...  (m—X^)  =  0. 

♦  Vol.  xxvn.,  pp.  36-38. 
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Making  use  of  equation  (1),  this  reduces  to 
(d7n  —  dX^)(m—X^)  ...  (m  — X^) 

-(m-X,)(m-X,)  ...  (m-XJ  ^kr^  =  Q. 

Similarly,  we  should  obtain 
((^  — (iXj)(m— X,)(w— X4)  ...  (m— X„) 

-(m-A,)(m-X,)  ...  (m-A,)  "^A^^  =  0, 

Al  — Aj 

and  so  on.     Adding  together  the  n— 1  equations  so  obtained,  we  have 
d[(m— X,)(m— X,)  ...  (m— X^)} 

-(m-X,)(m-X,)...(m-X.)  J  ^i^g*  +  ^^^  +  &c.  J  =  0, 

This  may  be  written 

<i[(m— X,)(m— X,)  ...  (m— X.)} 

(K-KKK-K) ...  (^.-x.) 

-(^-A,)(m-A.)  ...  (^-X.)  2  (;^_,^)  g^-g;  (,^_;,^)   =  0. 

which  immediately  integrates  in  the  form 

(m-X,)(m-X,)  ...  (m-X„)  ^ 
(X,-X,)(X,-A.)...(A.-X,) 

Similarly,  we  should  obtain 

(m-X,)(m-X.)  ...  (m-X,)  ^ 
(X,-X,)(X,-X,)...(X,-X.) 

and  so  on.      Writing  e„e„  ...  e„  for  the  n  constants  so  obtained,  we 
find  tliat  they  obey  the  laws 

6^  ^~'  Cf^        Gf  Cg  ""•  C J  c?j»  ^^  v, 

and  also  that  we  have 

Thus  we  see  that  the  differential  of  the  matrix  is  expressed  in  the 

dm  =  e,  rfX,  +  ej'iXj  +  . . .  +  c„dX„. 


*  This  has  been  shown  by  Study.  See  *•  I'eber  Systemc  von  complex  en  Zahlon.'* 
Goft.  Nach.,  1889,  pp.  237-268.  Also  *' Utbar  SyBtomo  coniploxor  Zahlen,  &c.," 
Monatuhefte  fur  Math.  u.  Phys.,!.  (1890),  i)p.  283-355. 
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In  fact,  since  we  have 

^(\,-A,)(\,-A,)...(A,-X.)^' 

we  see  that  the  matrix  is  expressible  linearly  in  terms  of  its  latent 
roots  as  follows, 

and  the  above  expression  for  the  differential  follows  immediately  from 
this. 

In  the  paper*  referred  to  in  the  postscript  to  my  former  note,  I 
was  dealing  with  binary  matrices,  and  took  the  equation 

2tfn — A, — A-  . 

— - — -*- — -S  =  const. 

Aj— A, 

as  the  required  condition.  This,  of  course,  is  a  consequence  of  the 
two  conditions  that  should  hold,  but  it  is  not  sufficient  in  itself.  It 
will,  however,  be  seen  that,  in  the  application  made,  the  two  con- 
ditions are  separately  satisfied,  so  that  the  work  is  quite  valid. 


Note  oil  some   Properties   of   BesseVs    Functions,     By   B.    W. 
Hobson.     Received  and  communicated  January  14th,  1897. 

An  integral  theorem  involving  Bessers  functions  is  here  given, 
which  contains  some  special  cases  of  interest.  It  is  well  known  that, 
for  integi'al  values  of  m,  there  are  an  odd  number  of  positive  ix)ots 
of  the  equation  ^      ,  ^       r. 

lying  between  consecutive  positive  roots  of  the  equation 

/« {x)  =  0, 
and  this  is  easily  seen  to  be  true  for  fractional  values  of  in\  it  does 

*  "  On  the  Application  of  the  Theory  of  Matrices  to  the  Distniswou  of  Linear 
Differential  EquationB  with  Constant  Coefficients,**  rritc.  Camb.  rhil.  Soc.^  Vol.  vni., 
pp.  201-210. 
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not,  however,  appear  to  have  been  strictly  proved  that  this  odd 
number  must  in  all  cases  be  unity  ;  *  the  truth  of  this  theorem  is  here 
deduced  from  the  integral  theorem.     The  roots  of  the  equation 

for  unrestricted  real  values  of  m  have  been  discussed  f  by  Hurwitz, 
who  has  shown  that,  if  m>— 1,  the  roots  are  all  real;  he  has  also 
shown  that,  if  m  is  between  —1  and  — 2,  all  the  roots  are  real  except 
one  pair  of  purely  imaginary  roots,  and  also  that,  if  m  lies  between  the 
two  negative  integers  —  2A;,  — 2 A;  — 2,  the  equation  has  h  conjugate 
pairs  of  complex  roots  as  well  as  an  infinite  number  of  real  roots,  and 
also  one  pair  of  purely  imaginary  roots  in  case  mlies  between  —  2/c — 1 
and  -2ik-2. 


1.  Let  tt^  be  any  solution  of  BesseVs  equation  of  order  m,  and 
Vn  any  solution  of  the  equation  of  order  n ;  it  can  then  be  shown  that 


UmV„  ; 


X 


is  a  perfect  differential  of  a  simple  function  involving  u^^  v.  and 


their  differential  coefficients. 


We  have 


dx^ 


X    dx 


+(.-5*)..=o. 


dv. 


du. 


'-  '(«-3 -■-&) ^ (»-g -- 1) = <»■-"■> "-f • 


or 


hence 


(n-m)  — --|a:^n.,.--t;.— jj, 
J.     ^ 

=  ['(»-£-t)]..,-['(-S-^)] 


(1) 


where  a,  /3  are  any  quantities  such  that  the  integral  is  convergent  at 
each  limit. 


Let 


«*m  =  Jm  («)i     V,  =  /„  (x)  ; 


*  See  Gray  and  MathewB,  Trcatute  on  Be99cl  FnnrfioHSy  p.  50. 
T  See  Mathematiifche  Annalcrty  Vol.  xxxiu.  (1889). 
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then,  if  m  +  w  is  positive,  we  have 

(n^-m^)       -  --  "  >   ^  rir  =  a    /^  (a)      ", 
Jo  JJ  L  aa 

or,  using  the  relation 


-^-(a) 


<^'/»«  (q) 

da     J 


1. 


{^^   f^     T  J 

aa        a 


this  becomes 

Jo  2 

=  (n-m)j;,(a)J,(a)+a{J,(a)j;„,,(a)~J^(a)  J«„(a)}.      (2) 

This  theorem  seems  an  obvious  one,  but  I  have  not  been  able  to  find 
it  in  any  writings  on  the  subject.* 
Whatever  m  and  n  are,  we  have 

Let  a,  /J  be  roots  of  the  equation  ^ 

a;-"/„(a)=0; 
this  then  becomes 

J.  « 

In  particular,  let  n  =  m+  1,  then  use  the  equation 

2m  +  2 


•'m+a  — 


X 


*fm*l       «'m» 


and  we  have,  since 

J.  « 

•whei-c  a,  /?  are  roots  of  the  equation 

as-"-'  /„+,  («)  =  0. 


(3) 


3.  We  shall  now  apply  the  theorem  (3)  to  show  that  there  can 
only  bo  one  positive  zero  of  the  function  a;~'**"V,„  +  i(.i)  between  two 


•  A  referco  has  pointed  out  that  the  theorem  (1)    has  been  given  by  Sonine, 
UlathciHatttii'he  yinnalen,  Vol.  xvi. 
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consecutive  positive  zeros  of  the  fnnction  x~^J^(x),    The  relation 

d 


X 


-m-\ 


J^^,iz)  =  -2xj^^{x-'J^ix)] 


Also 


shows  that  the  number  of  zeros  must  be  odd,  and  that  thej  are 
at  the  maxima  and  minima  of  »'"•/„.(«).  If  possible,  let  there 
be  three  or  more  zeros  a,  /3,  y, ...  in  ascending  order  and  taken  positive, 
all  lying  between  consecutive  zeros  of  aj ""*•/«  («)•     We  have  then 

(2m-H)r'^-(^)'^-^(^^(ig=:i3j:(/3)-a/:(a), 
J.  « 

(2m+l)  f'^^iMi^-LM^  =  yJi(y)-i3J:03). 

Now  Jm(x)  is  of  invariable  sign  within  the  interval  a  to  y,  and 
•^m+i  (x)  is  of  opposite  signs  in  the  two  intervals  a  to  /J  and  /3  to  y. 
Hence,  if  2m  + 1  is  positive,  each  side  of  that  one  of  these  equations 
is  negative  for  which  /,»(«),  J«+i(ir)  have  opposite  signs;  if  2m +  1 
is  negative,  each  side  of  that  equation  is  negative  for  which  J^i^), 
Jtn^\{x)  have  the  same  signs. 

Hence,  if  2m. -hi  is  positive,  and  t7^(a;),  J^^iix)  have  opposite  signs, 
xJm  (x)  increases  as  x  increases ;  this  is  contrary  to  what  has  bee^i 
shown  above,  that  the  one  of  the  expressions 

)8Jt(/3)-«j:(a),    yJlM-liJUfi) 

is  negative  for  which  in  the  integral  J«(ic),  Jm^ii^)  have  opposite 
signs.  Similarly,  if  2m  -|- 1  is  negative,  xJ^  (x)  decreases  as  x  in- 
creases, if  J„^  («),  J„^i  (x)  have  the  same  sign ;  this  is  also  contrary  to 
what  has  been  shown  above. 

It  has  thus  been  shown  that  there  cannot  be  more  than  one  posi- 
tive zero  of  aj'^'^t/w+iCic)  between  two  consecutive  positive  zeros  of 

4.  If,  in  (1),  we  let  u^  =  Y«(ic)>  «*«  =  Yi,(,r)  where  Y  denotes  the 
function  of  the  second  kind,  we  have 

(n'-m')  [    Zl:Q-^Y„(^)  dx  =  -(»-m)  Y„(a)  Y,(a) 

+«[y,.(«)y,.„(«)-r.(n)y„„(a)).   (4) 
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where  a  >  0,  the  integral  being  convergent  at  the  upper  limit. 
We  have  also,  as  a  special  case  of  (1), 

J.  X 

=  -.(n-^)y^(a)J^(a)H-a  {/«(«)  y„,,(a)-r„(«)/^,,(a)}.      (5) 

For  the  function  K^(x),  which  is  a  BesseFs  function  of  argument 
lar,  and  is  so  chosen  that  K,^  (  go  )  =  0,  we  have 


J.  « 


expressed  in  a  similar  form. 
We  have,  from  (2), 


Q  X  a'X^        ^ 

Substituting  on  the  right-hand  side  the  asymptotic  values  of  the 
functions,  the  expression  becomes 


2^ 


(        /2n-|-l  \         /2m  +  3  \ 


—cos  f 


2m  +  l 
4 


_„)cos(?2±^;r-«)|, 


or 


1   C        n— m— 1  n— m  +  l     ) 

<  cos r— cos  ;r X  >  , 

ir  (  2  2  j  ' 


which  is 


thus 


2     .    n  —  m 


f3D 
^  '^    ^      cue  =  -z ;  —  sm  — -—  T. 
0           X                    nr^mr  x  2 


(6) 


If  «^-m  is  an  even  integer, 

Jo  * 


(7) 


and,  if  n  =  m,  and  m  is  positive, 


Jo 


X  2m 


(8) 


The  theorems  (7)  and  (8)  have  been  obtained  otherwise  by  Heine. ' 


•  Sec  K»fftf/imctioHeHj  Vol.  i.,  p.  255. 
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5.  In  (2),  let  n  =  m-^-im,  and  suppose  a  to  be  a  root  of  the  equa- 
tion x"^J^  (a?)  =  0 ;  we  have  then 

where  a  +  3a  is  such  that  Jm+imi^  +  ^oi)  =  0,  and  the  squares  of  ^m,  Ba 
are  omitted. 

Hence,  since  — sL_2  =  — /^^^(qV 

da 

when  Jm(a)  =  0,  we  have 

*L  = 2m {'iM^dx,  (9) 


«{/,♦,(«)}•  Jo  « 


a  theorem  which  has  been  given  without  proof  by  Schlafli.* 

The  theorem  (9)  shows  that  a  root  a,  considered  as  a  function  of 
the  order  wi,  increases  as  the  order  increases. 

P./S. — Since  writing  the  above  I  have  received  from  the  author,  a 
copy  of  a  paper  just  published  in  The  Ainerican  Journal  of  Mathe- 
matics^  which  contains  a  proof  of  the  theorem  proved  above,  that  the 
positive  roots  of  the  equations  /^(a?)  =  0  and  /«,4.i(a;)=0  occur 
alternately.  As  the  method  given  above  is  an  entirely  different  one, 
I  have  not  thought  it  desirable  to  suppress  the  note,  especially  as  it 
contains  other  results  of  some  interest. 


Thursday,  February  llth,  1897. 
Prof.  ELLIOTT,  F.R.S.,  President,  in  the  Chair. 

Ten  members  present. 

Mr.  Macaulay  read  a  paper  **  On  a  Theorem  in  non-Euclidean 
Geometry."  An  animated  discussion  followed,  in  which  Messrs. 
Kempe,  Cunningham,  Love,  and  the  President,  joined  with  the 
author. 

*  Mothemat'iBehe  Annaleny  Vol.  x. 

t  ♦•  On  the  Roots  of  Beseel  and  P  Function*/*  by  E.  B.  Van  Vleck,  Vol.  xix. 


37C  Proceedings.  [Feb.  1 1 , 

An  iinpit)mptii  oommnnication  was  made  by  Mr.  Kempe  in  con- 
nexion with  Prof.  Sylvester's  commnnication  at  the  January 
meeting.  The  President  and  Major  MacMahon  spoke  on  the  sub- 
ject. 

The  President  (Major  !&facMahon,  Vice-President,  in  the  Chair) 
gave  a  short  account  of  Mr.  Segars  theorem  that  the  product  of  the 
diffei'ences  of  n  uneqaal  numbers  is  divisible  by  the  product  of  the 
differences  of  0,  1,  2,  ...  (»— 1),  and  showed  also  that  the  product 
of  the  differences  of  n  unequal  square  numbers  is  divisible  by  the 
product  of  the  differences  of  0*,  1',  2*,  ...  (n— 1)'.* 

Lt.-Col.  Cunningham  brought  forward  some  high  primes. 

A  paper  by  Mr.  H.  M.  Taylor  "  On  the  Degeneration  of  a  Cubic 
Curve  "  was  communicated  by  reading  its  title. 

The  following  presents  were  made  to  the  Library  : — 

'*  Catalogue  of  the  Michigan  Mining  School,  1894-6/'  8vo ;  Houghton,  Michigan, 
1896. 

**  Proceedings  of  the  Boyal  Society,'*  Vol.  lx.,  No.  365. 

**  Proceedings  of  the  Royal  Irish  Academy,"  Vol.  iv.,  No.  1 ;  Duhlin,  1896. 

Emmeus,  S. — **The  Argentaurum  Papers,  No.  1,  Some  Remarks  concerning 
Ghravitation." 

**  Journal  of  the  Institute  of  Actuaries,"  Vol.  xxxm.,  Pt.  n.,  No.  181  ;  London, 
January,  1897. 

*•  Beiblatter  zu  den  Annalen  der  Physik  und  Chemie,"  Bd.  xx.,  St.  12, 
1890,  and  Bd.  xxi.,  St.  1  ;  Leipzig,  1897. 

**  Proceedings  of  the  Physical  Society  of  London,"  Vol.  XT.,  Pt.  1,  No.  76  ; 
January,  1897. 

**Re\'ue  Semestrielle  des  Publications  Mathcmatiqucs,"  Tome  v.,  Partio  1«; 
April-October,  1896. 

**Monatshefto  fiir  Mathematik  und  Physik,"  Jahrgang  Tin.,  1897*  Pt.  z.  ; 
Wien. 

**  ArohiTes  N6erlandaises  des  Sciqnces  Exactes  et  Naturelles,"  Tome  xxx.,  LiT.  4 ; 
Harlem,  1896. 

**  Rendiconto  dell'  4-ccademia  delle  Scienze  Fisichc  e  Hatematiche,"  Serie  3, 
Vol.  n.,  Faso.  12,  December,  1896  ;  Napoli. 

**  Bulletin  de  la  Societc  Mathematique  de  Franco,"  Tome  xxir.,  No.  8  et 
dernier ;  Paris. 

**  Bulletin  of  the  American ISifathematical  Society,"  2nd  Series,  Vol.  m..  No.  4  ; 
January,  1897  ;  New  York. 

**  Bulletin  des  Sciences  Mathematiques,"  Tome  xxi.,  January,  1897  ;  Paris. 

**Atti  della  Reale  Accademia  dei  Lincei — Rondiconti,"  Sem.  2,  Vol.  T.,  Faso. 
12,  1806,  Sem.  1,  Vol.  Ti.,  Fasc.  1,  2,  1897 ;  Roma. 

♦'  Educational  Times,"  February,  1897. 

**  La  Naturaleza,"  Tome  Tni.,  N6m.  1  ;  Madrid. 

Kantor,  S. — **  Theorio  der  periodischen  cubischen Transformationen  im Raume 7?^, " 


♦  /\ 


cy*.,  Mcascnjei' of  MaihcmutioSf  cccxin.y 'pft.  12-15. 
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4to  pamphlet  (from ''  American  Journal,"  Vol.  zix.,  No.  1) ;  "  Uebcr  Collineations- 
gruppen  an  Kimmier^schen  Flachen,*'  4to  pamphlet. 

*'  Indian  Engineering,"  Vol.  xat.,  No.  26,  Vol.  xxL,  Nos.  1,  2,  3 ;  December 
26,  1896-January  10,  1897. 

The  following  is  the  note  communicated  by  Lt.-Col.  Cunningham : — 

The  43  high  primes  (p)  on  the  list  below  are  all  beyond  the 
present  factor-tables,  i.e.,  are  all  >  9  million.     They  are  all  of  form 

|)  =  10tir  +  l, 
and  were  found  as  divisois  of  numbers  of  form 

^=(a^+y')-(«+y), 

where  y  =  ±  1 ; 

their  prime  character  was  recognised  from  this  property  by  aid  of  a 
MS.  Table,  prepared  by  the  author,  giving  the  base  x  of  all  numbers 
of  form  N  with  prime  factors  p  of  form  (lOorH-1)  ;J>  6060.  The 
Table  below  shows  the  values  of  x,  y  giving  the  number  N  from 
which  they  were  derived. 

The  fact  of  being  factors  of  sucb  numbers  {N)  facilitates  the  dis- 
covery* of  the  residucLcity  of  the  base  2  to  such  primes  :  this  is  shown 
in  the  Table  by  the  letters  5,  n. 

q  denotes  that  2  is  a  quintic  vendue  otp  ;  i.e,,  2^(''-i)  s.  1  (mod  p)^ 

n  denotes  that  2  Ib  a  quintic  nofi-residue  oip  ;  «.«.,  2^('''i  ^  1  (mod/^). 

Three  of   these   primes  were    previouslyt  known,  as  factors   of 

numbers  of  form  ,^      ^,     , 

N  =•  2'^— 1, 

viz.,       p  =  10,567,201 ;  13,334,701 ;  18,837,001 ; 

(=         75;       300;        90. 

The  author's  present  research  confirms  the  fact  that  they  are  primes : 
the  I'emaining  foily  are  believed  to  be  neic  primes.  In  three  cases,  it 
has  been  found  possible  to  determine  the  minimum  exponent  (i),  for 
which    2*  =  1  (mod  p),    and  therewith  the  maximum  residue-index 


•  See  Mr.  Bickmore*8  paper  **  On  the  Numerical  Factors  of  (a"—!),'*  in  the 
Messenger  of  Mathemntiei*^  Vol.  xxvi.,  Art.  2\y  et  »eq, 

\  See  "Ed.  Lucjih'h  paper  Stir  la  SSrie  Ricfirrente  de  Fennat^  pp.  8-10,  Komc,  1870. 
The  mode  of  determining  the  prime  character  Ib  not  utated. 
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(j>— 1)  -T-  f,  which  givee  the  residoacitj  of  the  baae  2,  vit., 

p  =  9,792,191;     13,133,291;     14.106,971; 

f  =  5 .  979,219 ;   2 .  131,329 ;  2 . 1,410,697  j 

(p-l)-^e=        2;  5;  5. 

HiasPBUBa. 


;■ 

• 

y 

p 

• 

* 

9,170,881 

139 

18,007,041 

63 

9,387.291 

101 

16,039,631 

115 

S,384.2S1 

3129 

16,776,481 

411 

B.498,581 

380 

17,501,261 

188 

9,782.191 

189 

17.682.031 

163 

10.332,211 

103 

17,994,481 

308 

10,487,921 

262 

18,304,611 

4206 

10,567.201 

32> 

18,837,001 

612 

ll,O08,8Sl 

146 

19.019.801 

99 

11.106,421 

241 

19,022,061 

181 

11,249.741 

287 

20.411,341 

310 

11,205,311 

231 

20.640,071 

123 

11,49S,111 

311 

21.700.501 

68 

11,601,761 

183 

22,199,431 

199 

12,483,671 

108 

22,284.781 

2S6 

12,827,631 

341 

22,896,631 

243 

13,133.201 

244 

24,253,721 

233 

13,334,701 

1024' 

25.068.741 

71 

14,106,971 

321 

26.410,401 

5120 

14,716,341 

230 

26,447,421 

269 

14,961.091 

147 

ft 

25,621,901 

191 

16.018,371 

62 

Thursday,  March  Utli,  1897. 
Vrof.  ELLIOTT,  F.R.S.,  President,  ia  the  Chdr. 
Eleven  members  present. 

The  following  gcDtlemon  were  elected  memberB  of  the  Society : 
Paul  Jerome  Kirkby,  M.A.  Hertford  College,    Oiford,  Lectarer  in 
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Mathematics  at  St.  David's  College,  Lampeter ;  Frederick  William 
Lawrence,  B.A.,  Scholar  of  Trinity  College,  Cambridge  ;  and  Alfred 
Young,  B.A.,  Scholar  of  Clare  College,  Cambridge,  of  Ridley  Hall, 
Cambridge. 

The  President  referred  to  a  letter  received  from  the  President  of 
the  Royal  Society  with  reference  to  the  Victoria  Research  Fund, 
which  it  is  proposed  to  institute  in  commemoration  of  Her  Majesty's 
long  reign,  and  commended  the  fund  to  the  generous  consideration 
of  members.  He  then  spoke  briefly  on  the  loss  the  mathematical 
world  has  sustained  by  the  recent  death  of  Prof.  Weierstrass.* 

Mr.  M.  Jenkins,  Vice-President,  having  taken  the  Chair,  the  Presi- 
dent communicated  a  paper  by  Mr.  J.  E.  Campbell,  "  On  a  Law  of 
Combination  of  Operators  bearing  on  the  Theory  of  Continuous 
Transformation  Groups." 

The  President,  having  resumed  the  Chair,  read  some  "  Notes  on 
Symmetric  Functions,"  by  Mr.  W.  H.  Metzler. 

The  senior  Secretary  briefly  communicated  a  "  Note  on  a  System  of 
Circles  associated  with  a  Triangle,"  by  Prof.  J.  E.  A.  Steggall. 

Lt.  -  Col.  Cunningham  announced  (at  this  and  the  subsequent 
meeting)  the  eight  f  following  high  jprimes^  and  gave  a  sketch  of  the 
methods  he  had  employed  in  determining  them  : — 

47,763,361  =  j^^+j^ly  +  jj  ;  85,280,681,  the  large  factor  of  (5»-l) ; 

234,750,601  =  (5"+l)  -f-  (6'+l)  ; 
^fi  =  305,175,781 ;    ^  ^^  =  466,344,409 ; 

650,554,229  =  the  large  factor  of  (3"+l)  ; 
632,133,361  =  ^  I^Jl;    2.413,941,289  =|;5|.  1^1 ; 

also  the  completion  of  the  resolution  of  (3^*  +  l)  -f-  (3*  +  l)  previously 
given  by  Mr.  C.  E.  Bickmore  J  as 

81,365,467,681 .  (211 .  1051 .  3,454,081), 

♦  See  jVature  (March  11th,  1897,  p.  443). 

t  Three  (the  2nd,  3rd,  and  8th)  were  announced  at  this  meeting,  and  the  rest  at 
the  meeting  of  8th  April ;  but  it  has  been  thought  most  convenient  to  collect  them 
all  together  here. 

X  In  Messenger  of  Mathematicty  Vol.  xxv.,  paper  '*  On  the  Numerical  Factors  of 
(a"-l),"  foot  of  Art.  7. 
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into  its  prime  factors,  now  found  to  be 

(24151 .  3,3G9,031)(2T1 .  1051 .3.454,081). 
This  number  {3""  +  l)  is  i  uteres  ting  as  being  one  of  iho  largest  i 


mpletely  resolved  into  prime  faxitors. 


The  following  presents  were  made  to  the  Library : — 

"  Johcbucti  iiber  die  FartBclitittfl  der  SlatlieiDatili, "  Bd.  xxv..  Heft  3,  laiirgang 

1B93  HDd  1894  ;  Berlin,  1897. 

"  Procwedinga  ot  tha  Royal  Sooiaty,"  VoL  u.,  No.  366. 

"  Goibldtter  nu  den  AnDiUen  der  Fhysik  uod  Chemic,"  Bd.  xxi.,St.  3;  Leipirig, 
1897. 

"Proceedings    o1  the    Cambridge    Philosophlcftl   Society,"    Vul.  ix.,    Pt.    4 
(MiehaelmnB  Tonn,  1396) ;  1897. 

Sniylli,   A.    H. — "lleiiioir   of   Henry  Phillips,    Jr.,"    pamplilet,    8vo ;   1898 
{Aincri(;:ui  Philosopbinal  Society,  Norember,  1896). 

•■Proceedings  of  the  PhyBiKnI  Sooiety,"  Vol.  lY.,  Pt.  2  (February,  1897),  Pt.  3 
(MaroL,  1897) ;  Loudon. 

<*  Memoirs   and   Proceedings    of   the   Manchester   Literary  and  Philosophical 
Society,"  Vol.  ili.,  Pt.  II,  189T. 

"  Beriohte  iil>er  die  Verhandlungen  der  Konigl.  Sitchs.  GesaUschftft  dor  Wieion- 
schaftenzu  Leipzig  "  (Mathematisch-Physische  Klasse,  lS9fl),  iv.  ;  1897. 

"  Bulletin  des  Sciences  Math^atiques,"  Tome  xxi, ,  Fev.,  1897  ;  Fariit. 

Kant«r,  3.— "  tjber  n  Momente  von  Si  Compleien   im  Sr,"  pamphlet,  8vo; 
Miinchen,  1897. 

"Nyt  TidBskrift  for  Matematik,"  A,  Aargang  7,  Nr.  8,  1896  ;  B.  Aargnng  7, 
Nr.  4,  Aargang  8,  Nr.  1,  1897  :  Copenhagen. 

"  Bulletin  of  the  American  Mathematical  Society,"  Znd  Series,  Vol.  u 
February,  1807  ;  New  York. 

"  Nachricht«n  von  der  Konigl.  Geaellschaft  der  Wisaenechaften  zu  O 
1896,  Heft  4. 

"Reudiconti  del  Circolo  Matemalico  di  Palermo,"  Tamo  si.,  Fasc.  1  and  2  ; 


"  Rendiconto  dull'  Aecademia  delle  Scienzo  Fisiche 
Fasc.  I.;  NapoU,  1897. 

"  Atti  della  Eeale  Aecademia  dei  Lincei— Rcodimnti,"  Sem. 


.,  18S 


"  Essai  Bur  la   Beprcsentatid 


WeHsel, 
Copenhagne,  1891 

" Educationnl  Times,"  March,  1897. 

"  Annalfl  of  Mathematics,"  Vol.  xi..  No.  2. 

"Journal  filr  die   reino   und  angowandCo  Mathematik,' 
Berlin,  1897. 


Matemat^che,"  Vul.  Ill 

.,  Fasc.  3 

analytique  de  la  Direction,"  4t«  ; 


"  Indiau  Eaginoering,"  Vol.  i 


.,  No9.  4-7.  Jan.  23-Fob.  13,  1897. 
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On  a  Law  of  Gombinatton  of  Operators  bearing  on  the  Theory  of 
Gontinuous  Transformation  Groups.  By  J.  E.  Campbell. 
Received  and  read  March  11th,  3897. 

Let  y  and  x  denote  any  operators  which  obey  the  distributive  and 
associative  laws,  but  not  necessarily  the  commutative. 

Let  yi  denote  the  operation  yx     — a^, 

yi  «  „  yi«  — «y„ 

and  yr  „  „  yr-i»— ^yr-i- 

Let  [yic'']  denote  the  sum  of  the  operations 

The  theorem  to  be  proved  is  the  following : — If 

^n  ^8>  a^i  ^4>   •  •  • 

is  a  series  of  numerical  constants,  of  which  04  is  |,  a,  is  y^j,  a^  is  zero, 
a^  =  —  yJo,  and  of  which  the  law  of  formation  is 

(7n  +  l)a^  =  a,„.i  — (aia«,.i  +  asa,«. 2 +...-!-««- la,), 
then     y^  =  [y  ^^  +a.  [y,  ^]  +a,  [y,  ^J  + ... 


...  +a^.i  \yr-\  ^J  -^aryr. 


From  the  fact  that  a,  is  zero,  the  law  of  formation  at  once  shows 
that  ttj,  ttj,  . . . ,  the  series  of  constants  with  odd  sufl&xes,  are  all  zero. 

[This  series  of  numbers  was,  I  believe,  discovered  by  Schur,  in  his 
investigation  of  the  same  problem  which  led  me  to  consider  them. 
A  sketch  of  part  of  his  work  is  given  in  Lie's  Transformationsgruppen, 
III.,  §  144.  I  have  consulted  his  wntings  in  Math,  Annal,^  Bd.  xxxv., 
§  161,  which  bear  most  closely  on  my  results,  but  have  not  been 
able  to  consult  the  references  given  in  Lie  to  Leipz,  Ber,,  1889,  §  229, 
and  1890,  §  1.  I  had  independently  arrived  at  the  law  of  their  form- 
ation, but  had  not  noticed  that  the  odd  numbers  were  all  zero 
ex(  ept  a,.] 
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Two  lemmas  are  required  for  the  proof,  the  first, 

is  obvious  from  the  definition  of  the  symbol  [  ]. 

The  second,  y^of  =  afy«  +  [^•.♦laj'"*], 

may  be  proved  by  induction. 

When  r  =  1, 


therefore 
therefore 


(1)     VmX  =xy^'\-ym*if 

y^a^  =  X  (xy^-^y^^i)  -^y^^iX 

Thus  the  result  holds  for  r  =  2. 
Assume  it  holds  for  r ; 

y^x""     =  afy^  +  ly^.ix^-^l  ; 

therefore  ymx""*^  =  a^ymX+  [y^^io^"*]  x ; 

therefore,  from  (1 ),  =  aT  («y^  +  y„,.i)  +  [ym*i3i^''^']x 

by  Lemma  I.,  so  that  Lemma  II.  is  established  also. 

Assume  that  for  all  integral  values,  up  to  and  including  r,  it  has 
been  established  that 


[it  would,  of  course,  follow  that  we  have  also 


&c.]. 


then  it  mil  be  proved  that  the  theorem  holds  also  for  the  value  r+1. 

It  is  obvious  that  the  theorem  holds  for  r  =  1.     [I    have   also 
verified  it  for  the  cases  ?-  =  2,  r  =  3,  and  r  =  4.] 
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Since 


^^  =  [y?;lrT!]  +''-t'7r]  +•••' 


therefore 


^  TT  =  t  (7TI)-!]  *+"•  [y-  ^']  '+  - 


=  [M^!]  +"«Mr] 


by  Lemma  I. ;  therefore 


+  ...- 


af 


♦1 


aj' 


(^qnyi^^'^TT^^^'"-' 


2^7f+2^(;?l)!+^2/i$+a*y.(^ 


[^7TT)!]"^"^t*"5-]  +  -"^"^^2/.^^ 


by  Lemma  II. 

Expanding  all  the  terms 


a;' 


a; 


r-l 


2^^  r!  '     ^*(r— 1)!'  *"   ^'^' 

by  the  theorem  which  has  been  assumed  to  hold  for  all  integral 
values  up  to  and  including  r,  and  subtracting  from  the  two  sides  of 
the  equation,  we  see  that 

where 

&m  =  a«_i+(r— m  +  2)  a„— [aia^_i  +  a,a^_,+  ... +a„_iai]— a«, 

by  the  law  of  formation  of  the  coefficients. 

Dividing  each  side  of  the  identity  by  r-|-2,  we  see  that 

that  is,  the  theorem  also  holds  for  r+1,  and  therefore  holds  universally, 
since  it  obviously  holds  for  r  =  1. 
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Since  y  and  x  are  symbols  obeying  the  distributive  and  associative 
law, 

(x+fiyY  =  af -f /ii  fyic'"*]  +  terms  involving  higher  powers  of  fi ; 

so  that,  if  we  take  fi  a  constant  so  small  that  its  square  and  higher 
powers  may  be  neglected. 

Let  «  =  y  +  ajyi  +  a,y,+  ...; 

then,  as  above,  (x  -f  fiz)'  =  x*"  -f  /4  [xjx*""*  ]  + . . .  . 

From  the  theorem  we  have  established,  we  have  the  following 
equations : — 


2^S  =  [^7fiT!]'^^^^7r]-^-' 

a  •  «  • 

•  •  •  • 

•  •  •  • 

Adding  these  expressions,  we  get 

ye'  =  z-^  \f§l]  +  [^fl]  -f  ...  to  infinity ; 
therefore 

(l  +  ,i2/)  c*  ==  1 +ic+/i2;+ |y +/4  [^li]  + ...  + -^ +^  [«T^^ 

therefore 

if  /Lt  is  a  small  constant  whose  square  and  higher  powers  may  be 
neglected. 

[it  might  be  objected  that  we  are  dealing  with  an  infinite  series  of 
operations,  and  that,  for  instance,  the  coefficient  of  m^  is  an  operation 
the  result  of  which  It  when  applied  to  any  function  might  not  be 
a  convergent  series,  and  hence  fi^R  could  not  be  neglected  in  com- 
parison with  /i. 
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The  limitation  to  be  placed  upon  the  subject  of  the  operation  is 
that,  when  opei'ated  upon  by 

l  +  {\x  +  tAy)-{-  -—(\x+fAyy  +  ...  to  infinity 

(where  X  and  /i  d»re  constants),  it  will  give  a  convergent  series. 

The  coeflBcients  of  the  different  powers  and  products  of  X,  fi  will 
then  give  convergent  series. 

The  limitation  has  been  implicitly  assumed  in  the  proof  of  Lie's 
theorem  for 

ic.' =  l  +  (X,Xi-f  ...)a;i+  ^(KXi  +  .„yXi  +  ,.., 

and  it  is  assumed  that  x'i  is  finite  and  definite.] 
Let  X  denote  the  linear  operator 


2  ii  (x^,  x^, 
t-i 

^  3 . 

.••  x^)        , 
dxi 

t  >n 

and  Y  the  operator         2  jjj  (arj,  o^, 

•■1 

^  3 . 

CXi 

let  y  denote  the  linear  operator 

I'M 

•-1 

,,  a 

CXi 

obtained  from  Y  by  writing  for  a;,, 

x'i,  where 

'              /  -1      .     *  -v    • 

..X'  .      > 

t  being  a  constant ;  then  it  will  be  proved  that 


r=Y-tr,+  |^r,-^,r,+  ..., 


where 


Y,=r,z-xr„ 

Yi,=  Yr-iX  —  XYr.ij 

all  of  the  Y's  being  linear  operators. 

[This  is  the  completion  of  the  theorem  given  by  Lie,  Traruforma- 
tionsgruppen^  i.,  p.  141  where  he  neglects  powers  of  t  above  the  first.] 


Now 
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r=Y\xO~'^T(x,)^^..., 

oxi  da*, 


2c 
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this  being  a  general  property  of  all  linear   differential  operators ; 


and 


Xi=  (l-tX'+  |;  X'*-...y^  (a)  [Lie,  I.,  p.  53  (7a)]  ; 

therefore  r(a-.)  =  T  (l-<r+  ^  X"-...)  a-l; 

therefore  since  the  right-hand  member  is  now  a  function  Xi,  x^  ..., 
we  have  [Lie,  i.,  p.  52  (7)] 

(/8)  r(a-o=  (i+*x+^x»+...)  r(i-tx+  ^x'-...)x,. 


on 


For  convenience  of  refei'ence,  I  give  a  proof  of  these  theorems 
J  slightly  modified  from  Lie's  proof. 


Since 


therefoi^e 


therefore 


Similarly, 
wi'iting  f  for  /  (x{. . .  x*,). 


^Xf{x[  ...  a?',). 

dr 


=  xr , 


Now,  by  Taylor's  theorem, 

f=(fh.^+^{%)  „+■■■■ 


Now, 
therefore 


(/)..„=/  and    (X'-/),.o  =  X7; 


This  is  the  theorem  of  which  (f3)  is  a  particular  case.     Again,  X^'^f 
is  a  function  oi  x'  „,x'„,  and  therefore,  by  the  above  theorem, 


rr=(i+^x+^+...)z'/; 
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therefore     ( 1-  ^Z'+  ^  -...)/ 

^  (l  +  ,X+ ^-h...)  (l-^Z+ ^-...) /^/ 

(proof  exactly  the  same  as  proof  that  €*€"  =  1). 
This  is  the  theorem  of  which  (a)  is  a  particular  case.] 
Expanding  the  right-hand  member  of  /?,  we  see  that  it  is  equal  to 

It  is  at  once  seen  that  the  coefficient  of  f  in  the  bracket  is 

r!         (r-l)!l!      (r-2)!2!     "• ' 
and  it  is  to  be  shown  that  this  is 

Aflsume       (-1)'"'  ^^^Siy.  =  (^TI)!  ~  (7^1^.  V.'^'"  ' 

then         (-ly-'  {yr-.X-XY,.,} 

(r-1)! 

XT     .  .   X'-'Y  S*        X^-T  X' 


+  r 


(r_l)!        (r-1)  I  1!        (r-2)!  2! 
therefore  ^j—  =  —  -  ^^^^-,  -  +  ..., 

80  that  the  theorem,  being  true  when  r  is  1,  is  true  universally. 
Therefore  r  (or,)  =  (  r-^Yi+  A.T^-...\  a?„ 

but  r=r(;r,)A+r(;r,)^-f..., 

*  Oar,  da*, 

with  similar  expressions  for  Y„  Y,,  ... ; 

therefore  T  =  Y- ^Y,  +  -f ,  Y,-  |^  Y,  + :. .  . 

I  propose  to  employ   these  resnlts  to  prove  the  theorem  given 

2  C  2 
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(Transfarmationsgruppenj  I.,  p.  158)  by  Lie,  and  forming  the  foundation 
of  his  theory. 

That  theorem  might  be  thus   stated:— If  ajj,  ai,,,,Zn  is  a  point 
obtained  from  the  point  ah,  aJ|, ...  ««  by  the  operation 

and  a^",  2^2',  ...  ^n  is  a  point  obtained  from  the  point  a^,  ajj,  ...  ar^  by  the 
operation  y^ 

i+r+|^+..., 


where  X  =  X^X^ -f ...  X^, 

and  Y  =  fi^Xi  + . . .  /i^X, 

Xjk  denoting  the  linear  operator 


r> 


r» 


•  ■n 


••1  OX, 

then  x[\  arj',  ...  a;i'  can  be  directly  derived  from  the  point  a^,  a^, ...  x, 
by  the  operation  ^ 


where 


1  +  2+ |j  +  ..., 


provided  that,  for  all  values  of  A;,  /, 

XkXj — X^Xk  =  2  Cjy,  X,. 


•  •r 


«-l 


In  Lie's  theorem  the  sets  X,  /i,  v  and  c  are  all  constants ;  I  shall 
prove  that  the  same  result  holds  if  they  are  any  functions  of  the 
variables. 

It  has  been  proved  [Lie  i.,  §  13]  that*  every  transformation  of  the 
simple  gro^p  i  +  ,r+^P+... 

can  be  obtained  through  repeated  operations  with  the  infinitesimal 
transformation  l  +  3iF;  it  will  therefore  be  sufficient  to  prove  the 


*  [Just  as  in  oidinaiy  algebra,  we  see  that 
when  n  is  taken  a  yoj  large  integer.] 
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theorem  for  the  case  when  x^\  ajj',  ...  x^    is   indefinitely  near  to 

We  have  to  prove  therefore  that,  ^i,  fij,  ...  /ir  being  so  small  that 
their  squares  may  be  neglected, 

-X'  denoting  the  result  of  substituting  x"  for  x  in  X. 
Now  we  have  proved  that 

r=r-<r.+  ^r,-...; 

and,  by  our  hypothesis,  Yi  must  belong  to  the  family 

PiXi+PjX,  +  ...+Pr^r, 

where  Pi,  /v,, ...  are  some  functions  of  the  variables  i^i,  2^,  ...  ^m  ;  and, 
since  T^  belongs  to  the  family,  so  also  must  Y,,  and,  by  parity  of 
reasoning,  Y„  Y4, ...  .     That  is,  Y'  belongs  to  the  family 

PiXi+pjX,+  ...  +prXr ; 
the  theorem  required  will  then  be  proved  if  we  can  prove  that 

where  /^,  k^,  h^  are  small ;  or,  remembering  that 


,,:  =  (i+x+|*+f +...)«„ 


we  have  -to  prove  that 

where  Y  and  X  belong  to  the  family 

and  when  k  is  now  a  constant  so  small  that  its  square  may  be 
neglected. 

Now,  we  have  already  proved  that 
where  ?=  Y+aiYi+a,Y,4-... ; 
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Y,  Yi,  Y,  being  each  members  of  the  family,  and  therefore  7  also 
being  a  member ;  that  is, 

(1+^Y)  €*  =  €', 

where  Z  is  a  member  of  the  family.     This  proves  the  generalization 
of  Lie's  theorem. 

It  might  appear  that,  in  taking  k  a  constant,  the  proof  of  the 
generalization  was  vitiated,  but  this  is  not  so ;  the  variables  come  in 
through  A;„|ifc„  ...  ,  and  k  is  merely  introduced  to  make  kY  small, 

<?.^.,  we  might  take  k  =  —  whei^e  m  is  any  large  integer. 

7W 


Some  Notes  on  Symmetric  Functions,     By  William  H.  Metzlvb. 
Received  March  Srd,  1897.     Read  March  11th,  1897. 

1.  In  this  paper  I  wish  to  state  three  laws  by  means  of  which 
certain  symmetric  functions  are  immediately  obtained  from  those 
already  known. 

Let  gfj,  gTj,  gfi, ...  Qn  represent  the  n  roots  of  the  equation 

a^+^iaj"-'+^,aj-H. ..+!)«  =  0,  (1) 

and  let  a^,  a,,  a,, ...  a^  and  h^,  62,  &«,...  K  represent  the 

X  =  nr  =  n(n~l)(n~2)...(n-r-H) 

r! 

products  of  those  roots  r  and  n—r  at  a  time  respectively. 

The  coefficient  pt  may  be  said  to  be  complementary  to  j9^_ ^  with 

respect  to  n. 

The  first  law  in  question  may  be  stated  as  follows  : — 

If  we  have  given  the  value,  in  terms  of  the  coefficients,  of  the 

symmetric  functions  ^g^ygy,..  g^,  (a) 

where     »> /3  >  y  >"..•>  «f  >0     and     a+/3  +  y-f-...+i:  =  w, 

we   can   immediately   Tvrite   down   all   those   terms,   involving    the 
coefficients  (pi,  pj, ...  jJ«)  only  in  the  value  of 

^C'  "•  9i:igi:ir:-%  (&) 
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by  replacing  every  p  in  the  value  of  (a)  by  its  complementary  with 
respect  to  w,  and  multiplying  every  term  by  such  a  power  of  p,.  as 

will  make  all  the  terms  of  the  same  weight  n  (a'— 1),  where  a  >  a. 

Let  /*!,  /i,,  Aj,  ...  A„  be  the  products  of  the  roots  of  equation  (1) 
(n— 1)  together,  and  let 

be  the  equation  having  /t^  Aoi  •••  ^»i  ^^r  roots. 

Let/(p«_,,  p„_2, ...  Pii  1)  denote  the  function  obtained  on  wntiiig  lor 
every  p  in  /(pi,  pj, ...  p»)  its  complementary  with  respect  to  «. 

The  value  of  (a)  is  evidently  isobaric  of  weight  n,  and  may  be 
denoted  by  /(p„  p„  ...  p«). 

The  value  of  2^*^,^, ...  ^i  (c) 

is  then  /(^i,  gs, ...  q  ). 

But     (c)  =  Ssrp  ...  ^::jc?^r-  =K-'2<- ...  gag^C^ 

and  5i  =  p„.„     5,  =  pn  p„-2»     . .  • »     g«  =  jp"     ; 

therefore     l,gl'"  ...  gr^'Ja''  gi'J  gt''^  =  2^^'"'7(jP»-i»  JP«2>»-2»  •••  JP«'*) 

where  /3  may  vary  from  term  to  term,  which  proves  the  l^w. 

In  this  law  we  have,  for  greater  definiteness,  supposed  that  the 
degree  of  the  symmetric  function  (a)  was  n,  but  it  is  evident  that  the 
principle  of  the  law,  though  not  exactly  as  worded,  is  true,  no  matter 
wliat  the  degree  of  the  function  may  be.  If  a+/3  +  y+...-fic  =  m 
and  m  <  n,  it  is  necessary,  in  the  application  of  the  law,  since  the 
value  of  (a)  is  isobaric  of  weight  m,  and  therefore  can  contain  no 
coefficient  whose  suffix  is  greater  than  7n,  to  replace  every  p  by  its  com- 
plementary with  respect  to  m,  and  to  multiply  every  term  by  such 
a  power  of  p«  as  will  make  all  the  terms  of  the  weight  (W— m). 
Similarly,  if  w  >  n. 

As  an  example,  we  find  from  the  tables  that 

^9\g\9\  =  ;^iPjP8-3pJ-3pJp4+4p,p^+7p,jp5-I2p^. 
If  n  =  5  and  a  =  3,  then 

^QiMWi  =  i^iP»/'4-3/;pj-3/?'p,  +  4p,p,p5+7p,2^5 

+  terms  involving  pg,  p^,  &c. 
If  ?^  =  4  and  a  =  4,  then 

Sflr!g'29'',9'4=JPii'j^8i'4-3pJp!-3pJp4+4p5p,+terms  involving  p5,pe,&c. 
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2.  The  other  two  laws  may,  for  convenience,  be  stated  together  as 
follows : — 

If  we  have  given  the  value  of  'Soia^,..  a,  in  terms  of  the  funda- 
mental symmetric  functions  (pi^Pi,  ...i?«),  then  we  may  immediately 
write  down  the  value  of 


SOiO,  ...  Ox-s  I 


in  terms  of  the  fundamental  symmetric  functions  by  replacing  every 
p  in  the  value  of  SajO, ...  a,  by  its  complementary  ^vith  respect  to  n, 
and  multiplying  every  term  by  such  a  power  of  p^  as  will  make  all 
the  terms  of  the  weight 


\(X-,)rJ 


Stating  the  first  of  these  two  laws  symbolically,  we  have, 
if  SdiO,...  a,  =^f(pi,Pi,  ...i?«)j 

then  26i6,  ...6.  =^*(p«.i,^H-2,  ...i?i,  1), 

where  fi  may  vary  from  term  to  term. 

Let  di,  d^, ..,  dx  denote  the  products  of  the  roots  ^,  ^j, ...  A„  r  to- 
gether ;  then 

2(2i(2|  ...(£,  =/(gi,  5j,  ...  9„). 

But  di  =  6i2>»'',     ^  =  hip'ir\    &c., 

and  qi=PH-u        98  =  PnPn-i,     &c. ; 

therefore  S(^£?j ...  d,  =2)«''"*^26j6, ...  6„ 

/(9i>  9«»  •••9«)  =/(l>n-i,l>i.-2,  .../>r  ), 
and  therefore        S 6' 6, ...  6,  =  p't^'^'^fipn-h  PnPn-^y  •••  pl~  ) 

=  Pif(Pn-\J  Pu-ti   ...  Pl»  1). 

The  proof  of  this  law  may  be  made  to  depend  upon  the  proof  of 
the  law  in  §  1,  by  observing  that  for  every  term  in  'ioiO^ .,.  a„  when 

expressed  in  terms  of  the  roots   S'lgTa ...  g'w,   of  the  form   glglgl  ••-  gl, 
there  is  a  term  in  S&i&s ...  6,  of  the  form  gf"  * ...  gn-ign  *• 

The  second  of  the  two  laws  follows  immediately  on  observing  that 

r  r  r  {m-\r)iH 

OiO^  ,.,  Og  ^  Pn  OiU^  ,.,  Ox-,, 

\nd  therefore         Xb,b^ ...  h.  =  i^i'-'^^^Saia, ...  ax... 
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Ex. —    n  =  5,   r  =  2,   «  =  3,    and  therefore   X  =  10   and  k 

Given  that       2a, a^a^  =  p]pi'\-p\'-^PiPi—Pi  Pa, 
the  laws  give       26i6,6,  =  jj!i>i+i?jP6-2pij9,^5-_P42?5, 

and  26,6j ...  67  =l>i{i>ii?4+l>l-2p,j94-^i2?5}. 

It  is  evident  now  that,  if  we  have  given  the  value  of 

OfiO,^  •••  a,, 
where  a  >  iS  >  y  >  ...  >  *f, 

we  can  write  down  the  values  of 

J  ^     •     «  a  •  -«  a-^      «-a 

and  2a,aj ...  ax_«a;^_^^i  ...  a^.ittn    • 
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Thursday y  April  8th,  1897. 
Prof.  ELLIOTT,  F.R.S.,  President,  in  the  Chair. 

Seventeen  memhers  present. 

The  following  gentlemen  were  elected  members :  —  Samuel 
Hawksley  Burbury,  M.A.,  F.R.S.,  late  Fellow  of  St.  John's  College^ 
Cambridge ;  Rev.  Andrew  Hollingworth  Frost,  M.A.,  St.  John's 
College,  Cambridge,  Teacher  of  Marathi  in  the  University ;  and 
Edmund  Taylor  Whittaker,  B.A.,  Fellow  and  Lecturer,  Trinity 
College,  Cambridge.  Messrs.  R.  Bryant,  F.  W.  Lawrence,  A.  Young, 
and  the  Rev.  F.  H.  Jackson  were  admitted  into  the  Society. 

The  President  dwelt  upon  the  loss  the  Society  and  the  mathe- 
matical world  generally  had  sustained  by  the  death  of  Prof. 
Sylvester,*  the  second  President  of  the  Society,  and  stated  that,  at 
the  wish  of  the  Council,  he  would  write  a  message  of  sympathy  to- 
the  deceased  Professor's  nearest  relative. 


♦  Cf.  Nature  (March  26,  1897,  pp.  492-494). 
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The  Rev.  F.  H.  Jackson  read  a  paper  on  "  An  Extension  of  the 

Theorem  F  (a,  ft,  y)  =  g  (y-a-^-1)    H  (y-1)  „ 

^   "  "^^        n(y-a-l).n(y— /3-1) 

Mr.  Macaulay  gave  a  sketch  of  a  "  Note  on  the  Deformation  of  a 
Closed  Polygon  so  that  a  certain  Function  remains  Constant." 

The  President  communicated  a  paper  by  Herr  Sommerfeld, 
entitled  "  Uber  verzweigte  Potentiale  im  Raum." 

Mr.  S.  Roberts  then  took  the  Chair,  and  the  President  read  the 
following  papers : — "  On  the  Potentials  of  Rings,"  by  Mr.  A.  L.  Dixon, 
and  "  Certain  Concomitant  Determinants,"  by  Mr.  J.  W.  Russell. 

Mr.  Love  communicated  the  abstract  of  a  paper  by  Prof.  Sampson, 
entitled  "  A  Continuation  of  Qtiuss's  Dioptrische  Untersuchungen." 

Mr.  Hargreaves  and  Lt.-Col.  Cunningham  made  impromptu  com- 
munications. 

The  following  presents  were  made  to  the  Library  : — 

"Smithsonian  Report,  1894,  8vo;  Washington,  1896. 

**  Proceedings  of  the  Royal  Society,"  Vol.  lx.,  Nos.  367,  369. 

Gtentry,  Ruth. — **  On  the  Forms  of  Plane  Quartic  Curves,"  8vo;  New  York, 
1896.     (Dissertation  for  degree  of  Doctor  of  Philosophy.) 

**  Bulletin  des  Sciences  Math^matiques,"  Tome  xxi..  Mars  1897  ;  Paris. 

''Bulletin  de  la  Soci6t6  Mathcmatique  de  France,"  Tome  xxv..  No.  1 ;  Paris, 
1897. 

"  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  m..  No.  6, 
March,  1897  ;  New  York. 

"Rendioonto  dell'  Aocademia  delle  Sdenze  Fisiche  e  Matematiche,"  Serie  3, 
Vol.  m.,  Fasc.  2  ;  Napoli,  1897. 

"AttideUa  reale  Accademia  dei  Linoei— Rendiconti,"  Sem.  1,  Vol.  vi.,  Fasc. 
4,  5  ;  Roma,  1897. 

"  Sitzungsberichte  der  Kunigl.  Preuss.  Akademie  der  Wissenschaften  zu 
Berlin,"  Hefte  xL.-iin. 

"  Annali  di  Matematica,"  Tomo  xxv.,  Fasc.  1,  2 ;  Milano,  1897. 

"  Educational  Times,"  April,  1897. 

"Journal  fiir  die  reine  imd  angewandte  Mathematik,"  Bd.  ozvi..  Heft  4  ; 
Berlm,  1896. 

"Indian  Engineering,"  Vol.  xxi.,  Nos.  8-11  ;  Feb.  20-March  13,  1897. 

NeoviuB,  E.  R. — "Minimalflachenstucke." 

Stenberg,  E.  A. — ' '  Zur  Theorie  der  Linearen  Homogenen  Differentialgleichungen 
mit  doppeltperiodischen  Coefficienten." 

Extracted  from  the  *'  Acta  Societatis  Scientiamm  Fennicee,"  Tom  xnt.  and  xx., 

and  presented  by  the  Meteorological  Office,  London  : — 

Neo\'ius,  A. — "  Tafeln  zum  Grebrauch  bei  Stereometrischen  Wiigungen." 
Lindeliif,  E. — "  Sur  1* Integration  de  I'Equation  diffcrentielle  de  Kummer." 
Levanen,  Dr.  S. — "En  Symmetrisk  Lcsning  af  Likheter  af  2-dra,  3-dje,  och 

4-de  Graden." 


1897.]  Uber  verzweigte  Potentiale  im  Raum.  895 

Tallqvist,  H.  S. — **  Ueber  Specielle  Integrationen  bei  denen  die  OberflUche  eines 
Ungleiohaxigen  Ellipsoids  das  Integratiozisgebiet  Bildet." 

Lindeluf,  £. — **  Sur  le  Moavement  d^on  G)rps  de  Revolution  roulant  sur  on  plan 
horizontal.*' 

Mellin,  H.  J.—**  Om  definita  Integraler." 

Lindelof,  E.  —  **  Sur  les  Syst^mes  complete  et  le  Calcnl  des  Invariants 
difPerentiels  des  Groupes  oontinus  finis/* 

Hallstrom,  C.  P. — **Triangpelmatning  ifran  Abo  iifver  Aland  Till  Stacksten." 

Varsovie:  **G)mptes  Rendus  dc  la  Section  de  Physique  et  de  Chimie,"  1889- 
1890,  1894-5;  **  Comptes  Rendus  des  Assemblees  G^n&ales,"  1891-2,  1894-6; 
**  Comptes  Rendus  de  la  Seance  Annuelle,"  1891-3  ;  **  Travaux  de  la  Society  des 
N|^ftiralistes,**  Tome  i.-ni.     (16  Nos.  in  Russian.) 


Uber  verzweigte  Potentiale  im  Raum,     Voii  A.  Sommeepbld,  in 
Gottingen.    Eeceived  April  5th,  1897.    Read  April  8fch,  1897. 

In^altsubebsioht. 

§  1.    Die  Thomson*sche  Spiegelmethode  und  ihre  Erweiterung  mittelst 

verzweigter  Potentiale 395 

}  2.   Bedingungen  fiir  die  eindeutigo  Bestimmtheit  verzweigter  Potentiale  398 

§  3.   Die  Green'sche  Function  eines  Riemann'schon  Raumes  mit  einer 

einzigen,  geradlinigon  Verzweigungscurve 406 

§  4.   Anwendungen  der  Green*schen  Function  des  Windungfsraumes  auf 

Probleme  der  gowohnlichen  Potcntialtheorie  414 

§  5.  Die  Green'sche  Function  eines  Ricmann*schen  Raumes  mit  zwei 
parallelen  geradlinigen  Verzweigungscurven  und  ihre  Anwen- 
vLungen   ...  ••«  ...  «.«         •••  ...  ■*•         •*«  .i.^Xv 

§  6.   Schlussbemerkungcn     betr.     mugHche     Verallgemeinerungen     der 

juvwiiocie  • .  >         ...         «•.         ...         •••         •«•         •••         .«•         •••  4XO 

§  1.   Die  Thomson' sche  Spiegelmetliode  und  ihre  Erweiterung  mitteUt 

verzweigter  Potentiale, 

Die  Methode  der  Thomsan'schen  Syiegelhilder  besteht  im  Grande 
darin,  dass  man  eine  Randwertanfgabe,  d.  h.  eine  fiir  ein  begrenztes 
Gebiet  gestellte  Potentialaufgabe,  zuriickfuhrt  auf  eine  Anfgabe  fiir 
den  unbegrenzt^n  und  unverzweigten  Raum.  Zu  dem  Zwecke  hat 
man  sich  vor  Allem  die  analytische  Fortsetzung  der  gesuchten 
Function  iiber  das  vorgelegte  Gebiet  hinaus  klar  zu  machen,  was  bei 


896  HeiT  A.  Sommerfeld  iiber  [April  8, 

flbenfificbiger  oder  sph&riBcher  Begreniiang  einfach  dadnrch  ^lingt, 
dasB  man  das  Ansgang^gebiet  darch  elementare  oder  dnrch  aphftriaclie 
Spiegelnng  an  den  Orenzflaclien  reproducii-t.  J>i  Folge  dessen  Ut  e« 
hlaT,  dass  die  Thfmtson'sche  Metluide  dann  and  nur  datm  zum  Ziele 
fuhren  leird,  wenn  d<u  betrachtele  (efcen-  oder  kngelJtdcMg  begrenzte) 
Oebiet  bet  der  fortgetetzleu  gymmetrigcken  Wiederholutig  an  seinen 
Qrenzfiadxen  den  Satim  liickenlog  und  einfach  aitgfiiUt. 

Bekanntlich  kann  man  die  Potentialanfgaben  dadurcb  flberaicht- 
licher  gestaltea,  dasB  man  sicb  principiell  auf  die  Herstellnng  der 
Oreen'scken  Function  beschrankt,  d.  h.  einer  Function,  welcbe  im 
Innem  des  Qebietee  an  einer  Stelle  eincn  "einfachen  Polen"  (eine 
.TInendlichkeitsstolle  von  der  Ordoung  1/J2)  besitzt  und  anf  der  Be- 
^renznng  etwa  verschwindet.  Der  Pol  im  Innem  des  Gebietes  findet 
sich  in  jedem  Spiegelbilde  des  Ausgaugsranmes  je  einmal  wieder  yor. 

Wir  mfigen  zunacbst  einige  Bezeicbnnngen  der  gewfthnlicben 
Fanctionentbeorie  (zweidimenaiotialen  Potentialtbeorie)  anf  die 
r&iunliclien  Potentiale  ubertragen.  Wii"  wollen  ein  Potential  ein 
rationalei  nennen,  wenn  es  im  ganzen  Eaume  eindentig  definirt  ist 
and  nnr  eine  eudliche  Anzabl  ron  Polen  besitzt.  Andrerseita  werden 
wir  ein  Potential  trartteendent  nennen,  wenn  die  Pole  in  unendlicher 
Anzabl  TOrbanden  Bind.  Dann  kOnnen  wir  sagen :  Die  Tbomson'sche 
Metbode  fiibrt,  je  nacbdem  sicb  bci  der  symmetriBchen  Wiederbolung 
des  Ansgangsgebietee  das  Verfabren  nacb  einer  endlichea  Anzabl 
von  Scbritten  schliesst  oder  nicbt,  anf  rationale  oder  anf  eindentige, 
im  ganzen  Raam  definirte  transcendeate  Potentiale.  Anf  ein  ratio- 
nales Potential  kommen  wir  z.  B.  bei  einem  Ausgangsgebiete,  welcbes 
Ton  zwei  nnter  einem  Winkel  tt/tii  aicb  ecbneidenden  Ebenen,  oder, 
nm  ein  complioirteres  Beispiel  zn  nennen,  von  vier  zu  einander  ortbo- 
gonalen  Kngeln  begrenzt  wird,  Ein  bekanntes  Beispiel  eines  im 
obigen  Sinne  trans cendenten  Potentiales  liefert  die  unendlicbe  plan- 
parallele  Platte  oder  daa  Aassere  von  zwei  sicb  nicht  ecbneidenden 
Kngeln. 

Bs  liegt  nahe,  ancb  den  Begriff  der  nlgehraifcken,  oder  allgemeiuer- 
der  ver;:woigten  F^tnclionen  auf  den  Raum  zu  uberti-agen.  Wir  kOnnen 
ein  ritamliches  Potential  ein  dlgehraiichcs  nennen,  wenn  es  im 
ganzen  Ranme  definirt  ist,  nur  eine  endliobe  Anzabl  von  Polen  und 
im  Ubrigen  beliebige  Verzweigungen  von  endlicber  llultiplicitiit 
besitzt.  Die  Bezcichuung  rechtfertigt  sicti  daduixsh,  dass  die  analog 
definirten  zweidimensionalen  Potentiale  —  im  Falle  p  =  0  stets,  im 
Falle  p>0  nnter  Umstanden  —  reelle  Teile  von  gewiilinticben  alge- 
braischen  Fanctionen  sind.      Natiirlicb  baben  wir  im  Raume  nicbt 
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Verzweigungspunkte,  sondem  Verzweigungslinien  zu  erwarten, 
die  wir  als  stetige  nnd  etwa  als  stiickweise  analytische  Carven  vor- 
aussetzen  werden.  Um  die  verschiedenen  Zweige  der  Fxiiiction  beqiiem 
von  einander  zn  sondern,  wird  man  als  Analogon  zn  der  gewOhnlichen 
Riemann'scben  Flache  einen  "  Biemann^schen  Baum "  betrachten,  in 
welchem  die  Function  eindeutig  und  stetig  wird.  Einen  solcben 
Riemann*schen  Ranm  stellen  wir  nns  folgendermassen  her.  Wenn 
unser  algebraisches  Potential  in  dem  schlicbten  Raume  n-dentig  ist, 
80  nebmen  wir  n-Exemplare  des  gewOhnlichen  Raomes  her  nnd  mar- 
kiren  in  ibnen  die  Verzweigungslinien.  Darauf  spannen  wir  zwischen 
den  Verzweigungslinien  Membranen  von  beliebiger  Gestalt  aus  nnd 
schneiden  jedes  Raumexemplar  langs  dieser  Membranen  auf.  Die  so 
entstehenden  rechten  und  linken  Seiten  der  Sehnittfl&chen  fiigen  wir 
derart  aneinander,  wie  es  durch  die  Werteverteilung  des  Potentials 
angezeigt  ist.  Jeder  ebene  Schnitt  durch  einen  Riemann'schen  Raum 
liefert  eine  gew5hnliche  Riemann*sche  Flache ;  die  Durchstossungs- 
punkte  unserer  Schnittebene  mit  den  Verzweigungslinien  entsprechen 
den  Verzweigungspunkt^n,  die  Durchdringungslinien  mit  den  Mem- 
branen geben  Verzweigungsschnitte  der  Riepiann'schen  Fl^he  im 
gew6hnlichen  Sinne. 

Auch  bei  der  Herstellung  der  algebraischen  Potentiale  wird  man 
sich  passend  auf  die  Oreen^sche  Function  des  hetr,  Biemann^schen 
Baumes  beschranken  k5nnen,  d.  h.  einer  Function,  welche  in  dem 
Raume  nur  einen  einfachen  Pol  besitzt.  (Wegen  der  genaueren 
Definition  der  Green'schen  Function  vergl.  den  folgenden  §.)  Die 
Green'sche  Function  des  schlicbten  Raumes  ist  das  Newton'sche 
Potential  1/E,  umgekehrt  ist  die  Green'sche  Function  eines  beliebigen 
Riemann'schen  Raumes  das  genaue  Analogon  zu  dem  Newton'schen 
Potentiale  in  diesem. 

Die  Kenntnis  dieser  Green'schen  Functionen  setzt  nns  in  den  Stand, 
das  Anwendungsgebiet  der  Thomson'schen  Spiegelmethode  erheblich 
auszudehnen.  In  der  That  werden  wir  aus  der  Qreen'schen  Function 
fiir  den  unhegrenzten  Biemann^schen  Baum  die  Oreen*sche  Function  fur 
ein  seiches  (eben-  oder  kugelfldchig  hegrenztes)  Oehiet  des  gewohnlichen 
Baumes  synthetisch  zusammensetzen  konnen,  welches  bei  fortgesetzter 
symmetrischer  Wiederholung  den  hetr,  Biemann'schen  Bawn  einfach  und 
lUckenlos  ausfiillt.  Das  Gebiet  muss  also  so  beschaffen  sein,  dass  seine 
sjrmmetrischen  Wiederholungen  den  schlicbten  Raum  n-fach  iiber- 
decken,  und  dass  die  successiven  Spiegelbilder  sich  gerade  Ulngs  der 
Verzweigungslinien  unseres  Riemann'schen  Raumes  aneinander 
legen. 
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Das  einfachste  Beispiel  liefert  ein  von  zwei  Ebenen  (oder  Kngeln) 
begrenztes  Gebiet,  welche  unter  dem  Winkel  —  an  einander  stossen. 

Die  Green'sche  Function  dieses  Gebietes  wird,  analytisch  fortgesetzt, 
in  einem  Riemann'scben  Raume  von  der  Exemplarenzahl  n  mit  einer 
einzigen,  geradlinigen  (oder  kreisfOrmigen)  Verzweigungslinie  ein- 
deutig  und  besitzt  in  diesem  Banme  2m  Pole.  Nimmt  man  speciell 
m  =  1,  7i  =  2,  so  verwandelt  sich  das  Gebiet  in  den  nnendliqben 
Raum,  die  Begrenzong  des  Gebietes  in  einen  ebenen,  geradlinig 
begrenzten,  unendlich  diinnen  Sehirm  (oder  in  eine  Kngelkalotte). 

Den  entsprechenden  Ansatz  wird  man  offenbar  bei  einem  beliebig 
berandeten,  ebenen,  nnendlich  diinnen  Sehirm  zu  macben  haben. 
Man  wird  zanacbst  naeh  der  Green'schen  Function  eines  Doppel- 
ranmes  fragen,  welcher  den  Rand  des  Schirmes  zur  einfachen 
Verzweigungslinie  hat.  Die  Flache  des  Schirmes  kann  dabei  als 
"  Verzweigungsmembran "  angesehen  werden,  welche  die  beiden 
Exemplare  des  Ranmes  trennt.  Auf  diesen  Riemann*schen  Raum 
wird  man  namlich  gefiihrt,  wenn  man  den  gewohnlichen  unendlichen 
Raum  an  der  Ebene  des  Schirmes  spiegelt.  Die  Green*sche  Function 
f  iir  das  ganze  Aussere  des  Schinnes  mit  dem  Pole  P  wird  alsdann 
dargestellt  durch  die  Differenz  zweier  Green 'scher  Functionen  unseres 
Riemann^schen  Raumes, 

von  denen  die  eine  in  dem  vorgeschriebenen  Punkte  P,  die  andere  in 
dem  dem  zweiten  Raamexemplare  angehOrigen,  zu  P  hinsichtlich  des 
Schirmes  spiegelbildlich  gelegenen  Punkte  P'  einen  einfachen  Pol 
besitzt. 

Wir  haben  damit  einen  Ansatz  gewonnen,  der  eine  "  tlieory  of  electric 
screens,^'  wie  sie  Lord  Kelvin  gelegentlich*  postulirt,  oder  eine  Theorie 
der  elektrischen  Schattenwirkung  metallischer  Schirme^  wie  ich  im  An- 
schluss an  die  entsprechenden  Hbbleme  der  Optik  sage,  zu  liefein 
im  Stande  ist. 

§  2.  Bedingungen  fur  die  eindeutige  Besiimmtheit  verzweigter  Potentiale. 

Wir  miissen  uns  zunachst  klar  machen,  welche  Bedingungen  wir 
unsem  verzweigten  Potentialen  auferlegen  miissen,  um  sie  eindeutig 
festzulegen.  Wir  werden  zeigen,  dass  folgende  Bedingungen  eine 
Function  u  eindeutig  festlegen,  welche  wir  die  Greeti'sche  Fujiction 
unseres  Iliemann*schen  Raumes  nennen. 

*  Papers  on  <*  EHectrostatics  and  Magnetism/'  Art.  xv..  Sect.  248,  p.  191. 


1897.]  verzweigte  Potentiale  im  Raum,  399 

(i.)  J7/1  ganzen  RiemanrC schen  Baum  incl.  der  Verzweigungsltnien  soil 
u  eindeutig  defimrt,  endlich  und  stetig  sein,  atisser  in  einem  Punkte  P 
desselben,  wo  u  unendlich  mirdj  wie  1/B  fiir  5  =  0,  falls  R  deii  Abstand 
eines  heliebigen  Punktes  Q  des  Raumes  von  P  bedeutet. 

(ii.)  u  soil  der  I^ifferentidlgleichung  At*  =  0  im  ganzen  Riemnann^ schen 
Raume  geniigen^  atisser  im  Punkte  P  und  in  den  Verzwcigungslinien, 
In  dieser  Bediyigung  ist  enthalten,  doss  u  sonst  ilberall  endliche  erste  und 
ziveite  Differentialquotienten  haben  soil. 

(iii.)  u  soil  im  Unendlichen  verschmnden.^ 

Dass  diese  Bedingungen  zur  eindeutigen  Festlegnng  der  Green' - 
schen  Function  hinreichen,  dass  also  nur  eine  Green'sche  Function 
existirt,  zeigen  wir  auf  Grand  des  Green'schen  Satzes.  Dass  dia 
Bedingungen  aber  mit  einander  vertraglich  sind,  dass  also  wirklich 
eine  Green'sche  Function  existirt,  werden  wir  im  Allgemeinen  hier 
nicht  beweisen,  sondem  spater  nur  in  speciellen  Fallen  darthun. 
OfFenbar  erfordert  die  Beantwortung  der  Existenzfrage  schwierigere 
Betrachtungen  im  Sinne  der  bekannten  Schwarz  -  Neumann^ schen 
Methoden, 

Wir  nehmen  an,  es  gabe  zwei  verschiedene  Functionen,  t\  und  r^, 
welche  den  Bedingungen  (i.),  (ii.)  und  (iii.)  geniigen.     Dann  ist 

u  =  I'l— Vj 

eine  Function,  welche  den  Bedingungen  (ii.)  und  (iii.)  geniigt,  und 
liberdies  im  ganzen  Riemann'schen  Raume  ausnahmslos  endlich  und 
stetig  ist.  Es  wird  zu  zeigen  sein,  dass  diese  Function  notwendig 
identisch  verschwindet. 

Zunachst  kOnnen  wir  voraussetzen,  dass  das  Unendliche  unver- 
zweigt  ist ;  es  geniigt  namlich  von  irgend  einem  Punkte  aus,  welcher 
keiner  Verzweigungslinie  angehOrt,  eine  Inversion  zu  machen,  um 
alle  Verzweigungslinien  aus  dem  Unendlichen  fortzuschaifen.  So- 
dann  wollen  wir  um  jede  Verzweigungslinie  herum  eine  R6hi*enflache 
construiren,  indem  wir  eine  Kugel  vom  Radius  c  mit  ibidem  Mittel- 
punkte  langs  der  Verzweigungslinie  entlang  schieben.  Die  Enveloppe 
der  so  bewegten  Kugel  bilde  unsere  ROhrenflache.  Denken  wir  uns 
den  Riemann'schen  Raum  durch  die  zwischen  den  Verzweigungslinien 
auagespannten  Membrane  q^  wie  friiher,  in  n-Raumexemplare  geschie- 
deu,  so  haben  wir  in  jedein  Exemplare  um  jede  Verzweigungslinie 
herum  eine  ROhrenflaehe.  Endlich  wollen  wir  um  einen  heliebigen 
Puukt  P  des  Raumes  eine  Kugel  geschlagen  denken,  deren  Radius  r 
so  gross  gewahlt  werde,  dass  alle  Verzweigungslinien  im  Innem  der 
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Kugel  verlaufen,  was  nach  Obi  gem  stets  mOglich  ist.  Entsprechend 
den  7i-Raumexeniplareii,  haben  wir  wieder  n  solcher  Kugeln  za  nnter- 
scheiden. 

Jedenfalls  k5nnen  wir  den  Green'schen  Satz  anf  denjenigen  Teil 
eines  jeden  unserer  n-Ranmexemplai-e  anwenden,  welcher  begrenzt 
ist  einerseits  durcb  die  Kngel  K,  andrerseits  dnrch  die  Btthrenfliichen 
nnd  die  beiden  Seiten  der  Membranen,  soweit  sie  ana  den  B5hren 
hei-ausragen.    Wir  benutzen  folgende  Form  des  Green'schen  Satzes : 

<')  f[(|)'-(|)'-(|)>-f-*=fi;- 

Hier  sind  die  beiden  Integiule  links  iiber  das  ganze  Innere  des  soeben 
nHher  beschriebenen  Gebietes,  das  Integral  rechts  iiber  seine  Ober- 
flache,  d.  h.  die  Kugel  K,  die  ROhrenfiache  and  die  beiden  Seiten  der 
Mcmbran  zu  erstrecken.  On  bedeutet  ein  Element  der  von  dem 
Gebiete  fortgerichteten  Oberflachennormalen. 

Fiir  jedes  Raumexemplar  haben  wir  eine  Gleiclinng  von  der 
Form  (1);  wir  wollen  alle  diese  Gleichungen  addiren.  Dann  sind 
fernerhin  die  Integrale  links  iiber  den  ganzen  Riemann'scben  Raum, 
mit  Ausschluss  des  Innei*n  der  ROhren  and  des  Aassem  der  Kageln. 
za  erstrecken.  Das  Integral  rechts  ist  za  eratrocken  (i.)  2n-mal  iiber 
die  einzelne  Membran,  soweit  sie  aas  der  R5hi<enflache  heraasragt ; 
(ii.)  n-mal  iiber  die  einzelne  ROhrenflache;  (iii.)  n-mal  iiber  die 
Kngel  K,  Wir  wollen  zeigen,  dass  diese  Integrale  samtlich  ver- 
schwinden. 

I.  Es  ist  leichi  zu  sehen,  dass  die  Integrale  (i.)  sick  in  der  Summe 
gegenseitig  zerstoren.  Bezeichnen  wir  namlich  die  beiden  Seiten  einer 
unsei-er  Membranen  irgendwie  als  i-echte  and  linke,  and  ein  Raum- 
exemplar als  erstes,  femer  dasjenige,  welches  mit  dem  ersten  langs 
der  rechten  Seite  der  Membran  zusammenhangt  als  zweites,  so  wird 


d.  h.  das  Integral  iiber  die  rechte  Seite  der  Membran  im  ersten 
Exemplar  wird  gleich  dem  negativen  Werte  des  Integrals  iiber  die 
linke  Seite  im  zweiten.     In  der  That  haben  wir 

weil  die  Normale  im  Gb^een'schen  Satz  immer  positiv  nach  aussen  zu 
rechnen  ist.     Wenn  einige  Exemplare  dnrch  die  Membran  hindurch 
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schlicht  verlaufen,  so  audert  dieses  nichta.    1st  namlicli  das  h^  Exem- 
plar ein  solches  schlicht  verlaufendes,  so  gilt  einfach 


«ii^=wx,, 


/dti 


(f)  =-F) 


II.  Die  n-Integrale  (ii.)  uher  die  Ohei'fldclien  unserer  Rohren  werden 
einzeln  gleich  Null,  wenn  icir  den  Radius  e  der  die  Rohre  heschreihenden 
Kugel  in  geeigneter  Weise  zu  Null  ahiehnien  lassen.  Um  dies  zu  zeigen, 
miissen  wir  mit  einiger  Vorsicht  verfahren,  well  die  Differential- 
quotienten  von  u  in  den  Punkten  der  Verzweigungslinien  unseren 
Voraussetzungen  nach  nicht  endlich  zu  sein  brauchen,  und  es  in  der 
That  auch  nicht  sind,  wie  sich  spater  zeigen  wird.  Wir  fiihren  auf 
der  R()hi*enflache  zwei  Variable,  0  und  «,  ein,  von  denen  ^  ein  Azimuth 
ist,  welches  innerhalb  des  einzelnen  Raumexemplares  um  die  Ver- 
zweigungslinie  herum  von  0  bis  "lir  wachst,  und  s  die  Bogenlange  der 
Verzweigungslinie  von  einem  beliebigen  Punkte  aus  gerechnet  be- 
deutet.  Das  Obei-flachenelement  der  Rohrenflache  lautet  dann 
e  d<^  dsy  und  unser  Integral  (ii.)  wird 


\\d(bds  u  ^—=  -^  —  I  I  r/(fi  c^  M*. 


Wir  betrachten  die  Function 

Fir,):=SJdi>dsn\ 

wo  die  Integi*ation  iiber  die  samtlichen  R^hrenflachen  zu  erstrecken 
ist,  und  die  diese  erzeugende  Kugel  den  Radius  17  haben  soil ;  fiir 

i;^0  ist  diese  Function,  ebenso  wie  u  selbst  nach  Voraussetzung, 

endlich  und  stetig.     Mithin  ist  nach  dem  Mittelwertsatze  der  Diffe- 
rentialrechnung 


oder 


±[F(n)-F(0)]=e^-l^, 


WO  €  ein  zwischen  0  und  »;  passend  gewahlter  Wert  ist.  Lassen  wir 
7)  zu  Null  abnehmen,  so  wird  die  linke  Seito  gleich  Null,  weil  €<ri 
und  F{n)  stetig  ist.  Wir  konnen  also  eine  Reihe  abnehmender 
AVerte,  Cj,  e^i  ...,80  bestimmen,  dass 


Hm         dF(e)_Q 


wird. 
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Gerade  in  dieser  Weise  wollen  wir  den  Radius  c  unserer  Rohren- 
flacben  wahlen  und  zu  Null  abnehmeu  lassen.  Alsdann  verscbwindet 
das  Integral  (ii.)»  wie  bebauptet  wurde. 

III.  Wtr  hahen  schliesslich  zu  zeigen^  doss  unser  Integral  (iii.)  uher 
jede  der  Kugeln  K  in  den  n-Baumexemplaren  ersireckt,  gleichfalls  ver- 
sehunndet,  wenn  wtr  den  Radius  r  der  Kugel  unendlich  wachsen  l^issen^ 
Wir  stellen  zu  dem  Zwecke  u  im  ersten  Ba.umexemplar  durcb  ein 
Oberflacbenintegral  dar,  indem  wir  uns  auf  eine  andere  Form  des 
Green^scben  Satzes  stiitzen.     Man  bat  bekanntlicb  allgemein 


'=>  ^Hiht-'-W-) ^- 


WO  B  den  Abstand  des  Punktes  Q  von  dem  Oberflftcbenelement  do 
bedeutet,  und  wo  das  Integral  in  unserem  Falle  einerseits  iiber  beide 
Seiten  der  Mombranen,  soweit  sie  aus  den  R5brenflacben  berausragen, 
und  iiber  die  Rdbrenflacben,  soweit  sie  dem  ersten  Raumezemplar 
angehOren,  und  andrerseits  iiber  eine  Kugel  K'  zu  fiibren  ist,  welcbe 
um  den  Punkt  Q  berum  mit  unendlicb  wacbsendem  Radius  bescbrie- 
ben  ist.  Dass  letzteres  Integral  verscbwindet,  folgt  in  bekannter 
Weise  daraus,  dass  u  im  Unendlicben  verscbwindet  und  dass 


f 


du  J 


iiber  K'  gefiihrt  einen  vom  Radius  der  Kugel  K'  unabbangigen  end- 
licben  Wert  bat. 

Durcb  Gleicbung  (2)  ist  also  Uq  als  Potential  einer  einfacben 
Oberflachenbelegung  und  einer  Doppelscbicbt  dargestellt,  wobei  es 
jetzt  keineswegs  n5tig  ist,  den  Radius  e  der  Robrenfl&cbe  zu  Null 
abnebmen  zu  lassen. 

Aus  der  Darstellung  (2)  scbliesst  man  nun  in  iiblicber  Weise,  dass 

Uq   im   Unendlicben   wie    1/r,    und    -^,    d.    h.    ein    in    beliebiger 

Richtung  genommener  Differentialquotient  von  uq  wie  l/r*,  ver- 
scbwindet, wo  r  den  Abstand  des  Punktes  Q  von  irgend  einem  end- 
licben  Punkte  bedeutet. 

Mitbin  verscbwindet  auf  der  Kugel  K 

H  --  von  der  Ordnung  l/r^, 

Cil 

una 


y'-^<^        „  „        1/r, 
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wenn  man  den  Radius  der  Kngel  r  in*8  Unendliche  wachsen  lasst. 
Also  kann  auch  das  oben  unter  III.  aufgefiihrte  Integral  (durch 
Wahl  von  r)  zura  Verschwinden  gebracht  werden. 

Die  Gleichung  (I)  reducirt  sich  nun,  wenn  man  noch  bertick- 
sichtigt,  dass  Au  =  0  ist,  auf 

''>  lf(l)'-(|^(|)>'=»' 

bier  ist  das  Integral  auf  unsem  ganzen  Riemann'scben  Raum  zu 
erstrecken,  mit  Ausschluss  des  Innem  der  Robren  und  des  Ausseren 
dor  Kugeln,  welcbe  Gebiete  aber  beide  beim  Grenzubergange  e  =  0, 
r  =  00  in  Fortfall  kommen.     Ans  (3)  scbliessen  wir  sofort 

u  =  const, 

und,  da  im  Unendlicben  u  verschwinden  soil, 

tt  =  0,      q.  e.  d. 

TJnsere  Greetische  Function  ist  also  durch  die  Bedingungen  (i.),  (ii.)> 
(iii.)  eiyideutig  festgelegt. 

Wir  fiigen  noch  einige  weitere  Bemerkungen  iiber  die  allgemeinen 
Eigenschaften  der  verzweigten  Potentiale  hinzu,  deren  Beweis  leicht 
dnrch  die  Green'schen  Methoden  erbracht  werden  kann. 

1.  Der  Green* sche  Satz  kann  direkt  von  dent  schlichten  Baum  auf 
einen  heliehigen  Riemann^ schen  Baum  uhertragen  werden,  Bedeuten 
namlich  U  und  V  irgend  zwei  Functionen,  welcbe  in  demselben 
lliemann*8chen  Raume  eindeutig  sind,  so  gilt  die  Gleichung 

(4)      \(^J^^j^^^Xj^^E^S\dr=--\uxVdT^-[u—do 
J  ^  dx  dx       dy  dy       dz   dz '  J  J      dn 

=^-[v£^Udr^[v^do, 

die  Raumintegrale  {dr)  sind  iiber  ein  beliebiges  zusammenhangendes 

StUck  T  des  Riemann'scben  Raumes,  die  Obei-flachenintegrale  {do) 

iiber  die  Begrenzung  von  T  zu  erstrecken.     Sind  die  Functionen  (J 

und  F,  oder  ihre  ersten  DilEerentialquotienten  in  dem  Gebiete  T  an 

eiiizelnen  Stellen  unstetig,  so  miissen  diese  Stellen  in  Flachen  einge- 

schlossen  werden,  welcbe  der  Begi^nzung  von  T  hinzuzurechnen  sind. 

Reich  t  T  bis  an  die  Verzweigungslinien  heran,  so  sind  diese  Linien 

durch  R5hrenflachen  (vgl.  oben)  auszuschliessen ;  dehnt  sich  T  in's 

Unendliche  aus,  so  haben  wir  T  im  Unendlicben  etwa  durch  eine 

Kiigel  abzugrenzen. 

2d  2 


do 
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Die  Richtigkeit  der  Gleichung  (4)  ergiebt  sich  aus  dem  Gi^een'- 
schen  Satz  fur  den  schliebten  Raum  mit  Rucksicht  darauf,  dass  die 
Integrale  fn^'^^ 

iiber  die  beiden  Seiten  unserer  Membi*anen,  oder  iiber  Stiicke  dieser 
Membranen,  gefiihrt,  sich  gegenseitig  zerstOren.  (Vgl.  die  oben 
unter  I.  durchgefuhrfce  Betrachtung.)  Wenn  speciell  17'und  F  sich 
beim  tTbergange  auf  die  Verzweigungslinien  endlich  und  stetig  ver- 
halten,  und  das  Gebiet  T  bis  an  die  Verzweigungslinien  heranreicht, 
80  kommen  die  Oberflachenintegrale  iiber  die  Rohrenilachen  in  Fort- 
fall  (wie  oben  unter  II.  gezeigt).  Wenn  femer  17"  und  Fim  Unend- 
lichen  verschwinden,  und  das  Gebiet  T  sich  in's  Unendliche  ausdehnt, 
so  verschwinden  auch  die  Oberflachenintegrale  iiber  die  unendlich 
feme  Kugel  (wie  oben  unter  III.). 

2.  Wenn  v  eine  im  ganzen  Riemann^ schen  Raume  eindeutige  Function 
tst,  welche  im  TJnendliclien  verschwindet  und  tin  Eyidlichen  dch  uberall 
regular  verhdlt  und  der  Different ialgleichung  Ar  =  0  geniigty  attsser  an 
den  Stellen  P,,  P,,  ...  P„,,  wo  i\  icie 

a,  ttj  a„, 


QP,      QP,         QP„ 

fur  Q=^  Fi  unendlich  wird,  so  Idsst  sich  v  folgendermassen  darstellen : 

(5)      V  =  aiUp^'ha^Up^'\-.,.  a^Up^. 

Hjer  bedeutet  Up,  oder  ausfiihrlicher  geschrieben  Up(Q),  die  Green'- 
sche  Function  des  betr.  Riemann'schen  Raumes  mit  dem  Pole  P  und 
dem  vai'iablen  "  Aufpnnkte  "  Q.  Dieser  Satz  folgt  aus  Gleichung  (4), 
wenn  wir  dort  U  =  uq{F)  und  V=v  sctzen. 

3.  Wenn  V  eine  im  Riemann  sclien  Raume  eindeutige^  im  Unendlichen 
verschwindende  Function  ist,  welche  der  DiffereiUialgleichung  At?  =  0 
geniigt,  ausser  in  einem  Oehicte  T\  wo  sie  die  Ghichung  Av  =  — 47rp 
befriedigt,  so  hat  r  die  folgende  Form  ; 

V  =  jnQ(P)pdT^ 
das  Integral  iiber  das  Gebiet  T'  genommen. 

4.  FUr  die  Green^sche  Function  eines  heliehigen  Riemann  sclien  Raumes 
gilt  der  wichtige  Satz,  dass  ihr  Wert  sich  7ucht  dndei't,  wenn  man  den  Pol 
und  den  Aufpunkt  gegenseitig  vertauscht.  Die  Behauptung  dieses 
Satzes  konnen  Avir  kurz  folgendermassen  schreiben : 

Wp(e)  =  Wa(P). 
Der  Beweis  folgt  aus  (4),  wenn  wir  U  =^  ^'r{Q),  V=Uci{P)  sctzen. 
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6.  Wir  wollen  schliesslich  noch  einen  Satz  anfstellen,  welcher  von 
dem  Verhalten  der  verzweigten  Potentiale  in  der  Nahe  der  Verzwei- 
gungslinie  handelt,  dessen  Beweis  wir  allerdings  rnir  in  den  spater  zu 
betrachtenden  speciellen  Fallen  erbringen  werden. 

Wenn  v  ein  verzweigtes  Potential  ist,  welches  in  den  Punkten  einer 
Verzwetgungslmie  den  endlichen  Wert  %\  haty  und  stetig  in  diesen  Wert 
uhergeht,  so  verschwindet  v— v^  heim  TJhergange  auf  die  Verziveigungs- 
linie  wie  r^^"  oder  wie  eifie  Potenz  dieser  Grosse,  falls  r  den  kilrzesten 
Ahstand  des  gerade  betrachteten  Punktes  von  der  Verzweigungslinie  und 
n  die  Anzahl  von  Malen  bedeutet^  doss  sick  der  Raum  um  die  Verzwei- 
gungslinie herumwindet.  Der  entsprechende  Satz  fiir  das  Verhalten 
der  algebraischen  Functionen  in  den  Verzweigungspimkten  einer 
Riemann'schen  Flache  ist  wohlbekannt. 

§  3.  Die  Green^sche  Function  eines  Biemann^schen  Raumes  mit  einer 

einzigen^  geradlinigen  Verzweigungscurve. 

Wir  wenden  uns  nun  zur  Anfstellung  mehrwertiger  Potentiale  fiir 
Bpecielle  Riemann'sche  Raume.  Das  Princip,  welches  wir  dabei  be- 
folgen,  ist  allerdings  ziemlich  formal,  aber  hinreichend  ergiebig,  (es 
reicht  sogar  iiber  die  Potentialtheorie  hinaus). 

Wir  gehen  aus  von  dem  Newton'schen  Potentiale  1/JR,  d.  h.  der 
reciproken  Entfemung  eines  festen  Punktes,  des  Poles, 

P  mit  den  Coordinaten  x\  y\  z\ 

und  eines  variablen  Punktes,  des  "  Aufpunktes," 

Q  mit  den  Coordinaten  a?,  y,  z, 

so  dass  E^  =  (a;-a;')'  +  (y-y  )'+  («-0'. 

Offenbar  erhalten  wir  wieder  eine  L6sung  der  Potentialgleicliung, 
wenn  wir  x\  y\  z  als  Functionen  eines  beliebigen  Pafameters  a  auf- 
fassen  und  bilden 


(1)     «  =  |-|-/(a)rfa, 


wobei  das  Integral  auf  einem  beliebigen,  ev.  complezen  Wege  in  der 
Ebene  des  Parameters  a  genommen  werden  kann.  Durch  passende 
Auswahl  des  Pai'ameters  a  und  der  Function  /(a)  wird  es  uns  gelin- 
gen,  das  eindeutige  Potential  \IR  in  ein  mehrdeutiges  von  analogen 
Eigenschaften  zu  verwaudeln. 

Es  handle  sich  zunachst  um  einen  Riemann'schen  Raum  von 
n-fiicher  tTberdeckung,  welcher  sich  um  eine  einzelnc,  unendlich 
lango  Gerade  n-mal  herumwindet. 
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Die  Verzweigungslinie  nehmen  wir  zur  z-Axe ;  in  der  flbene  2?  =  0 
fiihren  wir  Polarcoordinaten  ein,  indem  wir  setzen 

(2)     oj+iy  =  e'*'*  =  re^     x-^-iy'  =  e^*'^'  =  rV^. 
Die   Entfemung  der   Punkte   P  nnd  Q  kann  dann  so  gecbrieben 
werden :       B^  =  2rr  [  cos  *  (p — pO  ""  cos  (0 — ^')  }  +  (^  ""  *  )*» 
Oder  aucb  IP  =  r*  +  r**  -  2rr'  cos  (^ — 0')  +  (z  -  /)'. 

Offenbar  sind  nnsere  Polarcoordinaten  zur  Darstellong  von  Func- 
tionen  geeignet,  welche  auf  der  durcb  eine  Ebene  z  =  const  aus 
unsei^m  Windungsraume  ausgescbnittenen  Riemann'scben  Flache 
eindeutig,  in  der  scblicbten  Ebene  aber  mebrdentig  sind.  In  der 
That  wird  jede  in  r  and  (p  eindentige  Function  F(r,<l>),  welche  in  ^  die 
Periode  2vn  hat,  auf  der  genannten  Riemann'scben  Flache  eindeutig. 

Dementsprechend    liefert   aucb  e  '*  die  einfachste  conforme  Ab- 

bildung  dieser  Flache  auf  die  scblicbte  Ebene.  Ebenso  sind  die 
Cooixiinaten  z,  p  und  tjt  zur  Darstellung  von  Functionen  geeignet, 
welche  in  unserem  Riemann'schen  Raume  eindeutig  sind,  indem 
namlich  jede  eindeutige  Function  der  Coordinaten  F{z,  p,  0),  welche 
in  ^  die  Periode  2irn  besitzt,  in  jenem  Raume  eindeutig  wird. 

Zunachst  nehmen  wir  mit  dem  Newton*schen  Potential  eine  iden- 
tische  Umformung  vor.  Wir  ersetzen  ^'  durch  eine  complexe  Vaiiable 
a,  und  bezeichnen  den  so  modificirten  Ausdruck  von  R  mit  R' : 

B*^  =  2rr' {cos i (p  —  p)  —  cos  (^ — «) ]  +  («  — O'- 

Das  Vorzeichen  von  R'  soil  so  bestimmt  werden,  dass  jB'  filr  reelle  a 

positiv  wird.     Sodann  multipliciren  wir  -^  mit  eiuer  Function /(a), 

welche  an  der  S telle  a  =  ^'  von  der  ersten  Ordnung  mit  dem  Resi- 
duum 1  unendlich  wird  und  integriren  nach  a  auf  einem  Wege, 
welch er  diese  Stelle  im  positiven  Sinne  geniigend  enge  umschliesst. 
Das  80  entstehende  Integral  ist,  nach  dem  Cauchy'schen  SatzeT,  mit 
2m/ R  identisch.  Speciell  wollen  wir  die  Function  /(a)  so  wahlen,  dass 
sie  sowohl  in  a  wie  in  ^'  die  Periode  2^  hat.   Am  einfachsten  bietet  sich 


?>•• 


/(-)  =  7'-e^' ' 


unsere  identische  Umformung  lautet  also 

1   __  1  f  1      e'-da 
U       27rJ  7r6'--e'^'* 
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Hier  woUen  wir  noch  den  Integrationsweg  deformiren.  Dabei 
haben  wir  auf  die  Singalaritaten  des  Integranden  in  der  a-Ebene  zu 
achten.     Die  Verzweignngspunkte  sind  gegeben  dnrch 

B''  =  0     und    E'*  =  00 . 

Nun  wird  E^  =  oo ,  wenn  a  =  oo  iat.     Andrerseits  haben  wir  jB'*  =  0, 

^®^^  cob(0— a)  =  cosia,,     d.  h.     a  =  ^-f  2A;T±iai, 

wo  k  irgend  eine  ganze  Zabl  bedeatet  nnd  wo  gesetzt  ist : 

(3)     ooBtai  =  co8i(p-p')+^-2iy     "^ ^^/ ' 

die  Yerzweigungspunkte  des  Integranden  sind  also  die  folgenden : 

Die  Pole  des  Integranden  sind  gegeben  durch 

Wir  markiren  uns  diese  Punkte  und  scbneiden  die  a-Ebene  langs 
der  der  imaginaren  Axe  parallelen  Geraden  von  ^  +  2fe7r±  in i  bis 
^-|-2/cir±tQo  auf.  Wir  haben  also  in  der  a-Ebene  unendlich  viele, 
aequidistante  Pole  und  unendlich  viele  Paaro  von  Verzweigungs- 
Bchnitten  (vgl.  die  Fig.  1). 


Fio.  1. 
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Darauf  ziehen  wir  den  urspninglicheii,  den  Pankt  a  =  0'  umlaufen- 
den  Integrations weg  bis  an  die  Verzweigungsschnitte  heran,  so  dass 
er  aus  zwei  langs  den  beiden  Ufem  der  Verzweigungsschnitte  ver- 
lauienden  Sclileifen,  und  im  tTbrigen  aus  der  Peripherie  eines  Recht- 
ecks  von  der  Breite  23r  und  von  beliebig  zu  vergi-Gssemder  Hohe 
besteht.  Hier  heben  sich  noch  die  Int«grationen  langs  der  in  der 
Figur  senkrechten  Rechteckseiten  wegen  der  Periodicitat  des  Inte- 
granden  gegenseitig  auf ;  femer  verschwinden  die  Integrale  langs 
der  horizontalen  Rechteckseiten,  wenn  wir  die  H6he  des  Rechtecks 
unendlich  werden  lassen,  weil  1//2'  fiir  a  =  oo  liinreichend  stark  ver- 
schwindet.  Mithin  lasst  sich  der  Integrationsweg  einfach  auf  die 
beiden  (in  richtigem  Sinne  genommenen)  Umlaufe  um  zwei  Verzwei- 
gungsschnitte der  a-p]bene  reduciren.  Wir  wollen  diesen  Weg  kurz 
als  "Weg  ir"  bezeichnen. 

Jetzt  machen  wir  den  tJbergang  zu  einem  Potential  des  n-fachen 
Windungsraunies.  Zu  dem  Zwecke  wollen  Avir  die  oben  mit/(a)  be- 
zeichnete  Function  so  bestimmen,  dass  sie  in  a  und  (f/  die  Peiiode  2frn 
hat  und  iibrigens  an  der  Stelle  a  =  ^'  von  der  ei-sten  Ordnung  mit 
dem  Residuum  I  unendlich  wird.     Eine  solche  Function  ist 

/(a)  =  — -7^ — . 

Wir  bilden  nun,  wie  oben, 


wobei  das  Integral  auf  dem  eben  definirten  Wege  W  erstreckt  werden 
soil.  Die  Verzweigungen  des  Integranden  sind  dieselben  wie  vorher, 
seine  Pole  liegen  jetzt  aber  nur  noch  an  den  Stellen 

(6)     a  =  ^'-f-2A;/i7r. 

Wir  behaupten,  dass  diese  Function  die  Green^sche  Fuvction  unseres 
Riemann  scheri  Raumes  ut,  d.  h.,  dass  sie  den  Bedingungen  (i.),  (ii.), 
(iii.)  des  vongen  §  geniigt. 

Ad  (i.).  Dass  u  in  dem  vorliegenden  Riemann'schen  Raume  ein- 
deutig  ist,  erkennt  man  folgendermassen :  Wir  lassen  den  Punkt  (2 
n-mal  etwa  auf  einem  Kreise  um  die  Verzweigungslinie  herum- 
wandem,  indem  wir  unter  Festhaltung  der  Coordinatcn  r  und  z  q>  von 
^0  bis  zu  (l>Q-h2n7r  wandern  lassen,  und  fragen  nach  den  Anderungen 
nnsei'es  Integrales.  Es  ist  zu  zeigen,  dass  dieses  hiei'bei  auf  seineu 
Tirspininglichen  Wert  zuriickkommt,     Zunachst  andert  sich  der  lute- 
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grand  bei  einer  Anderung  von  0  um  2kir  nicht,  da  er  ja  in  0  die 
Peiiode  23r  hat.  Andrerseits  verschiebt  sich  aber  der  Integrations- 
weg  TV,  Av ah  rend  wir  Q  in  der  angegebenen  Weise  wandem  lassen, 
parallel  der  reellen  a- Axe  nm  27ni,  weil  ja  nach  Gl.  (4)  die  Ver- 
zweigungspunkte  der  a-Ebene  von  fp  abhangen.  Es  andem  sich  also 
auch  die  Werte  von  a,  welche  bei  der  Integiution  zn  benutzen  sind. 
Nun  hat  aber  der  Integrand  in  a  die  Penode  2irn ;  also  hat  eine  Ver- 
schiebung  von  W  um  'Jtt/i  auf  den  Wert  des  Integrales  thatsachlich 
keinen  Einfluss ;  wir  haben 

w(^-f  27rn)  =  w(^). 

Wii*  haben  f emer  zu  zeigen,  dass  u  fiir  0  <  r  <  oo  nur  in  dem  einen 
Punkte  Q  =  P  des  Riemann*schen  Raumes  unendlich  wii^d.  Zunachst 
scheint  ein  Unendlichwerden  des  Integranden  iiberhaupt  nicht  einzu- 
treten,  weil  dieser  im  Unendlichen  der  a-Ebene  (bei  reellen  Werten 
der  Cooi-dinaten  von  Q  und  P)  st^ts  in  einer  fiir  die  Convergenz  hin- 
reichenden  Weise  vei*schwindet,  und  weil  wir  die  Pole  a  =  ^'-f  2knir 
durch  passende  Deformation  des  Weges  W  scheinbar  stets  vermeiden 
konnen.  Letzteres  ist  aber  in  Wirklichkeit  nicht  der  Fall.  Der  Weg 
Wist  namlich  zwischen  die  beiden  Verzweigungspunkte  0±ta,  sozu- 
sagen  eingepflockt.  Wenn  wir  also  diese  Punkte  nach  der  reellen 
Axe  hin  wandem  lassen,  indem  wir  Qj  =  0  -werden  lassen,  so  geht  der 
Weg  notwendig  zweimal  durch  den  Punkt  a  =  0  hindnrch.  Wenn 
auaserdem  <p  =  <l>'-\'2kmr  wird,  so  miissen  wir  iibor  einen  Pol  des  Inte- 
granden hiniiberintegriren,  so  dass  unser  Integral  mOglicher  Weise 
unendlich  wiixi. 

Das  Genauere  ergiebt  sich  folgendermassen :  Wir  denken  uns  z—z'y 
r  —  r\  (p—<f  sehr  klein,  so  dass  a,  nahezu  gleich  Null  ist  und  der  Pol 
a  =  ^'  den  Verzweigungspunkten  a  =  ^iiaj  sehr 
nahe  liegt.  Die  beiden  Teile  des  Weges  W  kOnnen 
wir  so  deformiren,  dass  wir  (vgl.  die  Fig.  2)  einei*seits 
einen  vollen  Umlauf  um  ^  =  ^'  erhalten,  und  andrer- 
seits zwei  der  imaginaren  Axe  parallele  Gerade.  Die 
Integrationen  iiber  die  letzteren  haben  sicher  einen 
endlichen  Betrag,  und  behalt^n  ihn  auch,  wenn  wir 
Q  =  P  werden  lassen.  Bei  dem  Umlauf  um  9  =  ^' 
ergiebt  sich,  nach  dem  Cauchy'schen  Satze,  der  Wert 
11 11.  Lassen  wir  schliesslich  Q  =  P,  d.  h.  <^  =  <f>\  a,  =  0 
werden,  so  wird  1/R  =  co  . 

W^ohlgemerkt  ei'giebt  sich  ein  Unendlichwerden  von 
n  nur  fiir  <^  =  </>',   bez.   =  <^'  -|-  2^•«7^,  dagegen  nicht  fiir 


CSi 
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^  =  ^'+2t,  =i,'+4nr,  ...^'+2{n-l)ir.  Im  letztoren  Palle  liefert  bei 
derselben  Uinfonnnng  dea  Integr&tionBwegsB  wie  oben  der  Umlaaf 
nm  den  Pnnkt  <t>'  +  ir  etc.,  wiedemm  nach  dem  Cauchy'scheu  Satze,  ■ 
den  Wert  Nnll ;  der  Weg  W  ISsst  sioh  dann  direkt  dnrch  die  beiden 
genannten  paratleten  Geraden  eraetzen  nnd  liefert  sineii  endliolien 
Wert  des  Integralea. 

Hiennit  ist  dargethan,  dasa  u  filr  r>  0  nor  den  einen  vorgeecluie- 
benen  Unendlicbkeita pnnkt  P  hat ;  daaa  h  ancb  atetig  ist,  bedarf 
keines  auBdriicklicbeu  Beweiaee. 

Ea  bleibt  BchlieBBlicb  noch  daa  Vertalten  von  it  in  der  Verswei- 
gungaliaie  t  =  0  zu  nnteraachea.  Wir  woUen  lu  dem  Zwecke  m* 
nachst  den  Integrationsweg  dnrch  eine  pasaende  Snbstitation  in  einen 
reellen  verwandeln.  Wir  aetzen  a  =:  ^±t/3,  je  nacbdem  wir  nna  bei 
der  Integration  oberhalb  oder  unterhalb  der  reellen  Aze  befinden. 
Laaaen  wir  o  einen  der  beiden  Wege  durchlaufen,  auB  denen  sicb  W 
susammenBetzt,  ao  beechreibt  $  beidemal  denselben  Weg  (namlich 
TOn  00  bis  a,  nnd  znrilck).  Femer  werden  nocb  die  Integrate  l&ngs 
dea  rechten  nnd  linken  Ufera  nnaeres  VeraweigungsBchnittea  in  der 
<i-Ebene  einander  gleich.  Wir  kOnnen  alao  den  Integrationaweg  von 
/3  durcb  einen  einmaligen  Weg  von  a,  bia  CO  erBetzen,  wens  wir  dafUr 
den  Factor  2  hinzufugen.     Schliesslich  ei^ebt  Bicb 


v'2»t'J„  %/c08to,  — C08I/J(j, 


^  '  "   /2rr'i„  ycosta,- 


Fur  ein  eebr  kleines  r  wird  nnn  nach  (3)  cob  to,  nnd  a,  aehr  groaa ; 
ea  bedeatet  aleo  /3  wahrend  der  ganzen  Integration  eine  aehr  groeae 
Zahl.  Wir  aetzen  etwa  coa  iji  =  I,  nnd  beriicksichtigen,  daaa  fitr 
grosae  Worte  von  /3  gilt : 

coB*^=-iain^=iy2co8t/J=  'yl^r 
In  Folge  deaaen  uimmt  (7)  die  Form  an 

«  =  iJ=r  1        [-,1  -/"T^^  /^-»-n^^ 

"■'»^/;irr']™(^y(-coaia,L       V2-''"    \    n     )]  t 
Die  Integration  laaat  sich  leicht  aasfilbren  and  Uefert,  unter  C  eine 
von   den    Coordinaten   von  P  nnd   Q  unabbSngige  Constaute  ver- 
Btanden : 

(8)  .=i    i_^(i+cco.t^^:i:). 
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Hier  tragen  wir  noch  fiir  cos  taj  seinen  Wert  aus  Gleichnng  (3)  ein 
und  vemachlassigen  hOhere  Potenzen  von  r.  Dann  erhalten  wir  die 
folgende,/wr  kleine  Werte  von  r  gultige  Ndherungsformel : 

(9)    „  =  li(n.C«»lt^'^), 

WO  JB,  den  Wert  bedeutet,  den  B  fiir  r  =  0  annimmt.  Aus  unserer 
letzten  Formel  ziehen  wir  vor  Allem  den  Schlnss,  dass  u  anf  der  Ver- 
zweigungslinie  einen  endlichen  Wert  hat  und  sich  beim  XTbergange 
auf  dieselbe  stetig  verhalt.  Der  ad  (i.)  zu  fiihrende  Nachweis  i&t 
hiermit  vollstandig  erbracht. 

Ad  (ii.).  Wir  haben  uns  ferner  zu  iiberzeugen,  dass  unsere  Function 
u  der  Bedingung  (ii.)  von  Pg.  399  geniigt.  Dies  ist  aber  selbstver- 
standlich,  weil  nach  dem  vorangestellten  Princip  (vgl.  Pg.  405)  jede 
Function  von  der  Form  (1)  bei  ganz  beliebiger  Wahl  von  f(a)  der 
Differentialgleichung  At*  =  0  "  im  Allgemeinen,"  d.  h.  mit  Ausnahme 
solcher  Stellen,  wo  die  Function  oder  ihre  DifPerentialquotienten  un- 
endlich  werden,  geniigt.     Letzteres  findet  in  unserem  Falle  nur  im 

Punkte  P,  wo  tt,  und  in  der  Verzweigungslinie,  wo  — -(vgl.unten)uii- 

or 

endlich   wii*d,   statt.      Diese  Ausnahmen    sind  aber  durch  unsere 

Bedingung  (ii.)  ausdriicklich  zugelassen. 

Ad  (iii.)-  ^ir  haben  schliesslich  zu  zeigen,  dass,  der  Bedingung  (lii.) 
von  Pg.  399  entsprechend,  u  fiir  r  =  oo  verschwindet.  Wir  brauchen 
zu  dem  Zweck  eine  Naherungsformel  fiir  u,  welche  bei  grossen  Werten 
von  r  giiltig  ist. 

Fiir  grosse  Werte  von  r  wird  cos  la,  sehr  gross,  ebenso  wie  fiir  kleine 
Werte  von  r.  Mithin  gilt  jetzt  wleder  die  Gleichung  (8).  Tragen 
wir  in  dieser  den  Wert  fiir  cos  ia^  ein,  so  erhalten  wir  die  gesuchte 
Naherungsfonnel : 


Wir  lesen  aus  ihr  sofort  ab,  dass  u  mit  wachsendem  r  verschwindet. 

Der  Nachweis  ist  jetzt  vollstandig  erbracht,  dass  u  die  gewiinschte 
Green'sche  Function  ist. 

Die  Naherungsformel  (9)  kOnnen  wir  auffassen  als  den  Anfang 
einer  Art  Puisetuticher  EntwicJcelnng  des  nlgehrav<chen  Potcnttnles  n  in 
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der  Ndhe  der  Verziceiijungslinie  r  =  0.      Das  erste  Glied  dieser  Ent- 
wiokelung  laatet : 


der  Wert  den  unser  Potential  u  in  einem  Punkte  Q^  der  Verzwei- 
gnngslinie  annimmt,  ist  also  gerade  der  n**  Teil  desjenigen  Wertes, 
der  in  dem  betr.  Pankte  bei  gleicher  Lage  des  Punktes  P  herrschen 
wiirde,  wenn  die  Verzweigungslinie  nicht  vorhanden  und  der  Raum 
ein  schlichter  Raum  ware. 

Der  zweite  Term  unserer  Entwickelung  verschwindet  wie  r^'"  fiir 
r  =  0,  d.  h.  gerade  so,  Avie  eine  gew5hnliche  algebraische  Function  in 
einem  Windnngspunkte  n^**  Ordnung ;  die  f olgenden  Terme  wiirden 
den  Factor  r^'",  r*'"  etc.  haben.  Hieraus  schliessen  wir  auf  das 
Verbal  ten  eines  beliebigen  Potential  es  v,  welcbes  in  unserem  Win- 
dungsraume  eindeutig  ist  und  nur  eine  endlicbe  Anzabl  von  Polen 
hat.  Ein  solches  Potential  lasst  sich  nach  der  Bemerkung  (2)  von 
Pg.  404  als  lineare  Combination  von  Green'schen  Functionen  u  mit 
geeigneteu  Polen  darstellen  : 

Bedeutet  also  v^^  den  Wert,  den  v  in  einem  Punkte  der  Verzweigungs- 
linie annimmt,  so  wird  auch  v—v^  von  der  Ordnung  r'^"  zu  Null. 
Im  Besonderen  kann  es  eintreten,  dass  der  Fact<>r  von  r''"  in  dem 
Ausdrucke  von  v  —  v^  selbst  gleich  Null  ist ;  alsdann  verachwindet 
v—t\  wie  das  zweite  Glied  unserer  Puiseux'schen  Entwickelung  etc. 
Wir  baben  damit  den  Pg.  405,  unter  6,  au8ge8pix)cbenen  Satz  fiir 
den  Fall  unseres  Windungsraumes  bewiesen. 

Aus  der  Gleicbung  (9)  folgt  femer,  dass  der  nach  r  genommene 
Differentialquotient  von  u  (oder  von  der  allgemeineren  Function  v)  in 
den   Punkten   der  Windungslinie  unendlich  wird,   jedoch   nur  von 

solcher  Ordnung,  dass  r~  (bez.  r—]  fiirr  =  0  verschwindet.    Diese 

or  ^  Or' 

Thatsacbe  Avurde  friiher  gelegentlich  erwahnt. 

Lassen  wir  in  unserem  Ausdrucke  (5)  fiir  u  n  in's  Unendlichc 
wachsen,  so  erhalten  wir  die  Green  sche  Function  eines  Windungsraumes 
von  unendlicher  Exemplar enzahl.  Und  zwar  ergiebt  sich  (iiber  den 
Weg  W  int€gm*t)  : 


('»>  '=irH~- 
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Dicse  Function  wird  nur  in  dem  einen  Punkte  r  =  r',  2  =  /,  ^  =  v>' 
unendlich  ;  dagegen  bleibt  sie  endlich  in  alien  Punktcn  r  =  r\  z  =  z\ 

(p  =  ([»' -^2k7r  fur  k^O.     Aus  dem  letztgenannten  Potential  k5nnen  wir 

umgekehrt  das  f  riihere  zusammensetzcn,  indem  wir  uns  in  dem  unend- 
liclifachen  Windungsraume  eine  Function  construiren,  welche  an  alien 
Stellen  r  =  /,  z  =  z',  <^  =  (f/'{-2kmr  einen  einfachen  Pol  besitzt. 

Man  bemerke  noch,  dass  in  (5)  n  nicht  notwendig  eine  ganze  Zahl 
zu  sein  braucht,  sondeni  dass  es  aucb  gehrochen  oder  irrational  sein 
kann.  Immer  erhalten  wir  durcb  unsere  Formel  (5)  ein  Potential, 
Avelches  nacb  27rn-maligem  Umlanf  des  Punktes  Q  um  die  Gerade 
r  =  0  zu  seinem  urspriinglichen  Werte  zuriickkebrt,  und  welches  in 
dem  Sektor  von  der  WinkelOffnung  27r?i  nur  eine  Unendlichkeitss telle 
P  hat.  Der  Raum,  auf  welchen  sich  unser  Potential  in  diesem  Falle 
bezieht,  ist  allerdings  dreidimensional  nicht  zu  realisiren.  Er  verhalt 
sich  zu  dem  gewohnlichen  einfachen  Raume  so,  wie  ein  Kegelmantel 
von  der  Winkel5ffnung  2Trn  zu  der  einfachen  Ebene. 

In  dem  Falle  n  =  2,  der  fiir  die  Anwendungen  am  wichtigsten  ist, 
lasst  sich  das  Integral  (5)  leicht  auf  elementare  Functionen  zuriick- 
fiihren.  Wir  gehen  am  bequemsten  von  dem  reellen  Integrale  (7) 
aus  und  sctzen  etAva 


iQ  iay  /0 — 0' 

cos  -^  =  X.       cos  — 1  =  <y,       cos  '  ^ — ^ 

2  2 


Dann  folgt  aus  (7) 

,...  1      1      r      cf,r         1  12,  I'^T 

(11)        w  =  T :r^     —   -    — =  -—.  — arc  tang  \/ — '— 

^     ^  27r  -v/r/J,  Vx^—a^^-T       E     ir  ^  V  <r— r 

wo  unter  arc  tang  der  modulo  ir/2  genommene  absolut  kleinste  Wert 
des  Arcus  zu  verstehen  ist. 

Einen  ganz  ahnlichen  Ausdruck  erhalt  man  iibrigens  fiir  die  LOsung 
des  entsprechenden  zweidimensionalen  Potentialproblems,  d.  h.  fiir 
die  Green'sche  Function  einer  Riemann'schen  Flache  mit  einem  im 
Endlichen  gelegenen  einfachen  Windungspunkt.     Derselbe  lautet : 

ti  =  Reelle  Teil  von  Ig  : ;  ^       -  =  2^9  ~^\/- — ^' 

vx-^iy—vx'+iy  •'^   y  <r—T 

wo  x-\-iy  =  re**  den  Aufpunkt  Q,  x-^-iy  =  re**'  den  Pol  P  bedeutet, 
und  wo  wieder  gesetzt  ist : 

or  =  cos  -    %     T  =  cos  I  ^~J-  1 ,     una     cos  la,  =    ^    ,  . 
2  \     2    /  2rr 
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Durch  die  nebenstehendo  Figur  wird  der  Verlauf  der  Function  u 
aus  Gleichung  (11)  illustrirt.  Als  Zeichenebene  haben  wir  die  zur 
Verzweignngslinie  senkrechte  Ebene  durch  P  gewahlt.  Die  Zeichen- 
ebene ist  dabei  als  Riemann*sche  Flache  von  der  soeben  genannten 
Beschaffenheit  zu  denken,  fiirwelche  der  Durchstossungspunkt  0  der 
Verzweignngslinie  mit  der  Zeichenebene  ein  einfacher  Windungs- 
punkt  ist.  Als  Verzweigungsschnitt,  welcher  das  erste  und  zweite 
Blatt  der  Riemann'schen  Flache  trennt,  haben  wir  den  zu  OP  ent- 
gegengesetzten  Halbsti'ahl,  welcher  strich-punktirt  gezeichnet  ist, 
gewahlt.  Wir  haben  einerseits  die  Niveaucurven  (Schnitte  der 
Niveauflachen  mit  unserer  Zeichenebene),  und  andrerseits  ihre  ortho- 
gonalen  Ti'ajectorien,  d.  h.  die  Ki*aftlinien,  eingezeichnet.  Soweit  sie 
dem  ersten  Blatt  angehOren,  sind  diese  Curven  ausgezogen,  im  zweiten 
Blatte  punktiiHi.  Die  Symmetrie  des  Problems  bringt  es  mit  sich, 
dass  jede  Kraftlinie,  welohe  von  P  in  einer  in  die  Zeichenebene 
fallenden  Richtung  auslauft,  ganz  in  dieser  Ebene  enthalten  ist. 

Die  Niveaucurven  sind,  wie  man  sieht,  geschlossene  Cui'ven,  welche 
zunlwjhst  bei  grossen  Werten  von  u  um  P  in  dem  ersten  Blatte  herum- 
laufen.  Diejenige  Niveaucurve,  welche  an  den  Verzweigungspunkt 
anstOsst,  hat  (nach  Gl.  9)  eine  Spitze ;  der  zu  dieser  Curve  gehOrige 

Potential wert  ist,  wie  wir  nach  Friiherem  wissen,  :. 

20P 

Die  folgenden  Curven,  d.  h.  die  Curven  klbineren  Potentials,  be- 
stehcn  aus  einer  Doppelschleife ;  die  Rundung  der  einen  Schleife 
lauf t  im  zweiten  Blatt  um  0,  die  etwas  weitere  Rundung  der  anderen 
Schleife  im  ersten  Blatt  gleichzeitig  um  0  und  P  herum. 

Die  Kraftltnien  andrerseits,  welche  beim  Nicht-Vorhandensein  des 
zweiten  Blattes  geradlinig  von  P  ausstrahlen  wiirden,  sind  im  ersten 
Blatte  etwas  nach  dem  Verzweigungsschnitt  bin  gekriimmt ;  ein  Teil 
der  Kraftlinien  iiberschreitet  diescn  Schnitt  und  tritt  in's  zweite 
Blatt  ein,  ohne  doch  einen  vollen  Unilauf  um  0  auszufuhren.  Der 
Halbstrahl  OP  im  ersten,  und  der  darunter  liegende  Halbstrahl  im 
zweiten  Blatte  ist  selbst  eine  Kraftlinie.* 

§  4.  Anwendungen  der  Oreen*sr.hen  Function  des  Windungsranmes 
auf  Prohleme  der  gewohnlichen  PotentialtJieorie. 

Wir  kommen  nun  zu  den  Anwendungen  der  bisher  cntwickelten 
Functionen. 


♦  Die  Zeichnung  hat  Herr  stud.  v.  Schaper,  auf  Gnmd  cinor  geuauoii  Tjibelle 
iiber  die  Function  w,  in  dankenswerter  Weise  eutworfen. 
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Die  einfachste  Anwendung  besteht  in  der  Ableitang  der  Green'- 
Bchen  Function  oder  allgemeiner  in  der  LOsung  der  Randwertauf- 
gabe  fiir  einen  Raum,  welcher  durch  zwei  leitende  Ebenen  begrenzt 
ist.  Man  konnte  dieses  Gebiet  einen  **  Winkelspiegel "  oder  einen 
"  Keil "  nennen.  Nehraen  wir  zuniichst  an,  dass  die  Ebenen  einen 
Winkel  y  einsehliessen,  welcher,  innerhalb  desjenigen  Gebietes  ge- 

messen,  auf  welches  sich  die  Potentialaufgabe  bezieht,  gleich  —  ist 

(m  und  n  ganze  Zahlen).  Wir  repix)duciren  das  Ausgangsgebiet 
durch  Spiegelung  an  den  Begrenzungsebenen,  and  woUen  die 
successiven  Spiegelbilder  abwechselnd  als  "  schraffiHe  "  und  "  nicht- 
schi^affirte  Gebiete  "  unterscheiden ;  das  Ausgangsgebiet  selbst  sei  ein 
schraffirtes  Gebiet.  Das  Verfahren  schliesst  sich  erst  nach  2w- 
Spiegelungcn ;  wir  erhalten  im  Ganzen  m  schraffirte  und  m  nicht- 
schraffirte  Gebiete,  welch e  sich  una  die  Schnittkante  der  Grenz-Ebenen 
herumlegen.  Es  handle  sich  um  die  Aufstellung  der  Green*schen 
Function  v  fiir  unser  Gebiet,  d.  h.  eines  Potentiales,  welches  innerhalb 
des  Gebietes  einen  Pol  P  hat  und  auf  den  Begrenzungsebenen,  sowie 
im  Unendlichen,  verschwindet.  Zu  dem  Pole  P  constmiren  wir  seine 
2m— I  Spiegelbilder  hinzu,  von  denen  w— 1  in  schi*affirten,  vi  in 
nicht-schraffirten  Gebieten  liegen.  Die  ersteren,  zusammen  mit  dem 
vorgeschri ebenen  Polo  P,  bezeichnen  wir  als  Punkte  P,,  die  letzteren 
als  Punkte  P^.  Darauf  bilden  wir,  unter  u  die  Green'sche  Function 
des  n-fachen  Windungsraumes  aus  Gl.  (5)  des  voiigen  §  verstanden, 

wo  sich  die  Summation  iiber  die  m  Punkte  P,,  bez.  Pj,  erstreckt. 
Diese  Function  besitzt  in  dem  Ausgangsgebiete  nur  den  einen  Pol 
Pj  =  P,  und  vei-schwindet  aus  Symmetriegriinden  auf  den  Begren- 
zungsebenen des  Gebietes  (ebenso  wie  auf  alien  Spiegelbildern  der 
letzteren).  Dass  sie  auch  im  Unendlichen  verschwindet  und  der 
Potentialgleichung  geniigt,  ist  klar.  Wir  haben  also  in  (1)  die 
gewiinschte  Green'sche  Function  hergestellt. 

Sir 

Haben  wir  z.  B.  y  =  '-— »  besteht  also  das  Gebiet  aus  dem  Ausseren 

'        2 

eines  metallischen  Klotzes  mit  einer  I'echtwinkligen  Kante,  so  zerfiillt 

uiisere  Function  u  in  vier  Terme,  deren  jeder  die  Form  der  Function 

n  fiir  n  =  3  besitzt. 

Eiufacher  ist  es  noch,  eine  Bcmerkung  von  Pg.  413  beniltzend,  in 

Gl.  (5)  des  vorigen  §  n  einfach  gleich  y/ir  zu  machen.     Dann  crgiebt 
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sich  die  Green'sche  Function  des  Keiles  in  der  Form 

(2)     t;  =  Uj.— t*p/; 

hier  bedentet  P'  den  Spiegelptinkt  von  P  in  Bezug  anf  eine  der  Grenz- 
ebenen  des  Keiles  (er  fallt  mit  dem  Spiegelpunkte  in  Bezug  auf  die 
andere  zusammen,  weil  der  Riemann'scbe  Raum,  in  welcbem  wir  uns 
jetzt  befinden,  die  WinkelOffnung  2nir  =  2y  hat).  Wird  das  Azimutb 
<^  von  einer  der  Grenzebenen  aus  gerechnet,  und  bat  P  die  Coordi- 
naten  /,  /,  ^',  so  bekommt  P*  einfacb  die  folgenden  Coordinaten : 

Am  wichtigsten  ist  der  Fall,  wo  der  Winkel  des  Keiles  gleich  2ir 
geworden  ist.  Wir  baben  dann  eine  metalliscbe  Halbebene  im  un- 
endlichen  Raijcune.  Die  Green'scbe  Function  t;  dieses  Gebietes  hat 
wieder  die  Form  (2) ;  sie  lautet,  wenn  wir  u  aus  Gleichung  (11) 
von  Pg.  413  entnehmen  : 

(3)     I?  =  —  .  —  ^arc  tangW^— ^  —arc  tangy  ^--^,  j . 
Hier  ist  gesetzt  worden : 

0  —  0  /  0"f"0 

T  =  cos ^  ^,      r  =  cos ^    ■■-  ; 

2  ^ 

a  bat  die  friihere  Bedeutung.  Fiir  ^  =  0  und  0  =  2ir,  d.  b.  auf  beiden 
Seiten  unseres  metallischen  Schirmes,  verscbwindet  die  Klammer 
und  also  v,  wie  es  sein  muss.  In  dem  ersten  Raumexemplare 
(O<0<27r),  fiir  welches  die  Potentialaufgabe  geptellt  ist,  hat  v  nur 
einen  Pol  P  (mit  den  Coordinaten  r,  /,  0').  Der  Spiegelpunkt  P' 
(mit  den  Coordinaten  /,  z\  —0')  ist  dadurch,  dass  wir  ihn  in  das 
zweite  Raumexemplar  (— 2fr<0<O)  verlegt  baben,  sozusagen  un- 
schadlich  gemacht. 

Durch  Inversion  erhalten  wir  aus  den  vorgenannten  LOsungen  fiir 
Gebiete  mit  ebenflachiger  Begrenzung  solche  fiir  Gebiete  mit  kugel- 
fOrmigen  Grenzflacben.  So  verwandeln  sich  unsere  beiden  Ebenen, 
welche  sich  unter  dem  Winkel  y  schneiden,  in  zwei  Kugeln,  welcbe 
sich   unter  demselben   Winkel    durchdringen.       Haben  wir    z.   B. 

y  =  --^  und  nebmen  wir  iiberdies  das  Inversionscentrum  auf  einer 

der  beiden  Grenzebenen  des  Keiles  an,  so  wird  das  invertirte  Gebiet 
zum  Ausseren  einer  HaJbkugel.  Wir  sind  also  in  der  Lage,  di« 
eigentiimlichen  Beobacbtungen,  welche  Faraday*  fiir  dieses  Gebiet 
mitteilt,  mit  der  Theorie  numeriscb  zu  vergleichen. 

Speciell   ergiebt   sich   aus   der   Halbebene,   je   nachdem   wir  das 

*  Vgl.  Bxptrinuntal  SngarehMf  Art.  1242. 
VOL.  LXVIII. — NO.  601.  2  I 
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Inversionscentnun  auf  der  Halbebene,  oder  in  ihrer  Verlangemng,  oder 
ausserhalb  derselben  annehmen,  eine  unendliche  Ebene  mit  kreisfttr- 
migem  Loch,  oder  eine  ebene  Kreisscbeibe,  oder  eine  Kngelkalotte, 
welche  wir  nns  samtlich  ebenso  wie  friiber  die  Halbebene  als  leitend 
zu  denken  haben.  Gleichzeitig  ergiebt  sich  aus  nnserem  Potentiale  r 
in  Gleichung  (3)  nach  bekannter  Methode  diejenige  Potentialvertei- 
lung,  welche  dnrch  die  Anwesenheit  eines  beliebig  gelegenen  ansseren 
Poles  P  erzeugt  wird,  wenn  jene  Leiter  auf  dem  Potentiale  Null  gehalten 
werden,  d.  h.  die  Green'sche  Function  fiir  das  Aussere  der  Leiter. 

Die  Kante  der  Kreisscheibe,  des  keisfOrmigen  Loches,  sowie  die 
der  Kugelkalotte  entsprechen  bei  der  Inversion  der  Begrenzungslinie 
unserer  Halbebene,  d.  h.  der  Verzweigungslinie  des  Riemann'schen 
Raumes.  Da  nach  Pg.  412  in  der  Verzweigungslinie  r  =  0  des  Rie- 
mann'schen Doppelraumes  der  Differentialquotient  der  Green'schen 

Function    -  unendlich  wii*d,  wie  r"*,  so  wird  auch  in  den  invertirten 

Potentialverteilungen  langs  der  Kante  der  Kreisscheibe  etc.  der  senk- 
recht  zu  dieser  Kante  genommene  Differentialquotient  des  Potentiales, 
welcher  bekanntlich  im  Wesentlichen  die  elektrische  Flachendichte 
giebt,  von  der  gleichen  Ordnung  unendlich. 

Die  Tendenz  der  statischen  Elektricitat,  sich  in  etwa  vorhandenen 
Kanten  der  Leiter  anzusammeln,  entspricht  also  genau  unserem 
Satze,  dass  die  algcbraischen  Potentiale  in  den  Verzweigungslinien 
einen  unendlich  grossen  Differentialquotienten  besitzen. 

Unsere  Methode  liefert  uns  nicht  nar  die  Werte  des  Potentials  in 
dem  "  physikalischen  Raumexemplar,"  sondem  auch  seine  analy- 
tiachen  Fortsetzungen.  Es  zeigt  sich  z.  B.  unmittelbar,  dass  da» 
Potential  der  von  aussen  influencirten  Kugelkalotte  in  dem  gewohn- 
lichen  Raume  zweiwertig  ist,  und  dass  die  beiden  Zweige  des  Poten- 
tials in  dem  Rande  der  Kugelkalotte  zusammenhangen.  Offenbar 
wird  es  immer  niitzlich  sein,  bevor  man  an  die  specielle  Aufstellung 
einer  Function  geht,  sich  zunachst,  wie  wir  es  hier  gethan  haben, 
ihre  allgemeinen  Eigenschaften  und  namentlich  ihre  analytischen 
Fortsetzungen  klar  zu  machen. 

Da  wir  die  Green'sche  Function  v  fiir  den  Keil,  die  sich  schneiden- 
deu  Kugeln,  die  Kreisscheibe  etc.  kennen,  lasst  sich  die  Losung 
beliebiger,  auf  diese  Gebiete  beziiglicher  Bandwertaufgahen  nach  der 
bekannten  Formel 

hinschreiben,  wo  das  Integ^l  iiber  die  Oberflache  des  Gebietes  zu 
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eratrecken  ist,  nnd  wo  V^  die  vorgeschriebenen  Randwerte  bedeutet. 
Nimmt  man  in*s  Besondere  F,  iiberall  gleich  1,  so  erhalt  man  die- 
jenige  Potentialverteilung,  welche  der  sog.  natiirlichen  Belegung  ent- 
spricht.  Die  so  erhaltenen  Potentiale  besitzen  natiirlich  hinsichtlich 
ihrer  Verzweigung  denselben  Charakter  wie  die  zagehOrige  Green'sche 
Function  v.  In*s  Besondere  sind  also  bei  der  Ereisscheibe  nnd  der 
Kugelkalotte  die  der  natiirlichen  Belegung  entsprechenden  Potentiale 
in  einem  Riemann'schen  Ranm  mit  einer  kreisf5rmigen  Verzwei- 
gungslinie  eindeutig. 

Die  nacb  der  Methode  dieses  §  zu  bebandelnden  Probleme  sind 
grOsstenteils  schon  friiher  anf  anderem,  allerdings  zum  Teil  sehr  com- 
plicirtem  Wege  gelOst  worden,  ohne  dass  man  den  Zusammenhang 
But  den  mehrwertigen  Potentialen  erkannt  zu  haben  scheint. 

Wir  nennen  zunachst  eine  Arbeit  von  Herm  Macdonald,*  welcher 
die  Green'sche  Function  fiir  den  Keil  durch  Reihenentwickelungen 
nach  Besserschen  Functionen  gefunden  hat,  und  nach  erheblichen 
Umrechnungen  auf  einen  der  Gleichung  (7)  von  Pg.  410  entsprechen- 
den geschlossenen  Ausdmck  gefiihrt  ist.  Im  Wesentlichen  dieselbe 
Aufgabo  war  schon  f ruber  (1867)  von  Mehlert  behandelt  worden. 
Mehler  bezieht  das  Problem  der  sich  schneidenden  Kugeln  auf 
gewisse,  von  W.  Thomson  eingefiibrte  Coordinaten  und  erhalt  eine 
Entwickelung  nach  sog.  Kegelfunctionen. 

Die  Aufgaben  fiir  die  Kreisscheibe  und  fiir  die  Kugelkalotte  sind 
bekanntlich  von  W.  Thomson  %  1845  auf  einem  h6chst  genialen  Wege 
gel5st.  Thomson  f asst  die  Kreisscheibe  als  Grenzfall  eines  EUipsoides 
auf  und  erzeugt  die  Kugelkalotte  durch  Inversion  aus  jener.  Dabei 
gelangt  er,  umgekehrt  wie  wir,  zunachst  zur  Potentialverteilung  der 
natiirlichen  Belegung ;  aus  dieser  leitet  er  die  Green'sche  Function 
der  Kugelkalotte  durch  eine  abermalige  Inversion  ab. 

Ein  von  Herm  P.  Appell  §  angegebenes  zweiwertiges  Potential 
hat,  ebenso  wie  die  zuletzt  genannten  Potentialverteilungen,  einen 
Kreis  zur  Verzweigungslinie ;  es  wird  aber  in  den  Punkten  desselben 
unendlich  gross,  und  fallt  daher  nicht  direkt  unter  den  hier  betrach- 
teten  Typus. 

§  6.    Bie  Green* sche  Function  eines  jRiemann*8chen  Raumes  mit  zwei 
geradlinigen  parallelen  Verzweigungscurven  und  ihre  Anwendungen. 

Wahrend,  wie  wir  sahen,  die  Potentiale  des  dritten  §  zu  schon 


*  Proceedings^  London  Math.  Soe,f  Vol.  zxvi.,  1895. 
t  CrelWt  Journal^  Bd.  ucvm. 

X  Vgl.  '*  Papers  on  ElectroBtatlGs  and  Magnetism,"  Art.  zv.,  Sect.  231-!i48. 
I  Math,  Annalen,  £d.  zzx.,  1887,  Fg.  155. 
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anderweitig  bekannten  Anwendnngen  Anlass  gaben,  werden  wir  in 
diesem  §  verzweigte  Potentiale  ableiten,  welche  einige,  bisher  woU 
noch  nicht  behandelte  Potentialaufgaben  zu  l5sen  gestatten. 

Die  Verzweigrmgslinien  mOgen  aus  zwei  parallelen  Geraden  be- 
stehen,  um  welche  sicb  der  Raum  je  n-mal  herumwindet.  Wir  haben 
also  n  Raumexemplare,  welche  langs  des  von  den  beiden  Yerzwei- 
gungsHnien  begrenzten  Streifens  cyklisch  zusammenhangen.  Der 
Streifen  selbst  kann  als  Yerzweigungsmembran  dienen ;  jeder  ebene, 
etwa  senkrecht  zn  den  Yerzweigungslinien  gelegte  Schnitt  schneidet 
aus  dem  Biemann'schen  Ranme  eine  Riemann'sche  Flache  ans,  welche 
in  den  beiden  Dorchstossungspunkten  mit  den  YerzweigaUgsgeraden 
je  einen  (n— l)-fachen  Windangsponki  besitzt  nnd  im  Unendlichen 
nnverzweig^  ist,  Es  handelt  sich  damm,  die  Green'sche  Function 
dieses  Raumes  zu  finden. 

Wit*  fiihren  zunachst  geeignete  Coordinaten  ein.  Die  in  der  Mitte 
zwischen  beiden  Yerzweigungslinien  verlaufende  Gerade  nehmen  wir 
zur  g'Axe.  In  der  Ebene  «  =  0  fiihren  wir  "  Bipolar-Coordinaten  ** 
ein  durch  folgende  Festsetzungen :  Es  sei  {  eine  in  der  Ebene  j;  =  0 
ausgebreitete  complexe  Yariable,  wobei  die  Werte  0,  +1,  —1  bez. 
den  Durchstossungspunkten  dieser  Ebene  mit  der  ^-Axe  und  den 
beiden  Yerzweigungslinien  zukommen  mOgen.  Den  Projectionen  der 
Punkte  Q  und  P  auf  die  (-Ebene  entsprechen  bez.  die  {-Werte 

Wir  setzen  nun 

^^  £+1"     '   r+1"     ' 

und  nennen  p,  <^,  bez.  p\  <f>\  die  Bipolar-Coordinaten  der  auf  die  Ebene 
J8  =  0  projicirten  Punkte  P  und  Q.  Offenbar  sind  ^  und  ^'  nur 
modulo  27r  bestimmt. 

Bekanntlich  lief  em  die  Curven  p  =  const  und  <^  =  const  je  ein 
System  von  Kreisen.  Die  Kreise  p  =  const  sind  samtlich  orthogonal 
zu  der  reellen  {-Axe  (Yerbindungslinie  der  Yerzweigungspunkte 
zbl)  ;  ihre  Durchschnitte  mit  dieser  Axe  liegen  zu  den  Punkten  =1=1 
harmonisch.  Die  Curven  ^  =  const  bilden  das  Biischel  samtlicher, 
durch  ±1  hindurchgehender  E[reise,  wobei  die  beiden  Stiicke,  in 
welche  jeder  dieser  Kreise  durch  die  Punkte  ±  1  zerlegt  wird,  zwei 
verschiedenen  Werten  von  0  entsprechen,  deren  DifEerenz  modulo  2ir 
gleich  :i=7r  ist.  Jedem  Punkte  der  positiv-imagin&ren  4^-Halbebene 
entspricht  ein  (modulo  2ir)  positiver,  jedem  Punkt  der  negativ-ima- 
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ginaren  f-Halbebene  ein  (modulo  2ir)  negativer  Wert  von  0.  Die 
Verbindungslinie  der  Punkte  d=l  erhalt,  je  nachdem  wir  sie  der 
positiven  oder  negativen  f-Halbebene  hinzurechnen,  die  Coordinate 
9  =  +ir  oder  0  =  —  t;  die  Verlangerung  dieser  Linie  iiber  +]  und 
—  1  hinans  ist  durch  den  Wert  ^  =  0  charakterisirt. 

Die  Variablen  z,  p  und  ^  lief  em  geeignete  Coordinaten  zur  Dar- 
stellung  von  Functionen,  welche  in  unserem  Riemann'schen  Raume 
eindeutig,  in  dem  gewShnlichen  Raume  aber  mehrdeutig  sind.  In 
der  That  wird  jede  Function  F(p,  0),  welche  in  p  und  ^  eindeutig  ist 
und  in  9  die  Periode  2vn  hat,  auf  der  von  dei*  Ebene  z  =  0  aus  unserem 
Riemann'schen  Raume  ausgeschnittenen  Riemann'schen  Flache  ein- 
deutig.      Dementsprechend    liefert    auch    die    compleze    Function 

e  "  die  einfachste  conforme  Abbildung  der  genannten  Riemann'- 
schen Fl&che  auf  die  f-Ebene.  Femer  wird  jede  eindeutige  Function 
F(zy  p,  0),  welche  in  0  die  Periode  2im  hat,  in  unserem  Riemann'schen 
Raume  eindeutig. 

Nach  diesen  Vorbereitungen  verf ahren  wir  bei  der  Aufstellung  der 
Green'schen  Function  ebenso  wie  im  §  3.  Wir  transformiren  zun&chst 
J3  =  PQ  in  die  Coordinaten  p,  0,  z  und  p\  0',  /.     Aus  1  ergiebt  sich 

nnd  nach  einer  kleinen  Umrechnung 

K-ri'  =  ix-xy+(y-^y  =  2    co8t(p-pO-co8(^-»0 

'  '  y         w       i?  /  (cOSip--COS0)  (COSip— COS0) 

Mithin  wird 

(2)      S?  =  2,    C08t(p-p')-C08(»-»)        ■K,_,').. 
(cos  tp  — COS  0)  (cos  ip  —COS  9  ) 

Darauf  formen  wir  1/B  nach  dem  Cauchy'schen  Satze  um.  Wir 
ersetzen  9'  in  cos  (0—0')  durch  eine  complexe  Variable  a,  schreiben 


jr«  = 


2      C08t(p— pQ— co8(0— tt)  ^   ^ (z—z')\ 
(cos  ip —cos  0)  (cos  ip  —  cos  0') 


und  haben 


~  =  —  f— f(o)(2a, 


wo  der  Integrationsweg  in  der  Ebene  der  Variablen  a  positiv  um  die 
Stelle  a  =  0'  herumzufiihren  ist,  und  wo  /(a)  eine  Famction  bedeutet, 
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welche  fiir  a  =  ^'  von  der  ersten  Ordnung  mit  dem  Besidnum  1  iin- 
endlich  wird.  Wir  wahlen  die  Function /(a)  iiberdies  so,  dass  sie  in 
a  und  ip'  die  Periode  2ir  hat,  nehmen  also  etwa  wie  friiher 

/(-) = ^- 

Die  Pole  des  Integ^nden  sind  hiemach  die  samtlichen  Pankte 

a  =  9'  +  2A;»r. 

Die  Verzweigungspunkte  sind  gegeben  durch  JS^  =  0  nnd  JB^  =  oo . 
Nun  wird  £'*  =  cx)  nur,  wenn  a  =  oo  .  Andrerseits  haben  wir 
JR'*  =  0,  wenn 

COB  (0— a)  =  cOBiaj,    d.  h.     a  =  94-2^±ia,, 

wo  gesetzt  ist 

(3)     cos  loj  =  cot  I  (p^p')  +  5  (cos  ip— cos  9)  (cos  ip —cos  <p')  (z—i^)K 

Die  Yerzweigungspunkte  des  Integranden  sind  also  die  folgenden : 


Darauf  zerschneiden  wir  die  a-Ebene  genau  so  wie  friiher,  indem 
wir  die  Punkte  9  +  2A;iritai  durch  Schnitte  parallel  der  imaginaren 
Axe  mit  dem  Unendlichen  verbinden,  und  deformiren  unsem  ur- 
sprunglichen  Integrations weg,  indem  wir  ibn  bis  an  die  Yerzwei- 
gnngsschnitte  heranziehen.  In  dem  deformirten  Wege  (vgl.  Fig.  1) 
heben  sich  die  Integrationen  iiber  die  der  imaginaren  Axe  parallelen 
Rechteckseiten  gegenseitig  auf,  wahrend  die  Integrationen  iiber  die 
der  reellen  Axe  parallelen  Rechteckseiten  verschwinden,  sofem  wir 
die  HOhe  des  Rechtecks  unbegrenzt  wachsen  lassen.  Schliesslich 
bleibt  nur  wieder  der  Weg  W  iibrig. 

Indem  wir  den  t)hergang  zu  den  verzweigten  Potentialen  suchen, 
andem  wir  die  Definition  von  /(a)  dahin  ab,  dass  diese  Function  in 
a  und  0'  die  Periode  27m  hat  und  machen 

Wir  betrachten  also  jetzt  das  iiber  de  a  Weg  W  gef  iihrte  Integral 

und  behaupten,  dass  dieses  die  Green'sche  Function   unseres   Rie- 
mann'schen  Raumes  ist,  d.  h.  dass  u  den  Bedingungen  (i.),  (ii.)  und 
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(iii.)  von  Pg.  399  genugt.  Zum  Beweise  haben  wir  die  Er5rterungen 
von  Pg.  408  bis  Pg.  411  wftrtlich  zu  wiederholen. 

Eine  kleine  Abweicbung  ergiebt  sich  nur  bei  der  Aufstellung  der 
Nahemngsformeln,  durch  welche  wir  u  in  unmittelbarer  Nahe  der 
Verzweigungen  darstellen.  Nach  (1)  wird  in  der  Nahe  der  einen 
oder  anderen  Verzweigungslinie  p  =  ±Q0 ;  mithin  wird  in  der  Nahe 
dieser  Linien  f>,  and  nach  Gleichnng  (3)  anch  cos  ia^,  sehr  gross. 

Unser  Integral  (5)  k5nnen  wir  nun,  indem  wir  ebenso  wie  Pg.  410 
a  =  0  ±  i/3  setzen,  so  schreiben  : 

,•  ,  sin— d/3 

(6)     «  =  ^ 
wn  J 


n 


v/cosiai-cosi/3  ^a  ^"f  _p^-  ifi  ' 


-cos 


n 


w 


hier  bedeutet  A  die  folgende  Gr5sse  : 


(7)     A  =  y/i  (cos  tp— cos  0)  (cos  «p'— cos  0'). 

Ganz  dasselbe  Integral  ergab  sich  aber  Pg.  410,  wobei  nor  als 
Factor  des  Integrals  statt  A  die  Gr5sse  auftrat 


\2rr' 


In  Folge  dessen  kOnnen  wir  die  fiir  grosse  Werte  von  a^  giiltige  Um- 
rechnung  von  Pg.  410  direkt  ubemehmen  ;  sie  liefert 


(8)    «  =  -!- 


OS  iQi  ^  n      \  cos  la/ 


**    \/cos  ia 

Hier  tragen  wir  noch  fiir  A  und  cos  ia^  die  Werte  ans  Gleichnng  (7) 
and  (3)  ein  und  berucksichtigen,  dass,  nach  Gleichnng  (1), 


ist,  wo  rj  und  r,  die  senkrechten  Abstande  des  Punktes  Q  von  der 
einen  oder  anderen  Verzweigungslinie  bedeuten,  und  dass  fiir  sehr 
grosse  positive  oder  negative  Werte  von  p,  d.  h.  fiir  sehr  kleine  Werte 
von  r,  oder  r^ 

cos  ip  =  ^e'  =  -J-      oder    cos  tp  =  Je~'  =  -~ 

2r,  2r| 

wird.     Dann  erhalten  wir  aus  (8)  fiir  sehr  kleine  Werte  von  r, 


(9)     «  =  i    1    (l  +  (7c08t=*:W-  V     — ;.). 

n  E^  \  n      V  r,  icj (cos  ip  —cos ^  )/ 
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und  fiir  sehr  kleine  Werte  von  r, 


(9-)     „  =  1 1  ( 1  +  Cf  cos  ^=^  d-^.  -% .- )  ; 

n  i2o\  n     V  riEo(cos*p— COB0)/ 

Bo  bedentet  in  der  ersten,  bez.  zweiten  der  vorstehenden  Formeln 
den  Wert  von  B  fiir  r,  =  0,  bez.  fiir  r,  =  0,  d.  h.  den  Abstand  der 
Pnnkte  P  nnd  Q  fiir  den  Fall,  dass  Q  anf  eine  der  Verzweigungslinien 
geriickt  ist. 

Wir  erkennen   ans   (9)  und  (9')    znnachst  wieder,   dass   u  beim 
tJbergang   anf  die   Verzweigungslinien   endlich   und   stetig  bleibt, 

wahrend  die  Differentialquotienten  5—  und   —  fiir  rj  =  0  und  r,  =  0 

on  3r, 

unendlich  werden.     Femer  sehen  wir,  dass  u — w^  (unter  Wq  den  Wert 

von  u  fiir  n  =  0  oder  r,  =  0  verstanden)  von  der  Ordnung  r^^''*,  bez. 

Tj''",  verscbwindet,  in  tTbereinstimmung  mit  dem  Pg.  405  fiir  beliebige 

verzweigte  Potentiale  ausgesprochenen  Satz. 

tTberhaupt  kOnnen  wir  auch  alle  weiteren  Bemerkungen  iiber  die 

Green'sche  Function  des  §  3  auf  unsere  jetzige  Green'sche- Function 

iibertragen,  da  beide  Functionen,  wie  aus  dem  Yergleich  der  Formel 

(6)  von  Pg.  423  und  (7)  von  Pg.  410  hervorgeht,  einen  ganz  analogen 

Ausdruck  baben.     Wir  k5nnen  auch  bier  den  tTbergang  zu  n  =  00 

und  zu  einem  beliebigen  irrationalen  n  machen,  und  kdnnen  im  Falle 

n  =  2  u  durch  elementare  Functionen  darstellen.     Es  folgt  n&mlich 

aus  (6)  fiir  n  =  2,  wenn  wir  noch  setzen 


cos  -^  =  a;,     cos  -— ^  =  cr,     cos 


{*?■) = 


,,^v  A  [        dx         1  12  .  /V-f  r 

WO  unter  arc  tang  der  modulo  ir/2  genommene  absolut  kleinste  Wert  des 
Arcus  zu  verstehen  ist.  Dabei  ist  cosiui  jetzt  durch  die  Gleichung  (3) 
erklart  und  die  Bedeutung  der  Coordinaten  p,  p\  0,  ^'  natiirlich  eine 
andere,  wie  im  dritten  §. 

Schliesslich  kann  man  sich  abermals,  auf  Grund  der  vorstehenden 
einfachen  Formel,  ein  vollstandiges  Bild  von  dem  Verlauf  der  Niveau- 
flachen  und  Kraftlinien  machen.  Wir  ezemplificiren  wieder  auf  die 
durch  P  senkrecht  zu  den  Verzweigungslinien  hindurchgelegte  Ebene 
9  =  z\  und  beschreiben  den  qualitativen  Verlauf  der  Niveaucurven  und 
Kraftlinien  in  dieser  Ebene.  Wegen  der  Symmetric  des  Problems 
ist  jede  Kraftlinie,  welche  in  eine  in  die  Ebene  z  =  z'  fallenden  Rich- 
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tnng  von  P  auslanft,  ganz  in  dieser  Ebene  enthalten.  Die  Ebene 
selbst  haben  wir  una  als  zweiblattrige  Biemann'sclie  Flacbe  zu 
denken,  fiir  welche  die  Punkte  rj  =  0  und  r ,  =  0,  d.  h.  die  Dnrch- 
stossungspnnkte  der  Ebene  mit  den  Yerzweignngslinien  des  Ranmes 
Verzweigungspnnkte  sind.  Derjenige  von  diesen  Pnnkten,  welcher 
von  P  den  kleinsten  Abstand  bat,  beisse  0^,  der  andere  0, ;  das  Blatt 
der  Riemann'scben  Flacbe,  welcbes  P  entbalt,  beisse  das  erste,  das 
andere  das  zweite  Blatt.  Die  beiden  Blatter  bangen  langs  der  Yer- 
bindnngslinie  der  Pnnkte  Oj  und  Oj  wecbselseitig  znsammen. 

Von  dem  Verlanf  der  Niveaucurven  wird  man  sich  daranf  folgendes 
Bild  zu  macben  baben.  Fiir  sebr  grosse  Werte  von  u  laufen  die 
Niveaucurven  um  den  Punkt  P  im  ersten  Blatt  nabezu  kreisf5rmig 
berum  und  erweitem  sicb  allmablicb  bei  abnebmendem  u.      Fiir 

u  =  j- . —  lHuft  die  Niveaucurve  [der  Gleichung  (9)  zuf olge]  durcb 

den  Punkt  Oj  bindurcb  und  bildet  bier  eine  Spitze.  Fiir  nocb 
kleinere  Werte  von  u  bestebt  die  Curve  aus  einer  Doppelscbleif e ; 
die  eine  Rundung  der  Doppelscbleife  lauft  im  zweiten  Blatt  um  0„ 
die  etwas  weitere  andere  im  ersten  gleicbzeitig  um  0,  und  P  berum. 

Lassen  wir  u  =  i werden,  so  srebt  die  Niveaucurve  durcb  0.  bin- 

durcb  und  besitzt  bier  einen  Selbstberiibrungspunkt.  Bei  weiter 
abnebmendem  u  zerf&llt  die  Doppelscbleife  in  zwei  einfacbe  Ovale ; 
das  eine  derselben  lauft  im  zweiten  Blatte  um  0^  und  0^  das  andere, 
etwas  gr5ssere,  im  ersten  Blatte  gleicbzeitig  um  Oi,  0,  und  P  berum. 
Beide  Ovale  verlieren  sicb  in's  Unendlicbe,  wenn  wir  u  zu  Null 
abnebmen  lassen. 

Die  KraftUnien  sind  als  ortbogonale  Trajectorien  des  Niveaucurven- 
systems  bestimmt.  Wabrend  sie  beim  Nicbt-Yorbandensein  der 
Yerzweigungspunkte  (im  Falle  n  =  1)  geradlinig  verlaufen  wiirden, 
sind  sie  in  unserem  Falle  (n  =  2)  gekriimmt  und  kebren  ibre  concave 
Seite  der  Linie  0x0^  zu.  Ein  Teil  der  ELraftlinien  iiberscbreitet 
diese  Linie  und  tritt  in's  zweite  Blatt  ein. 

Bemerkenswerte  Anwendungen  der  zuletzt  entwickelten  Potentiale 
auf  Probleme  des  gew5bnlicben  Raumes  ergeben  sicb  im  Falle  n  =  2, 
also  gliicklicber  Weise  gerade  in  demjenigen  Falle,  wo  die  numeriscbe 
Auswertung  nacb  Oleicbung  (10)  keine  Scbwierigkeiten  bat.  Wir 
gelangen  namlicb  durcb  unser  erweitertes  Spiegelungsverfabren  von 
der  Green'scben  Function  fiir  unsem  Doppelraum  sofort  zu  der 
QreerCschen  Function  far  das  Aussere  eines  durch  zwei  parcdlele  gerade 
Itinien  begrenzten  ehenen,  unendlich  dUnnen  Schirmes, 
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Zn  demjenigen  Raamexemplar,  fiir  welches  die  Anfgabe  gestellt 
ist,  denken  wir  uns  ein  zweites  hinzu,  welches  langs  der  Flache  des 
Schirmes  mit  jenem  wechselweise  znsammenhangt.  Fur  den  so  ent- 
stehenden  Doppelraum  spielt  der  Schirm  die  RoUe  einer  Verzwei- 
gungsmembran.  Wahlen  wir  den  Maassstab  so,  dass  die  Langen- 
einheit  gleich  der  halben  Breite  des  Schirmes  wird,  so  k5nnen  wir 
nnsere  friiheron  Coordinaten  z,  p  und  ^  direkt  anwenden.  Das  erste 
Ranmexemplar  wird  in  diesen  Coordinaten  durch  die  Ungleichungen 
—  ir<0<  -fir,  das  zweite  etwa  durch  -\-7r<<i><S'n-  charakterisirt.  Zn 
dem  Pole  P  des  ersten  Ranmexemplares  construiren  wir  femer  in 
Bezng  auf  die  Ebene  des  Schirmes  den  Spiegelpnnkt  P'  hinzu, 
welcher  in  das  zweite  Raum exemplar  fftllt.  Wenn  P  die  Coordinaten 
z',  p\  TT—^'  hat,  so  bekommt  P'  die  Coordinaten  z\  p\  w  +-</>'. 

Darauf  bilden  wir,  unter  Up  die  Green 'sche  Function  unseres 
Doppelraumes  mit  dem  Pole  P  verstanden : 

V  =  Up — Up,. 

Diese  Function  verschwindet  aus  Symmetriegninden  fiir  <^  =  ±ir, 
d.  h.  auf  beiden  Seiten  unseres  Schirmes,  wie  man  iibrigens  auch  un- 
mittelbar  auf  Grund  der  Gleichung  (10)  verificirt,  und  hat  iiberhaupt 
alle  Eigenschaften,  welche  fiir  die  Green 'sche  Function  unseres  Ge- 
bietes  erforderlich  sind.  Auf  die  zweiwertige  Function  u  miissen  wir 
natiirlich  deshalb  zuriickgreifen,  damit  wir  den  Spiegelpnnkt  in  das 
zweite  Ranmexemplar  verlegen  kOnnen.  Wollten  wir  die  Anfgabe 
unter  Zugrundeleg^ng  der  einwertigen  Function  1/B  mittelst  des 
Spiegelungsprincipes  l5sen,  so  wiirden  wir  in  dem  ersten  Ranm- 
exemplar einen  Pol  schaffen,  welcher  den  Bedingungen  unseres 
Problems  widerspricht. 

Ganz  analog  ergiebt  sich  die  Green'sche  Function  fiir  das  "  reci- 
proke  '*  Gebiet,  d.  h.  fiir  den  Fall,  wo  der  Schirm  aus  einer  tifiendlichen 
Ehenc  besteht,  in  welche  ein  unendlich  langer  Spalt  mit  paraltelen^ 
geradlinigen  Rdndem  etngeschnitten  ist,  Als  Verzweigungsmembran 
unseres  Doppelraumes  wahlen  wir  wiederum  die  Flache  des  Schirmes, 
dessen  beide  Seiten  jetzt  durch  die  Gleichungen  <^  =  0  und  </>  =  ±2ir 
charakterisii't  werden  kOnnen.  (Die  Breite  des  Spaltes  nehmen  wir 
gleich  2  an,  um  unsere  friiheren  Coordinaten  direkt  verwenden  zu 
kOnnen.)  Die  Bezeichnungen  " erstes '*  und  "  zweites  Ranmexemplar" 
sollen  also  jetzt  so  gewahlt  werden,  dass  im  ersten  0<</><27r,  im 
zweiten  etwa —27r<<^<0  gilt.  Besitzt  der  vorgeschriebene  Pol  P 
die  Coordinaten  »',  p',  <j>\  so  wird  sein  Spiegelpnnkt  P'  in  Bezug  auf 
die  Ebene  unseres  jetzigen  Schirmes  die  Coordinaten  haben  z\  p\  —  <f>. 
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Dieaer  Pnnkt  P"  fallt  bei  der  jetzigen  Lage  nnserer  Verzweigangs- 
membran  in  das  entgegengeBctztfl  Ranmexemplar  wie  P  (bei  der 
fruheren  Lage  derselben  wiirde  er  zu  demselben  Ranmexemplar  wie 
P  gebftren).     SchlieBslich  erhalteo  wir  wieder  in 


die  Green 'ache  Function  nnseres  Gebietes. 

Dorcb  Inversion  konnen  \rir  neue,  merkwiirdige  Schirmformen 
ableiten,  filr  trelche  sich  die  Greeu'eche  Fnnction  eofort  hinechreiben 

Ana  dem  streifenfOrmigen  Scbirm  entsteht,  wenn  wir  das  Inver- 
sionacentmm  zunachat  in  der  Ebene  dea  Streifena  oder  in  ihrer  Ver- 
ISngernng  annehmen,  ein  ebener  Schirm  -mit  zwei  kreisformigen  Lockem, 
deren  Conturen  sich  tm  Inverstonscftttrum.  beriihren.  Und  zwar  haben 
wir,  je  nachdem  wir  dem  In  versions  centram  in.  der  urapriinglichen 
Figor  (v)  die  Lagen  I,  ii,  in  oder  it  geben,  die  dnrcb  Fig.  i,  ii,  iii 
nnd  IV  dargestellten  Scbirme.      Nehmeo  wir  andrers^its  das  Inver- 


sionscentram  ansserbalb  dea 

wir  alleiual  als  Bild  desselben 

furmigen  Aiueehnitten,  welcke  i 

Gehen  wir  von  dem  Schim 


araprunglichen  ScHrmea,  ao  bekommen 
einen  ephdrischen  SchiTm  mil  itcei  fcreii- 
■,ch  in  dem  Inverfionscentntm  beriihTea. 
mit  apaltfOrmigem  Einachnitt  ans,  so 


erhalten  wir  au8  dieaem,  indem  wir  daa  Inveraionacentmm  in  seine 
Ebene  legen,  eine  Reibe  neuer  bebandelbarer  Schirmformen,  welobe 


428  Herr  A.  Sommeifeld  iiber  [April  8, 

JBU  den  Figuren  i  bis  iv  "  reciprok  "  sind.  Sie  werden  ebenfalls  durcb 
die  Figuren  i  bis  rv  dargestellt,  wenn  wir  in  ihnen  die  nicbt- 
scbraffirten  Gebiete  schraffiren  und  umgekehrt.  Nebmen  wir  aber 
das  Inversionscentrum  ansserhalb  der  Ebene  des  urspriinglicben 
Scbirmes  an,  so  entstebt  eine  doppelte  Kugelkalottey  namlicb  ein 
Schirm,  welcher  aus  zwei,  ein  und  derselhen  Kugel  angehorenden,  tsich 
beriihrenden  Kugelsegmenten  hesteht. 

Will  man  die  zuletzt  genannten  Aufgaben  nacb  den  ursprilngltchen 
Thomson* schen  Methoden  bebandeln,  so  wiirde  man  folgendermassen  zn 
verfabren  baben :  Man  gebe  von  dem  Pot<3iitial  der  natiirlicben  Be- 
legang  eines  nnendlicb  langen  Streifens  (oder  des  reciproken  G^bietes) 
ans.  Dieses  verwandelt  sich  durcb  Inversion  von  einem  ausserbalb 
des  Streifens  gelegenen  Centrum  in  das  Potential  der  naturlicben 
Belegung  unseres  spbariscbcn  Scbirms  mit  zwei  sicb  beriibrenden 
kreisf5rmigen  LOcbem  (oder  des  reciproken  Gebietes).  Das  letzt- 
genannte  Potential  vermindere  man  um  1  (d.  b.  um  den  constanten 
Potentialwert,  welcber  in  den  Punkten  des  Scbirmes  statt  bat)  und 
macbe  eine  abermalige  Inversion  von  einem  ausserbalb  der  Kugel 
gelegenen  Punkte.  Der  Sebirm  bebalt  dabei  qualitativ  seine  vorber 
genannte  Bescbaffenbeit ;  gleicbzeitig  entstebt  in  dem  Inversions- 
centrum  ein  einfacber  Pol.  Man  gelangt  so  ebenfalls  zu  den  oben 
angegebenen  Qreen'scben  Functionen. 

§  6.  ScMusshemerkungen  hetr.  mogliche  Verallgemeinerungen  der 

Methode. 

Unser  Ansatz  ist  offenbar  einer  Reibe  weiterer  Verallgemeinerungen 
f&big.  Man  kann  sicb  zunacbst  die  Aufgabe  stellen,  die  Green'scbe 
Function  eines  Qitters  berzustellen,  welcbes  aus  einer  Serie  von 
nnendlicb  vielen,  nnendlicb  diinnen,  congruenten  und  einer  Ebene 
angebOrigen  Metallstreifen  bestebt.  Diese  Function  ergiebt  sicb 
durcb  Spiegelung  aus  der  Green'scben  Function  eines  Riemann'scben 
Doppelraumes  von  nnendlicb  vielen,  aequidistanten,  parallelen  Ver- 
zweigungslinien.  Indessen  soil  auf  die  Aufstellung  dieser  Function 
bier  nicbt  naber  eingegangen  werden. 

Femer  kann  man  wilnscben,  die  entsprecbende  Aufgabe  fiir  einen 
beliebig  herandeten,  ehenen  Schirm,  oder,  was  auf  dasselbe  binaus- 
kommt,  fiir  einen  Riemann'scben  Doppelraum  mit  einer  beliebigen, 
ebenen  Verzweigungslinie  zu  lOsen.  Der  erste  Scbritt  bierzu  bestebt 
in  der  Einfiibrung  geeigneter  Coordinaten.  Man  muss  neben  zwei 
anderen  krummlinigen  Coordinaten  ein  um  die  Verzweigungslinie 
herum  zu  zablendes  Azimutb  </>  einfiihren.     Die  Green\scbe  Function 
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des  einfachen  Raumes  1/jB  wird  in  dieser  Coordinate  die  Periode  2a- 
haben ;  nm  ans  ihr  die  Green'sche  Function  nnseres  zuletzt  genannten 
Doppelranmes  zu  erlialten,  haben  wir  sie  in  geeigneter  Weise  so  zu 
modificiren,  dass  sie  in  <^  die  Penode  4ir  erhalt. 

Schliesslich  aber  ist  der  ganze  Ansatz  nicht  auf  die  Potentialtheorie 
beschrankt ;  er  dehnt  sich  sofort  auf  gewisse  andere  partielle  Diffe- 
rentialgleichungen  mit  constanten  Coefficienten  aus,  so  auf  die 
^^  Schwingu7igsgletchung  ^*  Am  +  A^«*  =  0    und  auf   die    Wdrmeleitungs- 

gleichung  Aw  =  1^  — .     Man  wird  dabei  statt  von  dem  Newton 'schen 

ot 

Potential  Ijlt  von  den  fiir  die  letztgenannten  Differentialgleichungen 
charakteristischen  L5sungen 

~-     bez.     r'^e  " 

auszugehen  haben  und  mit  diesen  ahnlich  verfahren,  wie  hier  mit 
dem  Newton'schen  Potentiale  geschehen.  Die  beiden  im  Vorstehen- 
den  besprochenen  Riemann'schen  Raume  mit  einer  oder  mit  zwei 
parallelen,  geradlinigen  Yerzweigungslinien  lassen  sich  im  Qebiete 
der  Schwingungs-  und  der  WSrmeleitungsgleichung  genau  ebenso 
behandeln,  wie  im  Gebiete  der  Potentialgleichung.  Ich  habe  dieses 
teilweise  schon  friiher,  wenn  auch  auf  anderem,  minder  einfachem 
Wege  ausgefiihrt.*  Der  tTbergang  von  einer  geraden  zu  einer  kreis- 
fGrmigen  Verzweigungslinie,  oder,  was  dasselbe  bedeutet,  der  tJber- 
gang  von  einem  ebenen  zu  einem  kugelf5rmigen  Schirm  ist  dagegen 
bei  diesen  allgemeineren  DifEerentialgleichungen  nicht  ausfiihrbar, 
und  stellt  eine  besondere  EigentUmlichkeit  der  Potentialgleichung 
dar. 

Die  verzweigten  L5sungen  der  Differentialgleichung  Am  -f  ^t*  =  0 
diirfen  ein  besonderes  Interesse  beanspruchen,  da  sie  die  von  einem 
ebenen  Schirm  hervorgerufenen  St5rungen  beliebiger  akustischer, 
optischer,  elektro-magnetischer  Wellenziige,  d.  h.  gewisse  charakte- 
ristische  DifEractionsphanomene  zu  berechnen  gestatten.  Und  zwar 
ist  die  so  entstehende  Theorie  der  Diffrdction,  im  Gegensatz  zu  der  in 
der  Phjsik  ublichen,  vom  mathematischen  Standpunkte  aus  ezakt 
und  fiir  beliebige  GrOssen  der  Wellenlange  giiltig. 


*   '*Ziir  analytischen  Theorie  der  Warmeleitung,"  Math.  Annalen,   Bd.  xlv., 
1894,  }  3  ;  imd 
**  Mathematifiche  Theorie  der  DifEraotiony"  Math.  Annalen,  Bd.  ZLvn.,  1806. 
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Certain  Ooncomiiant  Determinants,     By  J.  W.  Russell,  M.A» 

Received  and  read  April  8th,  1897. 

1.  The  object  of  this  note  is  to  give  a  simple  proof  of  the  invariancy 
of  certain  differential  operators,  viz.,  in  the  case  of  binary  qaantics  of 


d     d 

dx^'    dy^ 

» 

d        d 

dajj'    dy^ 

d"      ^ 


cP 


dx\ 

dxidy^' 

^y\ 

<? 

d^ 

(? 

(ir, 

dx^dy^ 

^y\ 

(P 

c? 

d} 

rf.r 

dx^dy^ 

^y[ 

the  constituents  of  any  row  in  the  general  case  being  the  several 
terms  in  the  expansion  of 


( 


dx      dy 


dz^'"l  ' 


Calling  these  operators  A^,  A„  . . . ,  it  is  shown  that  A^  gives  us  in 
the  form  of  a  determinant  a  covariant  of  any  quantic,  which  reduces 
in  the  case  of  a  2n-ic  to  the  catalecticant.  It  is  then  shown  that,  to 
some  extent,  we  can  operate  on  A^  with  several  lower  operators  of  the 
same  form,  so  that  the  result  may  still  remain  a  determinant.  It  is 
hoped  that,  in  this  way,  many  old  theorems  may  be  proved  more 
easily,  and  that  possibly  some  new  facts  may  be  obtained  which  have 
hitherto  escaped  notice. 

2.  To  show  that  the  determinant  whose  successive  rows  are  made 
up  of  the  several  terms  in  the  expansions 


\dx-i      dxi  dxj 

)    «2i 


(£--— ^ 


dx^  '  dxi dx„ 


is  a  covariant  of  the  5-ary  quantics    ti,,  u„  ...  tt„   where  r  is  the 
number  of  terms  in  each  of  these  expansions. 
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For  brevity,  take  the  very  simple  case  when  n  =  2  and  5  =  2. 
Then  we  have  to  prove  that 

d^u      d^u       cPu 
da^  '    d^dy '    dy^ 

d?v       d^v       (Pv 
da^  '    dxdy '    dy* 

d^w      d}w      d^w 
da^^    dxdy^    d'^ 

is  a  covariant  of  the  binary  quantics  n,  v,  and  w. 


First  Method. — Let  — -  operating  on  u  be  denoted  by  Oj,  on  v  by  Oj, 

dx 

and  on  w  by  «, ;  so  let  —  be  denoted  in  these  cases  by  6,,  fe„  fej ;  then 
the  operator 


=  —  (oifej  — eiofeOCajfc,— a8fej)(ajfe,— 0163), 


as  we  see  by  considering  the  identity 


1,   a,    a' 

;  1,  P,  P' 
1,  y,  / 


=  (a-i3)(/3-y)(y-a). 


Hence  the  operator  is  invariant ;    and  therefore   produces  a  co- 
variant. 


Second  Method. — Since 


and 


d    J  d    i  J'  d 

dX  dx         dy^ 

d    J^  4.     '_^ . 

dY  dx         dy' 


therefore  A\  =  (la,  + 1%)'  =  fa]  -f  2lVa,  h,  + 1% 


/      /i2 


A^Bi  =  (Zai  +  rfe,)(mai  +  m'6,)  =  Ima^-k- (Im' -^Vm)  a,6,  +  ZW6j, 
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and  80  on.    Henoe 

A,  A",,  If, 

, 

A^".  s; 

jj,  j.«„  j; 

multiplying  rows  by  mmi, 

= 

4  «A,  H 

X 

P.       2ir. 

r 

4«,V^ 

Im,     l«i'+rm. 

Cm- 

4.  a,^.  K 

m'.      2mm', 

m- 

[Apia  I 


I 


Hence  (see  Prof.  Elliott's  Algehra  of  Qttantia,  §23)  the  operator  i 
iovnriaJit ;  and  therefore  producer  a  covariant. 

The  Grflt  method  applies  onlj  to  binarjr  qaantics,  and  bIiowb  d 
that  i,  is  equivalent  to  12  .  23 .  51 ..,,  where  every  number  from  1  ( 
n  +  1  is  taken  with  every  other.     The  second  method  applies  in  a: 

A  particular  case  arises  when  all  the  quantics  are  of  the  vf^  order 
in  this  case  we  f^t  a  joint  invariant. 

AIbo,  since  a,,  6„  ...,  are  any  contragredient  quantities,  we  tna 
replace  one  row  by  (f+ij +  ...)',  op  in  the  case  of  binary  qnantics  fa 

(— y+aj)".     In  the  latter  case  we  may  also  replace  [ 1"  —  1  w  i 

„y„w  by  (-  +  -). 

Notice  that  we  have  indirectly  proved  an  interesting  algobrai 
identity,  viz.,  that  the  determinant  whose  first  row  consists  of  tl 
coefficients  in 


',)". 


and  whoee  second  row  of  those  in 

(;,«,  +  i,ii  +  ...)"-' (m,^,  +  in, *■,  +  .. .)- 
and  80  on,  the  general  row  being  given  by 

(i,:r-,  +  ...)'Kj^  +  . ..)'(»,»,  +  ...)■..., 
where  X+*i +v  +  ,..  =  n, 

is  a  power  of  the  determinant    ]  /jjji,n, ...  |  . 

This  is  proved  directly  for  the  case  5  =  2  in  Prof.  Elliott's  Algebr 
of  Quantia,  §  16. 
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3.  To  prove  that  the  determinant  whose  successiye  rows  are  made 
np  of  the  several  terms  in  the  expansions 

(Ay  (A^A.+      +— Vti 
\dxi/    \dxi      dx^     '"      dxj 

\dxj       \dxj  \dxy^      dx^  dxJ 


where  the  multipliers  (t— )  ,   f^"")       (j~)'***  ^®P®**  *^®  terms  of 

1^;—  +  3— +...)  ,  is  a  covariant  of  the  g-ary  qnantic  u. 

For  brevity,  consider  the  very  simple  case  when  n  =  2  and  g  =  2. 
Then  we  have  to  show  that 


d^u 

d^u 

d*u 

d^'' 

da^dy' 

dst'dy' 

d^u 

d*u 

d*u 

da^dy 

da^dy*' 

dxdi^ 

d*u 

d*u 

d^u 

da^dy^^     dxdy*^        dy* 


is  a  covariant  of  u. 


Consider  first  three  quantics  u,  r,  w.  Then  the  following  operator 
is  invariant,  viz., 

Oji   Oitj,   6,  I  =  A,. 

f 

Take  the  first  element  a^.a^h^.b^  of  this  determinant;  and 
multiply  the  first  row  by  04,  the  second  row  by  0,6,,  and  the  third 
row  by  fej.     We  get 

aJa,6,fejA,  = 


2 


4 

c^b,, 

^h\ 

a%, 

0,6  J 

<hhl 

^: 

Next,  multiply  A,  in  the  same  way  by  the  element  got  by  inter- 
changing the  first  and  second    rows,   viz.,  o,.  0461.6,,  having  first 
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interchanged Jthe  same  two  rows  in  A,.     We  get 


9  2 


a, 


a,6„     a,6, 
<^6i,     aj6p     ai6i 

Proceeding  in  this  way,  and  noticing  that  in  each  case  the  inter- 
changes are  the  same  and  therefore  the  sign  of  the  element  is 
correct,  we  finally  obtain,  by  permuting  every  two  rows  and  adding, 
the  identity 


4               8i              2i2 

^*  =  s 

a,6„     a,  6,,     a,  5, 

1  a,5„     Ojbj,      5, 

Hence  this  sum,  when  operating  on  UiU,ti„  giyes 

d*Uj            (i*M,           dSii 

5 

d*Uf           c?*tt,          d^u^ 
da?dy'     d^d'^'     dxd'i^ 

is  a  covariant  of  u„  «,, 

d^u^ 
da^dy 

Now,  on  putting  u,  =  ti,  =  U3  =  n,  each  of  the  determinants  included 
in  the  sum  becomes  identical  with  the  given  determinant,  which  is 
therefore  a  covariant  of  n. 

Notice  that  this  covariant  is  12^ .  2o  .34  ...  for  a  binary  quantic. 

If  the  quantic  u  is  of  the  2?*"*  order,  the  covariant  reduces  to  what 
we  may  call,  by  analogy,  the  catalecticant  of  the  g-ary  2n-ic,  which 
is  therefore  an  invariant. 

4.  We  have  just  shown  how  to  express  A^  x  A^  as  a  determinant. 
We  shall  now  proceed  to  show  how  to  operate  on  A^  with  A„_i.  For 
brevity,  take  a  very  simple  example,  viz.,  to  show  that 


is  a  covariant  of  n. 


d^' 

da?dy^ 
2^, 


da^dy^ 

d^u 
dxdy*^ 


dxdy^ 
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We  haye  seen  that 


cPu       cPu        cPu 
dx^^     dxdy^     dy^ 

d^v        d'v        cPv 


dx'' 


dxdy '     dy 


-^y, 


X 


or 


2 

(hK 

b\ 

2 

(hK 

h\ 

y". 

— «y, 

«• 

tit; 


(=  A,  say) 


is  a  coTariant  of  u  and  v. 
Consider  Aj  = 


Take  the  first  element  of  A^,  viz.,  aj .  &„  and  multiply  the  first  row 
of  A  by  aj,  and  the  second  row  by  6,,  permute  the  first  and  second 
row  in  each  determinant,  and  add  the  results.     Then,  as  before, 


tit;. 


A^ .  A  =  5 


3  2  2 

a,6„     0,6,,       5, 

Now  put  ti  =  V,  and  we  obtain  the  theorem  stated. 
Similarly,  we  get  a  concomitant  of  any  binary  quan tic,  viz.. 


(P-' 


tt 


dx 


2.-1 


ds^^-^dy ' 


(?--> 


ti 


c2aj^-'(«y ' 


r, 


fi?, 


where  £,  t?   are    any   contragredient    quantities.       As  a  particular 

case,  we  may  replace  £,   ly  by  — ,  — .     Thus  we  can  replace  the 
last  row  by  ^ 

(Tv        d^v 


da?"*    daf^y^ 

where  again  we  may  replace  v  by  ti. 

2f2 


1 
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As  ti  18  a  binary  qaantic,  we  may  also  replace  ^,  iy  by  -- ,  —  ,  or 

,  dx     ay 

by  — y,  X,  ^ 

The  theorem  in  the  case  of  a  g-ary  qnantic  is  that  the  determinant 

whose  successive  rows  are  the  terms  of 

(Ay  (A.^JL^     +— V*w 
\dxif       \dxi      dx^      '"      dxj 

\dx^l       \dxml  \dx^      dx»      *"      dx^l 


(d  \**"^    /  d  \**"'  d 
3^)     >  (j~)       3—,  ...  consist  of  the  terms 
oa^/         \dxi/       dXf 

(d  d  \n-l 

-—-  +  -; — h ... )       ,  the  rest  of  the  rows  being  the  terms  of  such 
dx^      dxi  I 

expansions  as   (f^-l?^-...)^  where  ^,1?,  ...    are   any  contra^^dient 

quantities,  is  a  concomitant  of  u.     We  may,  of  course,  replace  any 

row  (f+ J? +...)"  by   (3— +  3 — h...)   t*,    and  so  obtain  a  joint  00- 

\dxi      dx^  I 

variant  of  several  quantics. 

5.  The  above  result  is  obtained  by  operating,  say,  with  A^-i  on 
A„.  Other  theorems  may  be  obtained  by  operating  with  ^^-r  on  A^. 
For  example,  to  prove  that 


d^MI, 


d^u 


d'u 


dSi        

dx*'      dafdy'     da^dy"'     dxdy" 

d^u         d^u  d^u  dSi 

dy* 

-at* 


dsi^dy    ds?df    dxdy"' 

d?u        _flPi*  _       _^^ 
cZaj''        da?dy  '     dxdy' 

y*,        — a^y,        ajy*, 

is  a  covariant  of  any  binary  quantic. 
Start  with  the  invariant  operator 

a,,     a^bi,     OiDj,     0, 


3 

s 


a 


V 


K 
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and    operate  with    (aitj  — a,6,)  ;    afterwards  put  Wj  =  i*,  =  tt,,  and 
finally  replace  the  last  row  by  the  terms  of  (y— «)'. 

6.  We  shall  next  show  how  to  operate  on  A„  successively  with 
operators  of  the  same  kind.     Take  a  simple  example. 

To  prove  that 


d*n 

d*u 

d*u 

d*H 

dx'' 

da^dy' 

'dx*dt^ ' 

dxdt^ 

d^u 

d'n 

d*u 

d*u 

da^dy 

dx'dy'' 

dxdj^^ 

dy' 

J*v 

d*v 

d*v 

d^v 

do"*' 

da^dy' 

dx'dy'' 

dxdA^ 

d^v 

d*v 

d'v 

d'i> 

da^dy^     dx^dy*^      dxdr^^       dy^ 

is  a  CO  variant  of  any  two  binary  quantics. 
Start  with  the  invariant  operator 


3 
Oil 

2, 

a,6j, 

K 

• 

S 

2r 

0,6,, 

K 

3 

2, 

(hK 

K 

3 

2, 

,2 

K 

[ai6,- 

-aj6i)- 

This 

gives  1 

4 

3r 

2r2 

a,b, 

<^6„ 

2  L2 

«l&r 

K 

3 

(^iK 

(hK 

K 

3 

<hK 

,2 

\ 

^: 

where  2  means  the  sum  of  the  determinants  obtained  by  permuting 
the  subscripts  1  and  2. 

In  this  put  Uj  =  u,  =  u  ;  then 

a\      a%      aV,     aV    u 

a%      a%\     ah\        6*    u 


a 


4> 


0\K        tti^I*         ^4 


Uj 
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is  a  covariant,  where 


I    a\      a%      aV,     aV  \  u 


is  an  abbreviation  of 


and  so  on. 


Now,  multiply  by  (0364— a^  6,),  and  put  t*,  =  1*4  =  v,  and  we  get 
the  theorem  stated. 

If  we  start  with  A^,  we  get  similarly  a  covariant  of  two  binary 
qnantics  which  reduces  to  a  joint  invariant  in  certain  cases. 

7.  In  a  similar  way,  we  may  obtain  joint  co variants  and  invariants 
of  several  binary  quantics.     For  example, 


or 


»;. 

<hK 

3,4 

2,» 

aj6i, 

4,2 

3,4 

2r« 

0,6, 

5iS 

a% 

2tS 

Olbj, 

2>; 

4 

a,6„ 

4,2 

a,6„ 

StS 

a|6 

a,6„ 

a,6„ 

a'6j. 

a,  6  J, 

a,  6 J, 

i\ 

< 

a,6„ 

a,6„ 

««2>j. 

K 

gives  us  a  joint  covariant  of  three  binary  quantics,  and  also  a  joint 
invariant  of  a  binary  7-ic,  a  binary  6-ic,  and  a  binary  5-ic. 

We  can  also  extend  the  method  to  quantics  in  several  variables. 
For  example, 

3  2r  2  1.2  r  2 

ttj,       ttjOi,       ttiCj,       a^b^,     OiOiCi,     OiCy^ 

2  ,  2  r«  r     2  3 

ajCi,     OiOjCi,     OiCj,       ftjC,,       OjCj,       Cj 

3 

v4  M  ••«  •••  •••  •••  ••• 

U'A  C/a  •       •••        •••         •••         •••        ••• 

2 

U'A  ^^)  >••  •••  •••  •••  ••• 

gives  a  joint  covariant  of  two  ternary  quantics,  and  a  joint  invariant 
of  two  ternary  cubics,  as  we  see  by  operating  upon  the  determinant 
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operator  derived  from   (a +  6  +  0)'  successively    by     |  flti^j^s  |    and 

Similarly,  by  starting  with  the  determinant  operator  derived  from 
(a+5  +  c)',  which  is  of  the  tenth  order,  we  can  obtain  a  joint  co- 
variant  of  any  three  ternary  qnantics,  and  also  a  joint  invariant  of  a 
ternary  quintic,  a  ternary  quartic,  and  a  ternary  cubic,  viz.,  by 
operating  with  the  operator  derived  from  (a-H6-fc)*  on  the  first 
six  rows,  with  the  operator  |  07680^  |  on  the  next  three  rows,  and 
leaving  the  last  row  unaltered. 


Note  on  the  Potential  of  Rings.     By  A.  L.  Dixon. 
Received  and  read  April  8th,  1897. 

In  a  paper  recently  read  before  this  Society,*  Dr.  E.  W.  Hobson 
gave  the  following  result,  viz.,  that 

(where  the  integral  is  taken  for  all  real  values  of  the  {'s  which 
make  1 — 2  -^  positive  or  zero  j 

_  mn(X-l) 


°(?)°r-i^+^ 


Jir*"aia,  ...  a„  I    — 

-Ij  -""o 


(fi-m)-l 


JJHn'-m)^X~l 


{ 


X  U  + 


UOD 


crVI>» 


+ 


2.n— m+2X      2.4.n-m-f  2\  .  n— W+2X+2 

TPff"!/ 

2.4.6.n— w-f2\.n-m-f2X  +  2.n-m+2X-h4 

2  2  2 


+ 


...} 


•  FroeeedingSy  Vol. 


.,  p.  624. 
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P  =  {{a\-^e){a\-^e){a\^e)  ...  (0?.  +  ^)}*, 


17=1- 


:] 


x^ 


2 

Xn 


V 


a\^e    a\^e'"(ii^e     o  ' 


a,      cur,         a.      cu;.  a.      oa;. 


^« 


and  Oq  is  the  positive  root  of  CT  =  0. 

Bj  interpreting  a^x^ «..  £i£| ...  geometrically  as  Cartesian  coordi- 
nates in  space  of  n4-l  dimensions,  Dr.  Hobson  deduced  many 
interesting  results  as  to  the  potentials  of  '^  ellipsoids  "  and  *'  ellips- 
oidal discs."  The  object  of  the  present  communication  is  to  show 
how,  by  a  somewhat  curious  geometrical  interpretation,  these  results 
may  be  extended  to  the  determination  of  the  potential  at  any  point 
on  the  axis  of  rotation  of  an  "  ellipsoidal "  ring,  by  which  I  mean  a 
solid  formed  in  space  of  n+1  dimensions,  by  the  rotation  of  an 
"  ellipsoid  "  of  n  dimensions  about  a  line  parallel  to  one  of  its 
principal  axes. 

It  will  be  sufficient  to  confine  the  investigation  to  space  of  three 
dimensions  ;  the  generalizations  that  can  be  made  after  the  manner  of 
Dr.  Hobson*s  paper  will  be  obvious. 

The  equation  of  a  ring  of  elliptic  section,  the  circular  axis  of 
which  is  a  circle  of  radius  c,  is  obviously 


a'  ^  6*  "    ' 

the  axis  of  rotation  being  the  axis  of  z,  and  the  centre  of  the  circular 
axis  the  origin. 

Write  r  for  v^a^+yS  and  p  for  r—c. 
An  element  of  volume  is 

2'irr  dr  dz     or     2ir  (p  -|-  c)  dp  dz, 

and  the  potential  at  any  point  z'  on  the  axis  of  rotation  is 

[[      lirrdrdz      C ,       {r^cY       z"  Y'^  . .      ^ 


where 


{ 


{r-cY       z" 


a* 


9    'J   X-1 
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is  the  density  at  sach  point  of  the  ring.     Now,  patting  p  for  r—c, 
this  becomes 


2ir 


which,  by  Dr.  Hobson's  transformation,  is  equal  to 


n(f)n(x.f) 

17(92) 


IP^P' 


^r''"2.2X+2-m  ■  2.4.2X+2-m.2A+4-i» 


•■•)(^-) 


where 


17=1- 


a^^e     h'-^-e' 


and  p  is  pnt  equal  —  c,  and  z  to  /  after  the  operations  D,  D*,  &c.,  have 
been  performed. 

For  instance,  taking  m  =  1,  X  =  1,  -F  =  1,  we  have  as  the  potential 
at  any  point  on  the  axis  of  a  ring  of  elliptic  cross-section  and  of 
uniform  density — the  law  of  attraction  being  that  of  the  inverse 
square  of  the  distance — the  expression 


or 


where  B^  is  the  positive  root,  and  B^  the  other  root  of  the  equation 

(a^  +  ^)  (6*  +  ^)  -  c- (6»  +  ^) -2^  (a' -h  ^)  =  0. 
Putting  a  =  6,  we  get 

and  the  potential  for  a  ring  of  circular  section  is 

J.,   (o'+(9)» 
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Putting 
where 

we  get 

which  is  the  same  as 

4M 


6=  (c«+««)d8«t*, 

4iM  [^ en* u  dn'  u  du 


l: 


37ryc'-f«» 


{(i-^)^-('->|. 


the  expression  found  in  Mr.  F.  W.  Dyson's  paper  "  On  the  Potential 
of  an  Anchor  Ring"  (Phil  Trans.,  1893,  A,  p.  58). 

For  a  density  — ,  we  get  for  a  ring  of  elliptic  section 


L  0»(a'+<9)(6'+<>)  ' 


and  for  a  ring  of  circular  section 


4ira> 


fcn*u 
0 


du  [ic'  =  aV(c«+z*)]. 


On  the  Deformation  of  a  Plane  Closed  Polygon  so  that  a  certain 
Function  remains  Constant,  By  F.  S.  Macaulay,  M.A. 
Received  April  2nd,  1897.     Read  April  8th,  1897. 

We  use  the  term  deformation  in  the  general  sense  of  change  of  shape. 
By  a  plane  closed  polygon  we  mean  one  whose  complete  boundary  can 
be  continuously  traced  by  a  point  starting  from  any  vertex  and  ending 
at  the  same,  no  finite  part  being  traced  twice,  except  where  it  may 
happen  that  one  part  of  the  boundary  coincides  with  another  part. 

In  thus  tracing  the  boundary  the  sides  are  traced  in  order.  Each 
side  has  a  definite  magnitude  and  direction,  the  direction  namely  in 
which  it  is  traced.  Changing  the  order  of  the  sides,  without  altering 
their  magnitudes  and  directions,  gives  rise  to  a  new  closed  polygon, 
for  which,  however,  the  function  considered  below  remains  constant. 
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We  shall  use  the  term  double  segment  for  a  closed  rectilineal  fignre 
which  has  only  two  yertices,  and  consequently  two  equal  and  opposite 
sides. 

We  suppose  the  lengths  of  all  straight  lines  to  be  positive,  so  that 
the  lines  BC^  OB  differ  only  in  direction,  not  in  magnitude  or  sign. 
We  shall  denote  points  by  capital  letters  .4,  5,  0,  ... ;  and  lengths  of 
lines  either  by  small  letters  a,  6,  c,  ... ,  or  by  capitals  BG^  GA,  .... 
Also,  if  a,  BG  are  the  lengths  of  lines  with  definite  directions,  we  use 
the  notation  (a),  {BG)  for  a.e"*,  BG.e**,  where  0,  ^  are  the  inclinations 
of  the  lines  a,  BG  respectively  to  a  fixed  arbitrary  line  in  the  plane. 
Thus,  U  A,  B,  G  are  any  three  points,  and  a,  /3,  y  the  angles  that 
BG,  GAy  AB  make  with  the  fixed  line  or  axis,  we  have 

(BA)  =  {AB)  c*  =  -  (AB), 

and  {BG)'\'{GA)'\-(AB)=:BG.e'*'{-GA.e*^-\'AB.e'' 


=B(7cosa-f(7-4co8^-f^Bcosy-ft-BOsina-|-C7-4sin/3  +  ^5siny  =  0. 

Hence,  if  0  be  any  fixed  origin  in  the  plane,  we  have 

(50)  +  (0-A)  +  (J5)=0, 

or  (AB)  =  (OB)  -  (OA),  (1) 

since  (BO)  =  —(05),  from  above. 

Similarly  for  any  number  of  points  A,  B,  ,,,  H,  K,  we  have 

(AB)  +  (BG)  -f ...  4-  (HE)  -f  (JTJ)  =  0 , 

and  all  the  geometrical  properties  of  a  figure,  involving  lengths  of 
lines,  are  expressible  in  equations  of  this  type. 

In  saying  that  two  triangles  ABO,  A'B'G'  are  similar,  we  mean  not 
only  that  the  angles  A,  B,  G  are  equal  to  A\  B',  0'  respectively,  but 
also  that  the  rotations  denoted  by  ABG,  A'B'G'  are  in  the  same  sense, 
both  positive  or  both  negative.  When  such  similarity  exists  it  is 
clear  that  the  ratios  (BG)  :  (B'G'),  (CA)  :  (G'A'),  (AB)  :  (A'B')  are 
all  equal.  Also  the  sufficient  condition  for  the  similarity  is  that  two 
of  these  ratios  are  equal.     For,  if 

(BG)  :  (B'G')  =  (0^)  :  (G'A'), 
then  5C.C-  :  5'C'.e-'=  GA.e^  :  G'A'.e"^ ; 

therefore  ^7^  cos  (o — a)  =  -^—,  cos  (fi — ^')> 

and  ^7^,  sin  (a  -  a')  =  ^-  sin  (/3  -  ^')  ; 


AA,A, 

1!  X  JI 


Mr.  F.  S.  Macaulay  on  the 


[A.pril  8, 


therefore 
and 


BC        GA 


a-a'=/3-/3'  +  2nir; 


SC  CA 

the  solution  -— — ;  =  —  -^  being  inadmissible,  since  all  lengths  are 

positive.  Hence  the  triangles  ABC,  A'B'C  are  similar  in  the  complete 
sense. 

By  means  of  the  formula  (1)  we  can  write  the  condition  for  the 
similarity  of  the  triangles  ABC^  A'SC  in  either  of  the  symmetrical 
forms 

{OA){B'Cr)-\-{OB){aA)-\-{OC){A'B:)  =  0, 

iOA')  {BO)  -f  (OB')  {CA)  -f  {00')  {AB)  =  0.  (2) 

The  same  condition  may  also  be  given  in  the  forms 

1     {OA)     {O'A')  '  =  0,         I  {BO),     {OA),     {AB)      =  0, 

I     {OB)     {O'B')  I  I'  (J5'0'),  iCA'),  {A'B') 

1     {00)     {O'O') 

the  two  equations  involved  in  the  last  form  being  equivalent  to  only 
one. 

Similarly,  in  saying  that  the  triangle  (a),  (6),  (c)  is  similar  to 
P(2B,  we  mean  that  the  angles  opposite  (a),  (fe),  (c)  are  equal  to  the 
angles  P,  Q,  It  I'espectively,  and  that  the  rotations  denoted  by  (a), 
(b),  (c)  and  PQB  are  in  the  same  sense.  The  condition  for  the 
similarity  is  the  same  as  above,  viz. : 

(P)(«)-H(2)W  +  W(C)  =  0, 

where  (p),  (g),  (r)  stand  for  {OF),  (OQ),  {OB)  respectively,  0  being 
any  fixed  point  in  the  plane. 

The  general  property  of  closed  polygons  which  we  give  below  can, 
in  the  cases  of  the  triangle  and  the  quadrilateral,  be  proved  by 
elementary  geometry.  The  property  of  the  triangle  is  probably  well 
known,  and  possibly  also  that  of  the  quadi'ilateral.  These  two  cases 
may  be  enunciated  as  follows : — 

If  ABO,  PQB  he  any  two  triangles,  and  on  the  sides  of  ABC  three 
other  triangles  BP'O,  OQ'A,  A  WB  he  described  similar  to  QPB,  BQP, 
PKQ  respectively,  then  the  pairs  of  lines  AP\  QB,  and  BQ',  BP,  and  0B-, 
PQ  have  one  and  the  same  product,  and  are  equally  inclined  to  one  and 
the  same  line.     More  definitely, 

iAP'XQB)  =  (BQ'XBP)  =  (CB'KPQ). 
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If  ABCD,  PQBS  be  any  two  quadrilaterals^  and  triangles  AP'B, 
BQX,  GR'D,  D8'A  he  described  similar  to  QPS,  BQP,  8BQ,  P8B 
respectively,  then  the  pairs  of  Uties  P'B\  Q8,  and  Q'8\  PB  have  the  same 
product,  and  are  equally  inclined  to  the  same  line,  or,  in  symbolic  notation, 

(P'B'XQ8)-^(Q'8')(PB)  =0. 

"We  have  here  only  partly  enanciated  the  theorem  for  the  quadri- 
lateral ;  the  complete  theorem  is  obtained  by  combining  it  with  the 
preceding  one. 

The  general  theorem  for  any  closed  polygon  is  as  follows : — 
Let  (oj),  (a,), ...  (a„)  be  the  sides  of  any  closed  polygon  taken  in  order 
to  which  correspond  respectively  any  n  given  points  8i,  8^, ..,  S„.  On  any 
side  (ap)  of  the  polygon  describe  a  triangle  similar  to  8p^i8p8p.i,  the 
side  (ap)  being  hoTnologous  to  the  side  <S(p*j  /S[p_i ;  and  deform  the  polygon 
by  mxmng  the  two  vertices  on  the  side  (ap)  up  to  the  vertex  of  the  triangle, 
without  displacing  any  other  vertices.  We  thus  obtain  a  new  closed 
polygon  whose  sides,  taken  in  order,  are 

(a,),  ...  (ttp.,),  (a^_i),  (a^^i),  (<!,,♦»)  •••  («»)» 
corresponding  respectively  to  the  points 

By  applying  a  similar  process  to  the  new  polygon,  and  continuing  it,  we 
finally  arrive  at  a  double  segment  whose  sides  HK,  KH  correspond  to  two 
of  the  points  8,  say  Sq,  S^.  Then  the  lines  HK,  8g,  Sr  have  a  fixed 
product  and  are  eqtiaUy  inclined  to  a  fixed  line. 

Thus  the  ratios  and  inclinations  of  the  \n  (n—1)  double  segments 
which  can  be  derived  from  the  polygon  (a,),  (a,), ...  (a„)  depend  only 
on  the  relative  positions  of  the  points  8i,  S„  ...  S„  ;  i.e.,  they  in  no  way 
depend  on  the  polygon  from  which  they  are  derived.  To  complete 
the  theorem,  one  other  property  remains  to  be  mentioned : — 

If  the  vertices  H,  K  of  one  of  the  double  segments  coincide,  the  same 
will  be  true  of  any  other  double  segment,  and  in  this  case  any  triangle 
derived  from  the  polygon,  whose  sides  correspond  to  Sp,  8q,  Sr,  will  be 
similar  to  the  triangle  Sp8f8r- 


Sp 


Sp^^' 


0 
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To  prove  the  theorem,  we  take  any  fixed  point  0,  and  consider  the 
function    2  (a«)(0<S,«),  or  2  («m)(a«)>  where  {s^  stands  for  (08 J), 

This  function  remains  the  same  wherever  0  is  taken.  Let  LM,  MN, 
NB  be  the  sides  (a^-i),  (op),  (a,+i)  and  ifP^the  triangle  similar  to 
Sp+i  SpSp.i  described  on  the  side  (a,).  Then  from  these  triangles  we 
have,  by  (2), 

(s,_0(MP)  +  (s,){NM)  +  {s,.,)(PN)  =  0, 
or  (s,,0(MP)  +  (8,^0(PN)  =  (s,)(MN)  =  (.,)(a,). 

Adding  («p-i)(aj,_i)4-(«p*i)(ap^,)  to  each  side,  we  have,  by  (1), 

(Vi)K-i)4-(Vi)W«)  =  (Vi)(a/»-i)  + (OK)  +  (Vl)(«l»M)• 
Th^s  the  function  2  (O  {dm)  does  not  alter  when  LMNB  is  replaced 
by  LPB.  In  fact,  if  PM'N'  is  any  triangle  similar  to  PMN,  the  value 
of  the  function  2  (««)  (a,„)  remains  constant  when  LMNB  is  replaced 
by  LM*N'B ;  and  when  the  triangle  PM'N'  is  made  to  vanish  the 
term  («^)  (a^)  also  vanishes,  and  disappears  from  the  function.  Hence, 
if  we  continue  the  reduction  until  we  arrive  at  a  double  segment 
whose  sides  HK",  KJE  correspond  to  «„  Sr  respectively,  we  have 

{s,){EK)^{8r)(KH)  =  2  M{a^), 

or  {(O- W] (HiT)  =  2  (OK), 

or  (HK)(8,8r)  =  —  2  (««)(««)  =  constant. 

This  proves  the  theorem.  It  is  clear  that  a  double  segment  cannot 
vanish  unless  2  (Sm)(0'm)  vanishes,  assuming  that  none  of  the  points  8 
are  at  infinity.  If  2  (O  (^m)  vanishes,  every  double  segment  vanishes, 
and  in  this  case,  if  the  reduction  of  the  polygon  be  carried  down 
to  a  triangle  ABCy  whose  sides  correspond  to  8py  8q,  8ry  then 

(«,)(BC)  +  (s,)(CA)  +  (»rXAB)  =  0, 
so  that  the  triangle  ABC  is  similar  to  SfSfS,. 
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On  Cubic  Curves  as  connected  vnth  certain  Triangles  in  Perspective. 
By  Sakusl  Bobbbts.     Received  and  read  May  13th,  1897. 

1.  Consider  a  triangle  A'B'C  in  perspective  with  the  triangle  of 
reference  ABO,  the  connectors  AA',  Bff,  00'  meeting  in  0,  the  centre 
of  perspective  (or  homology).  The  coordinates  of  the  vertices  A'y 
ff,  (j  may  be  supposed  proportional  to 

^^    y,     K^^ 

-where  x,  y,  z  are  the  trilinear  coordinates  of  0. 
Write  X,  y\  z  for  the  coordinates  of  A' ;  then 

X        OB'     y        z        AO' 
B  being  the  point  in  which  AO  meets  the  side  of  ABO  opposite  A, 
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Hence  we  have 


and  hi  is  the  anharmonic  ratio  of  the  range  AA'OD  ;  in  like  manner 
A„  A,  are  the  anharmonic  ratios  of  the  ranges  BB'OE,  OG'OF,  if  E, 
F  are  the  points  in  which  BO,  GO  meet  the  sides  of  ABO  opposite 
to  JB,  0. 

2.  Take  other  three  points   A'\  B'\  0"  whose  coordinates  are 
proportional  to 

(Xj,  Yj,  Z,), 

respectively,  and  let  the  triangle  A''B''0"  be  in  perspective  with  the 
triangle  A'B'C\  corresponding  vertices  being  denoted  by  the  same 
letters.  If  a,  /J,  y  are  the  coordinates  of  the  centre  of  perspective, 
the  following  conditions  hold : — 


xlH{yY,-pZ,)+y     (aZ.-yZ,)+«     (/BZ.-aY,)  =  0, 

X   (yr,-j3z,)+y^(<»^i-y-^j)+«   (/3x,-ar,)  =  0, 

X     (yr,-/3^,)+y     (a^,-yX,)+2^03Z,-ar,)  =  O. 


(1) 


1^  ^>  ^  ^  tu'e  constant,  the  eliminant  with  regard  to  a;,  y,  z,  equated 
to  zero,  gives  a  cubic  locus.     The  equation  in 

y'a  {z,r,r,  Wi^-h,) + x.r.r,  (i  -  a,)  +  x,r,r,  (i  -\) } 

-0'a  {X,Z,Z,(h,\h,-k,)  +  X,Z,Z,il-h,)  +  X,Z,Z,  (1-/1,)} 
+  a«/3  {  r,Z,^,  (Jhh,h,-h,)  +  Y,Z,Z,  (l-A,)  +  T,  Z,  Z,  (1  -  A,)  } 
-y»^  {X^,Y,(hMi-h)  +  XiX,y»i^-h)  +  X,X,Y,  (1-h,)} 
+P'y  {X,X,Z,  (hJ^-h{)+X,X,Z,  (l-h,)  +  X,X,Z,  (1-^)} 
-a'y  {  Y,Y,Z,  (A,AA- h)  +  y.r.Z,  (1-70  +  r,r, Z,  (1-h,) ] 
+afiy{(X,Y,Z,-X,Y,Z,XhM,-l)  +  (X,Y,Z,-X,Y,Z,)h, 

+  iX,Y,Z,-X,Y,Z,)  A,  +  (X,r,Z,- X,Y,Z,)  h,]  =0.  (2) 

The  curve  passes  through  the  vertices  of  the  triangle  of  reference, 
and  also  [as  the  form  of  (1)  shows]  through  those  of  the  triangle 
A"B"0'\ 

There  are  three  constants  A^,  ^,  h^  at  our  disposal  to  determine 
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three  other  points  on  the  curve.  Any  curve  of  the  third  degree  can 
therefore  be  represented  by  an  equation  of  the  foregoing  form,  since 
we  can  always  take  six  points  on  the  curve,  no  three  of  which  shall 
be  collinear.  In  this  case  there  are  ten  pairs  of  triangles,  and  we 
can  take  any  one  of  the  triangles  for  reference.  Moreover  the  corre- 
spondence of  vertices  may  be  varied.  If  we  include  collinear  triplets 
of  points,  the  numbers  of  possible  triangles  of  reference  will  be  so 
far  diminished. 

The  above  result  may  be  stated  thus  : — If  through  the  vertices  of 
a  triangle  ABC  a  variable  triplet  of  right  lines  concurrent  at  0  Be 
drawn  meeting  the  opposite  sides  in  D,  E,  F,  and  the  vertices  of 
variable  triangles  A'B'O*  be  determined  so  that  the  anharmonic 
ratios  of  the  ranges  AA'OJ)^  BB'OE,  OG'OF  are  constant,  the  locus 
of  the  centres  of  homology  of  such  of  these  triangles  as  are  in  per- 
spective with  a  fixed  triangle  A!'Bf'C  is  a  cubic  curve  through  the 
vertices  of  the  two  fixed  triangles. 

We  may  take  the  second  triangle  for  reference  and  represent  the 
same  curve  by  an  equation  of  the  same  form. 


(3) 


3.  Let  ^ia-hjBi/3  +  Oiy  =  0, 

^,a  +  J5,/3H.C,y  =  0, 
A«  +  ^si3  +  C',y  =  0, 

be  the  equations  of  the  sides  of  the  second  triangle  opposite  respec- 
tively to  the  vertices  A!'B^'G'  which  correspond  to  -4,  ^,  0. 

The  coordinates  of  the  intersections  of  three  straight  lines  through 
the  point  (a,  /3,  y)  with  the  sides  (3)  respectively  are  proportional  to 

_B^^ArC^y 


A, 


A 


/3, 


^g-f  Cay 

A^a^-BS 
C,       ' 

Now,  take  straight  lines  through  these  points  respectively,  and 
through  the  corresponding  opposite  vertices  of  the  second  fixed  tri- 
angle A!'B"C\    The  equations  are  of  the  form 


<jbc. 


<jbc. 
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For  brevity,  denote  Y^y  —  Z^fi  by  (Y^y)',  and  so  in  like  cases.     The 
condition  that  the  above  lines  shall  meet  in  a  point  is 

^(r.y)',  B,(r,y)'-Ay,     0,  (r,y)'  +  A/3    =0,     (4) 

^(Z,a)'  +  Ay,     B,(Z,a)',  0,(Z,a)'-Aa 

^,(Z,^)'-A^,    B,(Z,/3)'  +  Aa,      C(Z./J/ 

where  A  means  the  determinant 

X,T,Z, 

At,  Bt,  0,  are   (Y,^,)',   (Z, J,)',  (Z,Y,)',  respectively,  and  the  sets 
A„  Bf,  Of,  and  A^,  £„  C,  have  analogous  values. 

The  determinant  (4)  is  separable  into 

^.(r,y)',  B.(r,y)',   o.(r,y)' 

4,(V)',     B,(Z,ay,     0,(Z,a)' 

A,(x^y,  B,{xj3y,  o,(x^y 

A/3 


(a) 


+ 


-Aa 
0 


+ 


+ 


+ 


AiY.yy,     B,(r,y)', 

A,{Z,ay,    B,iz,ay, 

A,(Xjiy,  B,(x^y, 

0,   B,(r,y)',    o,(r.y)' 

Ay,    B,(Z,ay,  0,(Z,a)' 

-A/3,    B,(Zw8)'.  G,(X^y 

A(r,y)',     -Ay,  (7,(r,y)' 

^  (Z,a)',        0,  0,  (Z,a)' 

^  (X,a)',       Aa,  0,  (Z,a)' 

0,     B,(r,y)',         A/3 
Ay,     B,(Z,a)',     -Aa 
-A/3,     5,(X.|3)',       0 

^i(r.y)'.  -Ay,  A/3 
^(Z^)',  0,  -Aa 
^,(Z,/3)',      Aa,  0 


0>) 


ic) 


id) 


+ 

0,     -Ay,     0, 

(r.y)' 

Ay,        0,        0,  (Z,«)' 

(«) 

-A/8,       Ao.       C(Z^' 

+ 

0,       -Ay,       A^ 
Ay,         0,      -Ao 

2o2 

-A/3,  Ao,        0 

(hy 

if) 
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But  (e)  +  (/)  + (si)  gives 

av  (Y.r.z.+  r.r.z.)  -a'/3  (r,^,z,+r,z,z.) 

+  «)8y(Z,r,^,-X,r,^,)  +  2  ( T,y)'  (^.a)'  (Z,/3)'. 
Moreover  (a)  +  (6)  +  (c)  +  (d)  gives 

-2(Y.y)'(Z,a)'(Z,/3)', 
and  (^)  is  zero.     Therefore  the  net  result  is 

This  equation  is  the  same,  except  the  reversal  of  signs,  as  that 
obtained  from  (2)  by  making 

^  =  ^,  =  ^  =  0, 

and  the  new  variable  triangle  is  inscribed  in  the  second  triangle, 
while  the  locus  is  the  same. 


4.  The  foregoing  result  depends  on  the  following  geometrical 
theorem,  which  is  probably  known,  though  I  have  not  met  with  it : 
Given  two  triangles  ABC,  A'B'G\  and  three  right  lines  through  the 
vertices  of  AEG  concurrent  in  0„  and  meeting  the  opposite  sides  in 
D,  E,  F\  if  BEFy  A'B'C  are  in  perspective,  and  P  is  the  centre  of 
perspective,  right  lines  through  -4,  B^  0  concurrent  in  P  will  meet 
corresponding  sides  of  A'B'G'  in  points  D',  E\  F*  such  that  right  lines 
joining  these  points  to  opposite  vertices  will  be  concurrent  in  0,. 

Thus,  in  Fig.  1,  we  have 

AF  _  sin  APF  AP      BD  _  sin  BPD  BP      CE  _  sin  OPE  OP 
FB      Bin  FPB  BP'    DO      sin  DPO  OP'    EA     sin  EPA  AP' 

A'r     sin  BPO  A'P      Bjy      sin  EPA  B'P      CK      sin  FPB  ffP 


/-n) 


I'Tl' 


rS     Bin  CPE  BT'    UC      BinAPF  C'P'    EfA'      sin  BPD  A'P 


and  since,  by  the  theorem  of  Ceva, 

AF  BD  CE 
FB  DC  EA 


=  1, 


we  have  also 


A'r  B'U  G'E'  _  , 
rB  UC'  E'A' 
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Fig.  1. 

5.  It  appears  that  (2)  gives  the  same  equation  when,  instead  of 
being  zero,  ^,  h^y  h^  have  the  harmonic  value  —1.  In  fact,  the 
variable  triangle  and  the  centre  of  perspective  relative  to  the 
triangle  of  reference  then  constitute  a  quadrangle  whose  harmonic 
triangle  is  that  of  reference.  Thus  in  (Fig.  2)  a,  &,  c,  (2  being  the 
quadrangle,  the  right  lines  through  anj  point  P  and  through  a,  b,  c 
concurrent  in  P  meet  the  corresponding  sides  of  the  harmonic  tri- 
angle ABO  in  D,  E,  F,  and  right  lines  through  these  points  and 
corresponding  vertices  meet  in  0. 

6.  When  h^,  Ji^,  h^  are  made  equal  to  %  in  (2),  the  equation  becomes, 
after  division  by  1—^, 

(A'+ft){(r.y)'(Z,a)'(Z.|3)'} 

+  {(Z,ay  ( J,/3)'  (r,y)'+  (Z,/S)'  (r,y)'  (Z.a)']  =  0. 

The  function  multiplied  bj  h^-^K  equated  to  zero,  represents  the 
right  lines  joining  corresponding  vertices  of  the  two  fixed  triangles ; 
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the  remaining  function,  equated  to  zero,  gives  the  locus  for  j^  =  0  or 
—  1.  Thus  we  have  for  different  values  of  the  anharmonic  ratio  h 
a  sheaf  of  cubics  passing  through  the  same  nine  points  on  the  three 
right  lines  joining  corresponding  vertices  of  the  two  triangles. 


Eeo.  2. 


7.  If,  from  the  conditions  (1),  a,  /3,  y  are  eliminated,  instead  of 
X,  y,  z,  we  get  the  equation  of  another  cubic  locus. 

In  fact,  the  conditions  may  be  written 

a(yZ3-i5r,A,)H-/3(zX,^3-ajZ,)-f  y  («r,-yX,)  =  0. 

Now,  if  we  divide  the  left-hand  member  of  the  first  of  these  equations 
by  ^1,  it  becomes 

a  1  (:yZ,-zY,)+0  [z^  -xz,)  +y  («r,-y  |j)  =  0, 

practically  the  same  form  as  the  first  of  the  set  (I),   (a,  /3,  y)  and 

1      X 
(xj  y,  z)  being  interchanged,  and  -=— ,  -^  being  written  for  h^  and  Xi, 

Applying  the  same  remark,  mutatis  mutandis,  to  the  remaining 
equations,  we  can  derive  the  locus  when  a,  /3,  y  are  eliminated  from 
that  obtained  when  x,  y,  z  are  eliminated. 
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The  equation  thus  obtained  is 

z'x  {z,r.r,(i-^,*,)+z,r,r,  (fe,A,-fc.)+x,r,r,(v 


1)} 
1)} 


+  ... 


C(z,r,z,-A',r,^,)(i-A,A,A,)+(z,r.z,-z,r,z,)A,)  ^^  ,,. 
^■^  I        +(x,r,2r,-x,Y,z,)^+(x,r,^,-z.Y,z,)*.> 

The  coefficient  a;i/2;  here  is  the  same  as  that  of  a/3y  in  (2)  with  changed 
sign,  showing  that  this  term  disappears  from  the  two  equations 
simultaneously,  if  at  all. 

The  curve  passes  through  the  points  given  by 


i> 


^»» 


XT  ^S 


8) 


and  through  the  vertices  of  the  triangle  of  reference.  Of  course,  it  is 
the  locus  of  the  centres  of  homology  of  the  triangle  of  reference  and 
the  variable  triangle. 

8.  It  appears  from  (2)  and  (5)  that,  if  ^j  =  ^,  =  A,,  and  the  co- 
efficients of  a/Jy  or  an/z  vanish,  the  triangle  Al'S'CT  must  be  in  per- 
spective with  the  triangle  ABC,  By  way  of  introducing  this 
condition,  write 

A;,X,  r,  Z,  for  X„  Y^,  Z„ 
-^>  ^  Y,  Z^  „  Xj,  Yj,  Zj, 
-^»     Y,  /cjZ,    „      A  J,  Yj,  Zj. 


The  first  equation  becomes 


•  A, — ^1  A:,  ^  J + A:,  A;,  4- ^j } 


+  ... 


+  a/3yXYZ{(^,-fc,)^  +  (^,-^,)A,+  (fcj~^)A,}  =0;  (6) 

the  curve  now  passes  through  the  point  (Z,  Y,  Z),  a  seventh  point 
determined. 
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The  second  equation  becomes 

~i  •••         •••         •••         •••         •••         •••         ••• 

-VityzXYZ  {{h-lh)  K'\'(Jh-K)  K-^Qh-K)  K}  =  0,         (7) 

and  may  be  derived  from  the  previous  form  by  writing  -- ,  -—- ,  -— 

for  ^,  ^,  /i,,    -1. ,  ^ ,  -^  for  Ati,  Ar„  Ap,,  and  a?,  y,  «,  for  a,  ^,  y, 

Atj       A,      A, 

respectively,  and  vice  versa. 

The  coefficients  of  a/3y,  xyz  vanish  for 

Aj  =:  ^  =  A|    or    k^^zh^z^Tc^, 

If  ^  =  ^  =  ^  =  0  or  -1, 

or  if  Ajj  =  A;,  =  fcj  =  0  or  —  1, 

the  tangents  to  either  of  the  curves  (6)  and  (7)  at  the  vertices  of  the 
triangle  of  reference  meet  in  one  point,  and  the  equations  are  re- 
ducible directly  to  the  form 

which  I  formerly  treated  of  {Quarterly  Jcmrnal  of  Mathematics,  Vol.  v., 
pp.  54  et  seq.).  The  equation  has  also  been  the  subject  of  papers  by 
Michael  Roberts  (Q.  /.,  Vol.  v.,  p.  363),  by  Herr  Eckardt  ("  Ueber 
eine  gewisse  Classe  von  Curven  dritter  Ordnung,"  Schldmilch  Z,, 
XIII.,  pp.  263-6),  and  geometrically  the  same  curves  have  been  noticed 
by  Emil  "Weyr  ("Zur  Erzeugung  der  Curven  dritter  Ordnung," 
Wien,  Siizungsbenchte  der  KaizerL  Akad,,  LViii.,  pp.  633-44). 

It  would  not  be  convenient  to  restate  here  the  results  arrived  at  by 
the  examination  of  the  equation.  Maclaurin  gave  the  theorem  that, 
if  four  points  of  contact  of  tangents  to  a  cubic  curve  from  a  point 
thereon  are  given,  the  harmonic  or  diagonal  triangle  of  the  quad- 
rangle has  its  vertices  on  the  curve.  The  equation  in  question  shows 
that  the  converse  is  true.  The  form  is  possible  for  a  general  curve 
having  no   double  point,  but  it  is  not  possible  when  there  is  one 
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double  point.  Mr.  Michael  Roberts  gave  the  discriminant  in  the 
form 

^-^  =  ^-^^fe^  (4'-B')(4'-Cf)(B'-0'), 

where  m  is  a  cube  root  of  unity. 

The  equality  of  two  of  the  squares  -4*,  JB*,  0*  indicates  the  breaking 
up  of  the  curve   into   a  conic  and  right  line ;     the    other    factor 

a  fl  ^ ,  equated  to  zero,  also  breaks  up  the  curve. 
mnp 

Thus,  if,  in  (6),  we  make 

Afj  ^  kj  ^  lc^:=  —  1, 

and  ^^Aa+^i-^i-^  =  *i^,^-^  +  *f-Aj, 

or  hi=:  A„ 

we  get 

-(j;j,-a,+j,)|-(| --J)  =0, 

and  the  curve  consists  of  the  line 

Y       X 

and  the  conic 

the  line  passing  through  two  points  of  the  quadrangle  and  one 
vertex  of  the  harmonic  triangle,  the  conic  passing  through  the 
remaining  two  points  of  the  quadrangle  and  the  remaining  vertex  of 
the  harmonic  triangle. 

9.  A  case  will  now  be  briefly  treated  in  which  the  variable  triangle 
degenerates  into  a  triplet  of  collinear  points.  We  shall  suppose  a 
linear  transversal  to  meet  the  sides  of  the  triangle  of  reference  in 
three  points  (8). 

The  coordinates  of  these  points  may  be  taken  to  be  (0,  /3„  y,), 
(a„  0,  /3,),  (a J,  /3j,  0),  and  they  will  be  collinear  if 

a,/3,yiH-a,Ay,  =  0.  (9) 
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As  previously,  let  (Xi,  Y^  ZJ, 

be  proportional  to  the  coordinates  of  the  vertices  of  a  second  fixed 
triangle.  The  linear  segments  determined  by  the  points  (8)  will  be 
in  perspective  with  this  triangle  if  the  following  conditions  hold  : — 

a(/3,Z,-yirO+/3(y,XO-yAX,  =  0, 

-ay,Z,+/3  (y,X,-a,Z,)  +  ya,*J;  =  0, 

a^,Z,-/3a,Z,  +  y  (a,Y,-li,X,)  =  0. 

By  means  of  the  condition  (9)  we  can  eliminate  the  coordinates  of 
the  points  (8),  and  the  result  is 

{azj  i(ix,y  (y  r.)'-(/3x,)'  (yr,)'  (o^.)'  =  0. 

The  expanded  form  is 

a'  {{Y,ZJY,y+{Z,T,)'Z,p}  +/3'  {(Z,X,)'^,a  +  (^.Z,)'Z,y} 

=  0.  (10) 

If  we  place  the  two  fixed  triangles  in  perspective,  by  writing  for 

X,  Yi  Zj,  &e., 

KX,    Y,    z, 

X,    r,  kfZ, 

the  equation  takes  the  form 

a' {  rZ(ft,-l)  t,y+^r(A^-l)  Ai/3} 

+/3»  {Z'X(ik,-l)  Jfc,a+^^(*i-l)  *4y} 
+  y'  {X'Y{k,-l)k,fi+Y'X{k,-l)k,a] 

+2aPyXYZ {l—kyktkt]  =  0  ; 
when  ki=s  kf=  kf^  k,  this  is 

(ar+/3X)(/3^+yr)(yX+aZ)-2o/8yXr^^^±i^'  =  0, 

K 

and  the  curve  is  transformed  into  itself  by  writing 

X    Y.  Z     .         a    P    y 


a'/J')3 


X'  r  z 
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10.  We  have  seen  that  right  lines  through  the  point  a,  /3,  y,  and 
the  respective  vertices  of  the  triangle  of  reference  meet  the  corre- 
sponding sides  of  the  second  fixed  triangle  in  the  points  whose 
coordinates  are  proportional  to 


^1 


(- 


(«,    /3,    - 


■4,a  +  C,y 


B. 


A    y). 


)■ 


)• 


and,  if  these  are  collinear,  we  get  the  locus 

a'  {{A,B,yAfi  +  (A,G,yA,Y}  +13'  {{B.A,)' B,a+ (B.O,)' B,y] 
+y*{(.G,A,yOfi+(B,G,YGJi]+aliY{B,AA+O^Afi,-2A,B,G,]=0. 

The  coefficient  of  afiy  is 

A,{B,G,)'+B,{G,A,r+A,{G,B,)'+G,{B,A,y. 

Now,  if  we  replace  ^,  by  (Y.Z,)',  B,  by  (Z,X,)',  0,  by  (X.r,)',  A,  by 
(r.Z,)',  B,by  (Z,ZO',  G,  by(X,r.);  A,  by(r,Z,)',  B,  by  (Z,Z,)'. 
Cj  by  (XiY,)',  the  above  equation  reduces  to  the  same  form  as  (10). 

This  result  depends  on  the  following  theorem  : — If  three  concurrent 
lines  pass  severally  through  a  different  vertex  of  a  fixed  triangle,  and 
also  through  the  points  where  a  transversal  meets  the  sides  of  a 
second  fixed  triangle,  a  triplet  of  right  lines  through  the  same  point 
of  concurrence  passing  severally  through  a  different  vertex  of  the 
second  triangle  will  determine  thi*ee  collinear  points  on  the  corre- 
sponding sides  of  the  first  triangle.  The  geometrical  proof  of  this  is 
easy.     For,  following  the  notation  of  Fig.  3,  we  have 

^r_.  sin  ^PFP^      CX  _  sin  GPX  PC 
YO      sin  YPO  PC     XB      sin  XPB  PB' 

BZ  _  sin  BPZ  PB 
ZA      sin  ZPA  PA ' 

and,  according  to  the  theorem  of  Menelaus,  we  assume 


AY.CX.BZ 
YG.XB.ZA 


=  -1. 
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flin  XPB  PA' 
am  BPZFO" 


as 


KZ'  _  ain  YPG  Pff 


TC.X'B'.Z'A' 


11.  Another  cans  ie  noteworthy,  i 
oalliaear  pointe  occnrs. 


which  a  variable  triplet  of 


The  equations 


Py—yt  —  rfx—az  =  ay—ffx  =  0, 


(11) 


represent  three  concnrrent  lines  pasBlng  respectiTely  through  the 
vertices  ot  the  trian^fle  of  reference  ABO. 
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Let  ^o+Bj3  +  0y  =  0 

be  the  equation  of  any  straight  line.     Its  intersections  with  the  lines 
(^)  have  coordinates  proportional  to 


By\-Gz 


y»     2:, 


Ax-^-Cz 

«» -^ — »    ^> 


B 


«»     y» 


C    '  ' 


(1) 


(2) 


(3) 


take,  as  before,  three  points  whose  coordinates  are 


(4) 
(6) 


Right  lines  through  (1)  and  (4),   (2)  and  (5),   (3)  and  (6),  respec- 
tively, are  given  by 

a  [Z,^^  +  r,.)  +/?  {Z,x-X,z) -y  (Z,^5±^  +  Y,x)  =  0, 


0. 
(12) 


WriteP,  Q,  Efor  JX,+Br,+Cf^„  AZ,+Br,+  CZ„  ^Z,+JBr,+  OZ„ 
and  the  above  Bystem  becomes 
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Eliminating  a,  /9,  y,  and  equating  to  zero,  we  get 

Pz  ^  .      Py 


A 


B- 


(Y.z) 


/> 


c+ 


(Yx")' 


Q» 


Pz 


Qx Pi/_ 


iz,xy    (Y,zy 


_  ,      By        _     Ea?        ^     Qa; 

(z,xy^(x,yy'     (x,yr     iz,xy 


=  0. 


Expanding  and  reducing  this  result,  we  find  without  difficulty 

(^a;+By+  Gz)  {PQz  (X.y/ +  QBx  (Y,zy-tPRy  (Z^x)'}  =  0, 
so  that  the  locus  consists  of  the  given  line  and  a  conic. 

12.  On  the  other  hand,  we  may  eliminate  a?,  y,  z  instead  of  o,  pj  y. 
Write  L  for  -4a-hjB/3-hCy,  P,  Q,  B  retaining  their  meaning.     The 
first  equation  of  the  system  (12)  is 


(^T,a-pZ,j-^pX,  +  yY,^) 


+y(yZiH-yri^-i3Zi^-.Zi«)=0, 


or  z  (T,L-P0)'\'y(Py^Z,L)  =  0, 

and  in  like  manner  the  other  two  equations  are 

x(Z,L-Qy)+z(Qa-'X,L)  =  0, 
y(X^L''Ba)'\-x(Bp-Y^L)  =  0. 
Hence,  finally, 

{Y,L^pP){Z,L-yQ){X,L-^BIi) 

-(Z,L-Py){X,L--Qa){Y,L^B(i)  =  0, 

or  x»(x,z,r,--s;r3Z0 
+L«{E(z,-s;/3-r,v)+Q(^iy.a-r,z.y)}H-p(j;r,y-z,-x,/3) 

+  L  {QEa  (r,yy-PE(Z,a)'/3+P(3(Z,/3/y}  =  L.i^=  0, 

when  »/^  =  0  gives  a  conic  having  the  same  chord  as  the  former  one 
cut  ofE  from  the  line  1/  =  0. 

13.  The  foregoing  results  give  the  following  construction.  Take 
two  conies  (I.)  and  (II.)  having  common  intersections  P  and  Q. 
From  Ay  P,  0,  three  points  on  (I.),  draw  three  straight  lines  AO^  BO^ 
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COf  meeting  in  0,  a  point  on  the  same  conic,  and  cutting  the  chord 
PQ  (produced  if  necessary)  in  a,  6,  c.  Through  a,  6,  c  draw  three 
straight  lines  A'0\  SCf^  (70'  meeting  the  conic  (II.)  in  (X,  and  again 
in  -4',  J?*,  (j  respectively.  Then,  if  through  -4,  B,  0  we  draw  straight 
lines  A(y\  B(y\  GO"  meeting  the  conic  (I.)  in  0",  and  the  line  PQ  in 
a,  h\  c,  the  straight  lines  a' A',  b'JB^j  cG  will  intersect  in  0"',  a  point 
on  (II.). 

But,  since  two  lines  determine  their  own  intersection,  it  is  not 
necessary  to  pay  attention  to  more  than  two  lines  of  the  variable 
triplets  through  J,  B,  (7.  Therefore,  if  we  take  any  conic  (I.),  and 
two  points  P,  Q  upon  it,  and  are  given  besides  three  points  -4',  B\  C, 
which  determine  with  P,  Q  a  second  conic  (II.)»  this  conic  can  be 
constructed  by  the  process  indicated. 

For  suppose  we  draw  straight  lines  A0\  J^C,  meeting  the  straight 
line  through  P  and  Q  in  a,  &,  and  through  a  point  0  on  (I.)  we  draw 
aO^  bOt  meeting  the  same  conic  again  in  A,  B ;  we  can  then  proceed 
to  determine  points  on  (II.)  by  drawing  AC/,  BCX  through  0',  a  point 
oil  (I.),  and  cutting  PQ  in  aV,  For  straight  lines  aA\  h'ff  will 
meet  in  a  point  CT  on  (II.). 

Now  it  will  be  remarked  that  we  do  not  make  explicit  use  of  the 
points  P,  Q,  and  this  is  important,  for  we  have  a  method  of  describing 
a  conic  through  three  given  real  points  and  two  imaginary  points 
given  as  the  intersections  of  a  circle  with  a  given  real  external 
straight  line. 

Wo  may  take  a  circle  for  conic  (I.)  and  for  the  line  PQ  a  real  line 
external  to  the  circle.  The  construction  is  easily  verified  by  taking 
two  circles  and  their  radical  axis.  From  a  geometrical  point  of  view, 
the  straight  lines  through  J.,  P,  and  a  variable  point  0  of  the  conic 
(I.)  determine  two  corresponding  homographic  ranges  on  the  line  PQ. 
The  double  points  of  these  are  points  on  the  curve.  Having  therefore 
determined  the  points  -4,  B  by  means  of  A\  P*,  (7  on  the  conic  (II.), 
this  can  be  constructed  through  the  points  A\  P',  0\  P,  Q, 

Also  a  pair  of  real  straight  lines  may  be  taken  for  the  conic  (I.). 
The  five  points  through  which  the  constructed  conic  passes  are  then 
manifestly  real. 

14.  The  form  of  the  equation 

(Z,a)'(Z,/3)'(r.y)'-(r,«-X,)3XZ,y-Z.a)(Z,/3-r,y)  =  0 

shows  that  the  product  of  three  perpendiculars  from  a  point  P  on  the 
curve  to  the  lines  BA\  00,  Aff  is  in  a  constant  ratio  to  the  product 
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of  three  perpendiculara  to  the  lines  CA',  BC ,  AS,  and  thiB 

proved  geometrically. 

Write  2a^   for  the  perpendicnlar  from  P  on  BO",  and  so  forth. 

Then  (Pig.  4) 

Po,  ^  ainBCZ      Pe^  _  BJn^gr      ^  _  sin  qj'X 
P6i       sin  ZCA '    Pat      sin  TB'C '     Pc^      sin  XJ'B ' 

AT  _  Bin  AB'Y  Aff       CX_  sin  CA'X  CA'       BZ  _  sin  BCZ  Bff 

YC      ainYB'd  OB"     XB     amXA'C  SA"     ZA     ain  ZCA  AC 


and,  since  AX,  BY,  CZ  are  concmrent, 

Pffl,.Pe, .  Pfc,  _  AO'.BA-.  CB" 

P6, .  Po, .  Pc,      Aff.  CA' .  B(S ' 
In  like  manner,  when  the  triangle  of  reference  is  cnt  by  a  linear 
transversal,  the  equation 

(«,«)■  ( W  ( y.yy + (r,<.y  (^.r)'  («,«■  =  0 

leads  US,  foltowiug  an  analogooB  notation,  to  the  form 
Pa^.Pc^.I\__     AC.  BA\  OB' 
P\ .Pa^.PCj  Aff.  OA'.BC 

The  results  may  be  inclnded  in  one  form  by  postulating 
BX.OY.AZ  _ 
XC.YA.. 
and  the  condition  oounecting  the  coordinates  of  X,  Y,  Z  becomes 


;  =  /-. 
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Determination  of  certain  Primes.    By  P.  W.  Lawbbnce. 
Received  and  Bead  May  13th,  1897. 

The  method  of  "factorisation"  is  that  of  my  paper  in  the  Qtmrterly 
Journal  of  Mathematics  (No.  cxi.,  1896),  except  that,  "  strips  "  being 
not  required,  all  the  work  is  shown  directly. 

The  primes  fonnd  are  : 

77,843,839,397,    a  factor  of    10»-1, 


»i 


j» 


>? 


1? 


10»-1, 
3»-l, 


182,621,213,001, 

1,001,623,179, 

12,014,633, 

13,477,969. 

In  order  to  avoid  continnal  reference,  I  quote  here  the  notation 
used  in  my  paper,  and  certain  propositions  proved  there,  which  will 
be  used  in  the  investigation. 

Notation, — N  is  the  number  under  consideration, 
n  =  A^  is  the  multiple  of  N  we  are  attacking, 
a  is  the  ^  sum  of  two  complementary  factors  of  n, 

h  99     i  difference. 

Prop.  I. — If  every  factor  of  n  is  congruent  to  1  (mod  P),  where  P 
is  any  odd  integer,  then 


and 


a=l(modP) 
a*  =  n  (mod  P*). 


(by  §  9) 

Thus  a  is  limited  to  1  case  in'P*  (not  only  to  1  case  in  P,  as  stated 
by  misprint  in  my  paper). 

Peop.  n. — If  p  be  any  odd  prime,  then  a  (mod  p)  is  limited  to 
I  (p+1)  or  ^  Cp— 1)  cases,  according  as  n  is  or  is  not  a  quadratic 
residue  of  p.  (§  3) 

(The  table  on  page  467  of  this  notice  enables  these  cases  to  be 
written  out  for  small  values  of  p,) 

VOL.  XXVIII. — KO.  604.  2  H 
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Peop.  III.— 

i.  If  n  = 

ii.  If  n  = 


5  (mod  8),  then  a'=  n+4  (mod  32). 
1  (mod  8),  then  either  a*  =  w-f-16  (mod  128) 

or  a^^n  (mod  64). 


(§6) 


Prop.  IY. — If  2  is  a  qnadratic  residue  of  n,  so  that  all  factors  of  n 
are  either  ±  1  (mod  8),  then,  if  n^9  (mod  16),  we  have 

a*  =  n  -f- 16  (mod  128).  (§  13) 

Peop.  V.— i.  If  n  =  2  (mod  3),   then    a  =  0  (mod  3).  (§  2) 

ii.  If  n  =  1  (mod  3),   then   a*  =  n  (mod  9).  (§  7) 


Prop.  VI.- 
i.  If  n 
ii.  If  n 
iii.  If  n 


2  (mod  5),  then  a 

—  2  (mod  5),   then  a 

=bl  (mod  5),  then  either   a 


=b  1  (mod  5).  ^ 
±  2  (mod  6). 
0  (mod  6) 
or  a*  =  n  (mod  26). 


.1  — 


(§8) 


Prop.  VII. — If  no  integer  from   Vn  up  to  Vn-i-t  is  possible  as  a 
value  of  a,  there  can  be  no  factor  of  n  between 


(This  is  proved  in  a  paper  by  me  in  Messenger  of  MathemaHcSy 
Nov.,  1894.) 

Prop.  VIII. — Attacking  N  directly  (i.e.,  X  =  1,  n  =  JV),  in  order  to 
prove  that  JV  has  no  factor  from  v'^  down  to  —7—,  it  is  only  neces- 

iC 

sary  to  show  that  there  is  no  possible  value  for  a  from   VN  up  to 
V^(l  +  e),  where 

e  =  ifc(i-|)'.  (§16) 

Prop.  IX. — Attacking  XN,  in  order  to  show  that  N  has  no  factor 
from  VN  down  to  — r— ,  it  is  only  necessary  to  show  that  there  is  no 


possible  value  for  a  from  ^kN  up  to  >/XN'{'Q\^Nj  where 


(§17) 
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The  following  table  enables  the  possible  valnes  of  a  (modp),  where 
2?  =  5,  7,  11,  13,  17,  or  19,  to  be  written  down  at  once  for  any  value 
of  n : — 

Table  to  find  a  {mod  p). 


p 

Possible  values  of  a  {modp)  satisfy- 
ing a*-'-  *«  s  1  (mod  p). 

a 

Possible  yaluee  of  a  Tmod  p) 
satisfyiiig^  a'— i»  =  8  (mod  p). 

9" 

i) 

Oor  ±1 

2 

±1 

7 

±1  or  1^3 

-1 

Oor  ±1 

11 

±1,  ±2,  or  ±4 

-1 

0,  ±2,  or  ±6 

13 

0,  ±1,  ±2,  or  ±6 

2 

=b  1,  ±  4,  or  =b  5 

17 

0,  dbl,  ±3,  ±4,  or  ±6 

3 

±1,  ±2,  ±4,  or  ±6 

19 

±1,  ±6,  ±6,  ±8,  or  ±9 

-1 

0,  ±2,  ±4,  ±6, or  ±9 

^  is  the  nnmericallj  least  non-residue  of  p. 
Now  we  must  be  able  to  write  either 

n^  a?  (modp)  or  n  =  y^S  (modjp), 

according  as  n  is  or  is  not  a  quadratic  residue  of  p. 

And  the  required  values  will  therefore  be  found  in  tKe  first  case  by 
multiplying  by  x  those  tabulated  in  the  second  column,  and  in  the 
second  case  by  multiplying  by  y  those  tabulated  in  the  fourth  column. 

For,  if  Oi  satisfies         aj—  6J  =  1  (modp), 

then  a^x  satisfies       («i«)'— (^laj)'  =  a?  (modp)  ; 
and,  if  a,  satisfies  a*— 6*  ^  i  (modp)^ 

then  a^y  satisfies        (c^y)'— (^i^)*  =  ^  (modp). 

1.  JV  =  77,843,839,397. 

This  number  is  a  residuary  factor  of  10*— 1. 

Accordingly,  it  is  known  that  every  factor  of  ^  is  of  the  form 
29m +  1-*  And  the  tables  for  residue,  index  10,  show  that  N  has  no 
factor  below  100,000. 


♦  The  algebraic  factor  of  10^-1,  viz.  (10—1),  and  others  having  been  already 
removed,  we  also  have  10  a  quadratic  residue ;  but  no  advantage  can  be  taken 
of  this  here. 

2h2 
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Now 


280,000  >VN>  270,000 ; 


VN 


therefore  we  need  only  search  for  factors  from  VN  down  to  -^r^-  And 

we  can  do  this  by  attacking  N  direct  and  testing  for  valnes  of  "  a  *' 
from  VNu^to  ^^"(1+6), 


where 


«  =  ¥(i-&)'<-^«' 


(Prop,  vni.) 


BO  that  we  need  only  test  for  a  from  270,000  to  443,000. 

Now      ^'=  1  + 19  X  29  (mod  29*)  =  6  (mod  32)  =  2  (mod  3) ; 
therefore  a'  =  1  + 19  x  29  (mod  29')  =  9  (mod  32).  (Props,  i.  and  iii.  i.) 
And  also  a  =  1  (mod  29)  and  =  0  (mod  3) ;  (Props,  i.  and  v.  i.) 

therefore    a  s  1 +24  x  29  (mod  29')  =  ±  3  (mod  16)  =  0  (mod  3). 

Or,  combining,  a  =  697  +  20  x  29'  or  697  +  26x29*  (mod  48x29*), 
i.e.,  a  =  17517  or  22563  (mod  40368). 

And  we  may  write       a  =  40368*1  +  17517, 
or  =40368aj,  + 22563, 

where  each  value  of  x  must  be  integral,  and  the  limits  assigned  above 
to  a  give  6  <  «  <  11. 


mod  5 

mod  7 

mod  11 

Now  we  have              N^ 

2 

2 

5 

therefore  we  must  have  a  ^ 

±1 

±2oT  ±S 

±3,  ±4,  or  ±5 

by  the  table  on  page  467. 

Moreover              40368  = 

3 

6 

9 

17517  = 

2 

3 

5 

22563  = 

3 

2 

2 

Therefore  the  only  valnes  le 

ft  between  the  limits    forx,    and  for  x, 

after  testing  for  5  are 

8or9          7 

7 

8             7 

»j            »i    *•*■   »» 

none        none. 

Therefore  there  is  no  possible  value  for  a, 
and  N=  77,843,839,397  is  prime. 
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2.  N=:  182,521,213,001. 

This  number  is  a  residuary  factor  of  10"— 1. 

Accordingly,  every  factor  of  ^  is  of  the  form  25m +1 ;  also  10  is  a 
quadratic  residue  of  every  factor ;  hence  here  2  is  a  quadratic  residue, 
and  all  factors  must  be  of  the  form  8md=l.  Moreover,  JV  is  known 
from  the  tables  for  residue,  index  10,  to  have  no  factor  <  100,000. 

Now  430,000  >VN>  420,000 ; 

therefore  we  need  only  search  for    factors  of  N  from    VN  down 

.     VN 

*""4T- 

As  before,  we  attack  N  direct,  searching  for  values  of  **a"  from  VN 
up  to  \/JV(l-f-9),  where 

^  =  t(^"?3)'<^'^'  (Prop.  VIII.) 

therefore  we  need  only  test  for  "  a  "  from  420,000  up  to  990,000. 

Now  Jf  =  1  +  20  X  25  (mod  25«) ; 

therefore  a  =  1  + 10  x  25  (mod  25').  (Prop,  i.) 

Moreover  ^=9  (mod  16) ; 

therefore  a*  =  JV+ 16  (mod  128)  ;  (Prop.  IV.) 

therefore,  since  ^  =  73  (mod  128), 

a'  =  89  (mod  128)    and    a  =  ±  27  (mod  64). 

And  iV'  =  2(mod3); 

therefore  a  =  0  (mod  3).  (Prop.  v.  i.) 

Combining, 

a  =  251  + 10  X  25«  or  251-32  x  25«  (mod  3  X  64  x  25«), 
I.e.,  a  =  6501,    or  -19749     (mod  120,000). 

And  we  may  write  o  =  120,000iBi+6601, 

or  =  120,000iB,-19749, 

where  x^  and  a^  are  integers,  and  for  either  we  have 

3<aj<  9 

(from  a  consideration  of  the  limits  of  *'  a  "  given  above). 
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Now 


I    mod  7       mod  11        mod  13 
.V=         1  6  10 


mod  17 
4 


thereforewemii8thavea=  ^^^^^3  ^^or^S  [oriG       \i     ±6,  ±8 
from  tables,  p.  467.  , 


Further 


120,000=!   -1 

6501  ='       5 

-19749='    -2 


1 

i      0 
'  -4 


Therefore  the  only  possible  values  left 
after  testing  for    7  are 


j» 


» 


fi 


» 


»» 


It 


11  „ 

13  „ 
17  „ 


10 

1 

-2 

for  Xj 

4,  6,  or  8 
8 
8 
8 


-3 

7 
5 

i 

I 

and      for  or, 

4,  6,  or  8 
4  or  6 
4  or  6 
none. 


On  trial        (8  X  120,000 + 6601)^- N  =  751,602,970,000, 

and  this  evidently  cannot  be  a  perfect  square ;  therefore  no  value  of 

a  satisfies,  and 

JV  =  182,521,213,001  is  prime. 


3.  JV  =  1,001,523,179. 
^  is  a  residuary  factor  of  3**— 1.     In  fact, 

3»-l  =  942V. 

Every  possible  factor  of  N  is  congruent  to  1  (mod  23),  and  also, 
since  3  is  a  quadratic  residue,  is  of  the  form  :h  1  (mod  12). 

Moreover,  since  we  have  to  search  all  the  way  from  VN  down- 
wards for  factors  of  N,  it  will  be  well  to  attack  a  multiple  of  N. 

(3**— 1\ 
I.e.,  — - — J  as  our  value  of  "  n,"  we  shall  be  able 


to  search  for  all  factors  of  N  from  VN  to 


VN 
47 


by  searching  for 


values  of  a  from  y/4»7N  up  to  >/4i7N'\'OVN,  where 


therefore  we  have  to  search  for  a  from  210,000  up  to  770,000. 
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Moreover,  since  47  =  1  (mod  23)  ^  —  1  (mod  12),  all  factors  of  n 
are  of  the  forms  23m +  1,  12m'±  1. 

And  a  pair  of  complementary  factors  of  n  [which  =  13  (mod  24)] 
must  evidently  either  be  24mr''-f  1  and  24m'" -f- 13,  or  else  24m"— 1 
and  24m'"— 13. 


So  that  we  have 
Now 


a  =  ±6  (mod  12). 


(a) 


n  =  1  -f- 14  X  23  (mod  23*)  =  6  (mod  32)  =  4  (mod  9) ; 
therefore 

a*  =  1  + 14  X  23  (mod  23')  =  9  (mod  32)  =  4  (mod  9)  . 
therefore 

a  =  1-f  7x23  (mod  23«)  =  ±3  (mod  16)  =  ±2  (mod  9). 

(Props.  I.,  III.,  V.) 
Combining  the  last  two  results,  we  obtain 

a  =  29,  61,  83,  or  115  (mod  144). 

But,  since,  by  (a),  a  =  db  5  (mod  12), 

61  and  83  are  rendered  impossible.     Thus,  finally, 

asl  +  7x23  +  23«    or    1 +  7x23+ 107 x23«  (mod  144 x23«), 

i.e.,  a  =  691     or     56766  (mod  76176). 

And  we  may  write 

a  =  76176aji+691     or     =  76176a^-f- 56765, 
where,  owing  to  the  limits  for  a,  2<a?i<  11,  2<a;,<10. 


Now  n  = 

therefore  by  tables,  p.  467, 
we  must  have  a  ^ 


Further 


mod  5  I    mod  7 
3  2 


±2 


76176  = 

1 

691- 

1 

56765  = 

0 

I  ±2, 
(or  ±3 


2 
5 
2 


mod  11 
2 


{ 


0,  ±4 
or  ±5 

1 
9 
5 


mod  13 

mod  17 

4 

5 

,±1,±2 
r  ±4, 

f  dzl,  ±2,  ±3 
(or  ±8 

9 

-1 

2 

11. 

7 

2 
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therefore  the  only  possihle  values  left  for  Xi  for  x^ 

after  testing  for    5  are  6  or  7  3,  7,  or  8 

„        „  7    „  6  or  7  7  or  8 


n  »» 


11    „  6  or  7  none 

,,         13    „  6  or  7 

17    „  none. 


i>         »»         **    » 


» 


Thus  there  are  no  factors  of  N  lying  between  VN  and  -rs-^  and  it 

only  remains  for  us  to    try  factors  below   —7=-^    i.e.,  below   700. 

47 

Only  three  primes  below  700  satisfy  the  required  conditions ;  these 
are  47,  277,  699.    And  none  of  these  divide  N. 

Therefore  N  =  1,001,623,179  is  prime. 

4.  N  =  12,014,633.    (See  bottom  of  p.  474.) 
Here  it  is  known  that  any  factor  must  be  of  the  form  7m  4-1. 

Now  N^l  (mod  8) s 2  (mod  3). 

Therefore,  in  order  to  obtain  n  of  the  form  6  (mod  8)  and  1  (mod  3), 
we  attack  29^,  and,  in  order  to  search  for  factors  from  ^/N  down  to 

-^^ ,  we  search  for  values  of  a  from  \^29N  up  to 

y/m^^  ??  f  1 — }=y  VN. 

2  V        -v/29/ 

This  will  be  done  if  we  search  from  18,500  up  to  54,000. 

Now  292^"  =     5  (mod  32)  =     4(mod9)  =1  +  7  (mod  49)  ;    % 
therefore  a*  =     9  (mod  32)  =     4(mod9)  =  1  +  7  (mod  49)  ;     V 
therefore    a==b3(mod  16)  =  ±2(mod9)  =l+4x7(mod49).-' 

(Props.  I.,  III.,  V.) 

Combining,  a  =  29,  61, 83,  or  115  (mod  144),  and  =29  (mod  49)  ; 
therefore     a  =  29,  29+64x49,  29+80x49,  or  29+134x49 

(mod  49x144), 
*.e.,  a  =  29,  2676,  3949,  or  6596  (mod  7066). 
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And  we  may  pnt 

a  =  7056«i  +  29        or    7056a5, + 2675, 
or  7066aj,+3949    or    7056a?4+6696. 

And,  from  the  limits  of  a,  2<a;<8  for  x^Xf^x^j 

l<x<7    „    x^. 


mod  5 

mod  11 

mod  13 

Now                         29iV  = 

2 

6 

6 

• 

therefore  we  most  have  a  =z 

±1 

0,  ±2,  or  ±3 

±3,  ±4,  or  ±6 

Also                        7056  — 

1 

5 

10 

29  = 

4 

7 

3 

2675  = 

0 

2 

10 

3949  = 

4 

0 

10 

6595  = 

0 

6 

4 

Tbns  there  are  left  possible  values  of  a^  ^         ^         ^4 

after  testing  for    5  5,  7      4, 6      5,  7      4, 6 

„  „     11  7  4        5,7         6 


» 


»> 


13  none     none    none    none. 

Thus  there  is  no  factor  between  VN  and  -^^ ,  and  the  onljprimes 

below  this  limit  satisfying  the  required  conditions  are  29,  43,  71, 113. 
And  none  of  these  divide  N ;  therefore 

JV=r  12,014,633  Mpnme. 

b.  N=z  13,477,969.  (See  bottom  of  p.  474.) 

All  factors  are  of  the  form  7m+l. 

We  have  JV  =  1  (mod  8)  =  1  (mod  3), 

and  we  might  multiply  by  29  or  43,  and  proceed  somewhat  as  before, 
or  proceed  directly  with  JV  as  shown  below. 

Thus  N  =  1+80  (mod  128)  =  1  (mod  9)  s  1+4  x  7  (mod  7«). 

And  either  a'  =  81  + 16  (mod  128)   or   =  81  (mod  64) ; 

(Prop.  III.) 
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also  a'=l  (mod9)  =  l  +  4x7  (mod  7*). 

Thus  either  a  =  =b  49  (mod  64)   or   =  ±  9  (mod  32), 

and  a=  ±  1  (mod  9)  =  l=b2  x  7  (mod  7*). 

Combining,  either 

as64d=49  (mod64x49)    or    a  =  407  or  1289  (mod  32x49), 

and  a  =  =b  1  (mod  9). 

FinaUy,  either 

a  =3161,  9621, 16695,  or  26201  (mod  28224), 
or  a  =  6111,  6993,  6679,    or  7661    (mod  14112). 

And,  in  order  to  search  for  factors  from  VN  down  to  -7^-»Iwe  mnst 

lo 

have  "  a  "  ronning  from  VN  up  to  a/^[1  +  */(l  — r«)*]>  (Prop-  vni.) 
and  to  do  this  we  search  from  3,600  up  to  30,000. 

Now  ^'=  19  (mod  26)  ; 

therefore  either    a  =  0  (mod  6)  or  a'  =      19  (mod  26),      (Prop,  vi.) 

t.e.,  „         a  =  0  (mod  6)  or    a  =  ±  12  (mod  26), 

and  the  only  values  between  the  limits  which  are  possible  are 

16696    or    20106        (i.e.,  6993+14112). 
Now,  mod  11 : — N^  10 ;  therefore  a  must  be  0,  ±2,  or  ±6 ; 

16696  =  ~2  and  satisfies; 
20106  =  -  3  and  fails. 

And  mod  13 : — jV=  —  2 ;  therefore  a  must  be  ±1,  ±6,  or  ±6  ; 

16696  =  4  and  fails. 

Therefore  there  is  no  factor  of  N  between  VN  and  -— -  . 

Below  this  limit  the  only  possible  primes  are  29,  43,  71,  113,  127, 
197,  211. 

None  of  these  divide  N.     Therefore 

N  =  13,477,969  is  prime. 

[Jfote.— 12,014,633    and    13,477,969    are   norms  of  7*^  trinomial 

integers  N  =  X'-^77'  =  N,    (a-h26p+V), 
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NJ  (p)  denoting  /  (p)  ./  (p«)  ...  /  0>«), 

ft  a  true  7^^  root  of  1. 

Thus       -^^y  (1  +  16p +8p*)  =  322P  +  7 .  484«  =  12,014,633, 

Nj  (3  +  16p+8p»)  =  3471*+7  .  452'=  13,477,969. 

They  were    sent  by  Col.  Cunningham  to  Mr.  Bickmore,  who  sent 
them  to  me.1 


An  Extension  of  the  !Z^(>remE[  1^"""?"^^^^""??  =.g\(a,i3,  y). 

n  (y-a  — l)n(y— /3— 1) 

By  the  Rev.  F.  H.  Jackson,  M.A.    Received  March  27th, 
1897.    Read  April  8th,  1897. 

1. 

The  chief  object  of  this  paper  is  to  investigate  the  following 
theorem :- 

L      (p'-'-l)...(v^-'*-'-l)     (p^--l)...(p^--'-l)  ^ 

...  (pv-»-._l)        (^r-*-.-l_l)      (^»_l)...(p.'.->_l)     ^ 

■  ^.i,..-..(p--i)(j'-*'-l)(p"-l)(j^*'-^)  + 

^        (i>'-i)(i'"'-r)(i'-i)(i''-i)     ■■" 

which  may  be  written 

When  jJ  =  1,  the  series  (A)  reduces  to  the  hypergeometrie  series  in 
which  the  element  x  equals  unity.  The  series  is  convergent  for  all 
values  of  jj  >  1,  and,  if  jj  =  1,  subject  to  the  condition  y— o— /3  >  0. 


Let 


{^! 


2. 


denote  the  function 


L  (p°-"'-lXj>'"*'-l)  -  ip'-'*'-!) 
...       (p«+'-l)(^"*'-l)...  (y«"-l) 


(j>"^'-l)(p'*'-l) ...  (y---!) _„...) 
(^_l)(p._l)...(p._l)      P 


(1) 
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When  n  is  a  positive  integer,  the  function  i     >  redaces  to  the  pio> 

duct  ^  **  ■' 

(y--l)(p--l)...(j>'-"^'-l) 
(^--l)(p-'-l)...(^-l)    • 

For  intrenei*!  ("1  -  L  (!>-''' -1)(P°-"' -1) ».  (l»-'^--l) 
a  or,  in  general,  |  „  j  -  1^^       (,->-l)(^--l) ...  (p'"-l) 

(y'^'-l)(p-'-l) ...  (j»"--l) _.(.-., 
ip-l){p'-l)  ...  (P--1)      P        ' 

which  may  be  written,  if  n  is  a  positive  integer,  in  the  form 

^  (p-^~iXp-'-i)...(p--i)„,.-. 

(2)-1Xi>'-1)...(f--1)      ^        ' 

whicli,  by  cancelling  common  factors  of  the  numerator  and  denomi- 
nator and  rearranging,  reduces  to 

L  {p-'*'-l)(p'-'*'-l)  ...jpr-l)     (j>— -l)(j)-'-l)...(i>— -1) 
(jp-l){p'-l) ...  (y-_l)  (p-._i)(^-._l) ...  {jpr-l) 


caoB 


JP 


,M  {a  -  n) 


which,  by  cancelling  of  common  factors,  again  reduces  to 
(y_l)(y'_l)...(p-_l) 


«■■» 


Now  the  part  of  the  product  which  involves  k  may  be  written 


(B) 


(^-..._1)...(^._±) 


Hli, 


which,  when  j7  >  1  and  k  is  infinite,  reduces  to 

£ =  K =  «»'-'^. 

_a  +  (o+l;  +  (o+2)  +  ...(a-»i+l)  „|N(2a-N  +  r         X' 

So  the  function  (B)  becomes 

ijir-i){p'-'-i) ...  ip-i)^     P  (y--i) ... (p-i)  ' 
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which,  if  jj  =  1,  reduces  to 

o.g— l.g— 2  ...  g— n-hl  _  (g), 
n!  {n^y 

3. 

We  shall  first  consider  the  theorem 

which  is  a  generalized  form  of  the  Vandermonde  Theorem  in  Prof. 
Lloyd  Tanner's  Paper  on  "  Enumeration  of  Groups  of  Totitives," 
§  25,  page  347,  Lond.  Math.  8oc.  Proc,^  Vol.  xxvii. 

It  will  first  be  shown  that,  if  ]  ^        >  can  be  expanded  in  a  series  of 


the  form 


C'o+Ciji}  +0,  [l^  +...  +  Gr  [I]  +... , 


then  the  coefficients  0^,  (7„  ...  0^,  ...  will  be  independent  of  6,  and  will 
follow  the  law 


a=y'"-''{„f4- 


A  rigorous  proof  of  the  Theorem  (C)  would  involve  a  comparison 
of  the  two  sides  of  (C),  which  is  not  attempted  in  this  paper.* 


*  [I  am  greatly  indebted  to  one  of  the  referees  for  the  following  remarks,  as  indi- 
cating that  there  is  a  stronger  prima  facie  case  for  the  theorem  than  appears  in  the 
paper: — 

(a)  The  infinite  products  in  J  "  I  may  each  be  written  in  the  form 
and  in  /    I  the  Victors  j9*  cancel.    The  fonr  products  llx  (1—^)  are  each  of  them 


s:} 


convergent  if  0  <  ^ <  1,  that  is,  if  /i >  I. 
It  is  assumed  that  p^  when  x  is  not  integral  means  its  absolute  value.    Thus 

J  ^  I  is  finite,  single  valued,  &c.,  unless  a  is  a  negative  integer.    In  the  exceptional 

cases  {  ^  }  is  infinite  or  Indeterminate. 
{b)  On  the  assumption  that  the  form  of  the  series  is  suitable,  it  is  shown  that 

{"l-On?:"---!.:,}©- 

This  series  is  convergent  (in  virtue  of  the  oonditions  already  assigned)  for  all  real 
values  of  n,  and  for  all  real  values  of  a,  by  except  negative  integers,  and  this  g^ves 
a  strong  presumption  for  the  suitability  of  the  series,  especially  as  the  particular 
assumptions  for  determing  CV  affect  b  and  not ».] 


X 
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4. 

The  following  expansions  will  also  be  considered : — 

...+{<^-p){a-j^...  {a-p')^-^]  +...,  (2) 

...+(l-p)(l-l,')...(l-pO{^*l }+....         (3) 

5. 

The  following  lemmata  will  be  useful  in  the  subsequent  work : — 

Lern^  n)  -  .llL  =  (f-'-lXf—'-l)  -  (p---l) 
^^  \n-r]  (l'"-"'-l)(P"-'"-l)-(l^-l)     ' 

jj  >  1,  n  unrestricted,  r  an  integer,  which  may  be  proved  by  sub- 
stituting for  ]     >  the  infinite  product,  and  by  substituting  a  similar 

product  for  j    _    ( • 
Lemma  (2).—  |  ^ t-7*  ) 

^^     I)     p     .p      ...p  (/--l)(^'-»-l)...(2>-l) 

r  and  «  being  positive  integers,  and  r>8. 

in  which  {p')\  denotes  (p*— l)(j?*~*— 1)  ...  Cp— 1). 

Lemma  (4). — By  combining  Lemmata  (2)  and  (3),  we  obtain 
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6. 

Consider  any  function  of  a  +  ^,  viz.,  /(a +  6),  sapposed  capable  of 
expansion  in  the  form 


c.+o.  [\]  +0,  \l^  +...+0,,,  JJ  j  +... 

where  Oq,  Oi,  (7„  ...  0(r)  are  functions  of  a  only.     Write 


substituting  successively 


6  =  0, 
6  =  1, 
6  =  2, 

6  =  3, 

•  •  •     •  •  • 


We  obtain    /  (a)  =  Oq, 

/(a+l)  =  0o+0x, 


'-l.p-1 


/(«+2)  =  0,+  ^0.  +  ^_^_^_j 


c« 


'••  > 


...  .*.'  •>.  .*•  •••  •••  ••.  •••) 

from  which  we  have 

C,=/(a+l)-/(a), 

0,  =/(a+2)-^/(a+l)+iif(a), 

J)— 1 

0.=/(a+3)-^/(a+2)+i>^/(a+l)-p'/(a); 

and,  in  general, 
a=/(a+r)-  Jj|/(o+r-l)+^  J^|/(a+r-2)-...      . 

...+(-l)y-->'[^}/(a+r-,)  +  ...+(-l)V"-"/(«). 
a  =  [S  (-l)yf-'  {^}/(«+r  -.). 


(4) 


(5) 


(<J) 
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which  may  be  established  by  induction  as  follows : — 
We  have,  by  (6), 

Assume  that 

a.,  =/(a+r-l)-  J'-Y^  J/(a+r-2)  +  ... 

...+(-l)V"-"[''7^}/(a+r-l-«)  +  ... 
...  +  (-1)'-' !>«"-'•'-«/ (o), 
0,..=/(a+r-2)-...+(-l)-y'->— >J;-2|/(a+r-l-,)  +  ... 

...  +  (-l)'-'j)«<'-''-')/(a), 
a.,=/(a+r-3)-...  +  (-l)-V--"{^l|}/(a+r-l-,)  +  ... 

...  +  (-l)'-'j)«<'-*'-V(a), 

Then,  from  (D), 

a=/(a+r)-  {^^i|  [/(o+r-1)-  J'-^l  J/(a+r-2)  +  ... 

..•  +  (-l)V-"{''7^|/(a+r-l-,)  +  ... 

■••  +  (-ir'j'*"-''-«/(a)] 
-  {rl2}  [/(«+'-2)-  {'■l^}/(a+'-3)  +  ... 

...+(-l)-y'-'-"J;;-2|/(a+r-l-«)  +  ... 

...  +  (-l)'-V<'-«'-«)/(a)] 


•••  •••  •••  ••• 


•••  •••  ••• 


t  •  •  •  I 


...  +  (-!)••— V"— '•'—«/ (a)] 
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Collecting  the  terms  and  rearranging  them  so  that  the  coefficients 
of  /  (a  +  >•) ,  /  (a + ^ — 1) , . . .  /  (a + ^ — «) ,  respectively,  may  be  together, 
we  have 

x/(a+r-2)-... 
=/(«+»•)- {j;}/(a+r-l)+j,J^|/(a+r-2)-..., 

the  coefficient  of  f  {a-^-r—s)  being 

Now  it  may  easily  be  shown,  by  substitution,  that 


•  •  •         •  •  • 


and  genei'ally  that 

whence  the  expression  (E)  becomes 

Now  we  know  that  for  m  a  positive  integer 

4(iii.iN-l)    (w)  4(»-i.m-l)  f  wij 

whence  we  have  the  identity 

^,(-...)=^»(...-.,j»+ij_^,.....-„^*+ij  +  .j.(_i).j»+i|^ 

and  the  expression  (F)  becomes 


TOi,.  xxvm. — NO.  605. 
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and   a=/(a+r)-  |[|/(a+r-l)  +  ... 

That  is,  Or  is  of  the  form  given  above,  if  Or-i,  Or-n  •••  G^  are  of  the 
same  form ;  now  we  have  shown  that  C^,  (7|,  6\  ...  are  of  the  form  ; 
therefore  the  form  of  the  coefficients  has  been  established  generally. 

7. 

If  the  expansion  of  s  [is  required,  we  have  for  this  particnlar 


function 


a=;s(-i).^'.-"  {;}{-+:-}. 


Using  Lemma  (4),  this  expression  reduces  to 


the  above  expression  becomes 

x[{-r'}+.-'-{-ri'H""r}+-- 
...+i"-'--{-r.'H°T'"l +•■•]■ 

The  bracket  contains  r+1  terms,  and  has  been  shown  in  Prof. 
Lloyd  Tanner's  paper  *^0n  Enumeration  of  G-roups  of  Totitives," 
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equal  to    J  ~  [ ;  therefore 


Now  (|)-*'-'-l)(p-»*'---l)  ...Cp-"-l)  =  (_l)'p»t--(»»-"'»i^ll.^. 

vP     /• 

Therefore     C,  =  (-l)V^'"""^  {„^^]  =i)''«'-"**'^  fn-rj  * 

He-       {":'}  =  {:}+••+?-"-{„:.}  {n+'         W 

when  n  is  not  restricted  to  being  a  positive  integer,  subject  to  con- 
ditions for  convergence. 

8. 

To  obtain  a  generalized  form  of  the  series  F  (a,  /3,  y)  from  the 
above,  we  proceed  as  follows  : — 

Divide  both  sides  of  (7)  by  ]     >  ;  then  we  obtain 


{1}         '       {1}  ^'^  ■■■ 


(8) 


Using  Lemma  (1),  the  general  term  of  the  series  becomes 

On  making  the  substitutions   n^—a^  6  =  — /3,  a— n  +  1  =  7,   the 
general  term  becomes 

_n,-.-..  (j»--l)(r*'-l)...(y— '-l)(i>'-l)Cp'--l}...(y'"'-l) 

Similarly,  by  Lemma  (1),  the  expression  on  the  left  side  of  (8) 
becomes 


j^  (j>«>*-'»^i-l) ... (p^*»-">'-l)       (jp"^'^l)...(p"^'-l) 


,6n 


«■ 


2i2 
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MaMng    the    substitutions    m  =  — a,    6  =  — /J,    a— n+l=y,    this 
becomes 


1)   ip'-l) ...  (p' 


1) 


,.  (p'-»--l) ...  (p 

which  is  equal  to 

^         (|,'-l)(p-l) 

,„.,>-.-«,  (p--l)(j>-^'-l)(p^-l)(p"^'-l).  .m 

+^  (P'-1)(P'*'-1)(1>-1J(1>'-1)     ^'•"       ^^^ 

which  is  a  generalized  form  of 

n(y-a-/3-l)  n  (y-1)  _  ,  ^  aj3  _^  a  .a  +  1 .  /?./3  +  l  _^  .,0^ 

n  (y-a-1)  n  (y-/3-l)  ~         1 .  y  ^     l.-J.y.y+l     ^  "■  '   ^^ 

The  general  form  may  he  written 

n  ip'-'-'-')  n  (p'-')  ^  _p  ._.  _,  _,) 


(11) 


reducing  to  (10)  when  |?  =  1. 


9. 


To  obtain  the  expansion  of  a',  we  have 


in  which 


a='s  (-i)'p»"""?''l«"' 

«-o  C  *  -) 

r  being  a  positive  integer. 

The  above  =  (a— l)(a— jp)  ...  (a— 2>''"0  ; 

therefore     a' =  l  +  (a-l)  (^|  +(«-!) («-!>)  {2}  ■*"- ' 
whence 

^=J^J+(a-p)J*j+(a-p)(o-p')J*|+...,      (12) 

subject  to  conditions  for  convergence. 
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To  expand  a;  in  a  series  of  the  form 

In  this  case 

G.=r-l^(r-l)+pP'-\P'-'-^  (r-2)-...+0 

P 1  p* i.p 1 

=  (i-pXi-p')...(i-r'); 

therefore 

« = { 1 }  +  (i-;*)  { 2 }  +  a-i')Q-p')  { 3 }  + - 

...  +  (l-j>)...(l-i>-)  {*}+...,        (13) 

subject  to  conditions  for  convergence. 

This  expansion  might  have  been  derived  from  (12)  by  putting 

a  =  1,  when  the  left  side    =-  =  x,  and  the  right  side  of  (12)  be- 

a — 1 

comes  the  same  as  series  (13). 

10. 

We    mnst  now  consider  tlie  convergence    of    the   expansion  of 

^  „.-.^«r*I        (l)"--l)(j>*--l)       . 

F  (jp«— *»-l)(2>'"^»-l)' 

making  r  =  oo ,  the  ratio  -^^  in  the  limit  beccTmes  equal  to  -    . 

Ur  p 

Therefore  the  series  is  convergent  for  all  values  of  p  greater  than 
unity. 

In  the  case  when  2>  =  1,  the  series  becomes  the  well  known 
^j  (a,  p,  y),  which  may  be  shown  to  be  convergent  if  y— a— j8  is 

positive. 

a'— 1 

Again,  in  the  expansion  of the  ratio  of 

a — 1 
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and,  when  r  =  oo ,  the  limit  of  the  ratio  =  — .  Therefore  the  series 
will  be  convergent  li  p  >  I.  ^ 

11. 

In  considering  the  series  J\  (p*,  ^Z,  p*)^  it  naturally  oconrs  that  one 
should  wish  to  consider  the  series  which  will  be  the  generalization 
of  F  (a,  /3,  y,  x)  and  the  differential  equation  connected  with  it. 

The  series  i+^r-.-^£!z:li£!=la;+... 

p'  —  l  .p — 1 

is  not  the  series  sought,  for,  on  differentiating  the  powers  of  x^  we  do 
not  obtain  coefficients  which  cancel  with  the  factors p—l,  ^J^— 1,  |/ — 1, 
dec.,  of  the  denominators. 

It  seems  that  the  ordinary  notion  of  differentiation  is  not  sufficient, 
and  that  differentiation  must  be  generalized  into  some  operation  of 
the  following  type : — 

d(x)       p-l  \p^l) 
reducing  when  p  =  1  to  ordinary  differentiation. 


On  the  Partition  of  Numbers.    By  G.  B.  Mathews,  M.A.     Bead 
May  13th,  1897.     Received,  in  revised  form,  Jnne  25th,  1897. 

The  problem  of  the  partition  of  a  given  multipartite  number 
(m,  m',  m", ...)  into  assigned  parts  (a,  a,  a\  ...),  (6,  b\  V\  ...),  4c.,  is 
identical  with  that  of  finding  integers  a;,  y,  js,  ...  ^,  none  of  which  are 
negative,  although  some  of  them  may  be  zero,  so  that 

u    =^  ax  +6y  -hcz  +...4-^^  =m, 

u    =  a*x  -hh'y  -j-cz  + ... 4-^  =  m', 

(1) 


u 


=  a"x  +  h"y + c"«  + . . .  +  ft  =  m", 

&c., 

the  number  of  equations  being  equal  to  that  of  the  elements  m, 
m',  m",  Ac. 
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I  propose  to  show,  by  very  elementary  considerations,  that  this 
general  problem  is  redncible,  in  an  indefinite  nnmber  of  ways,  to  one 
of  simple  partition.  For  eonvenience,  the  term  "  solution  "  will  be 
used  for  a  solution  in  which  «,  y,  z, ...  ^  satisfy  the  condition  above 
stated. 

In  order  to  avoid  the  discussion  of  exceptional  cases,  it  will  be 
supposed  that  none  of  the  coefficients  a,  6,  ...  Z ;  a  ,&',...  T ;  <&c.,  is  zero. 
No  real  loss  of  generality  arises  from  this  ;  because  if,  for  instance, 
we  have  the  two  equations  t*  =  m,  t*'  =  m\  and  zero  coefficients  occur 
in  them,  we  may  replace  them  by  the  equivalent  pair 

in  which  the  coefficients  are  all  positive,  and  a  similar  process  may  be 
applied  in  the  general  case. 

Suppose,  in  the  first  place,  that  we  have  the  two  equations 

u  =  ax  +6y  +cz  -^dw  =  w,  1 
u  =  ax  4-  h'y + cz + d'w  =  m' ;  J 

then,  if  X,  /i  are  any  two  positive  integers,  every  solution  of  (2)  is  also 
a  solution  of 

(Xa-^fAa')  a? 4-  (^2>+/*0  y+(Xc+/t«c')  «+  (Ad+ficf)  w  =  \m+f«wi'.      (8) 

But,  conversely,  if  X,  fi  are  suitably  chosen,  then  every  solution  of 
(3)  is  also  a  solution  of  (2).  For  suppose  X,  fi  are  prime  to  each 
other  ;  then  every  solution  of  (3)  must  give 

u=z  ax  -{-by  -i-cz  +dw  =tn.  ±/u6, 
tt'=  ax  -f  6'y  4-  cz  +  d^w  =  fn^  X6, 

where  0  is  some  integer  or  zero.     If  we  take  X'^m  and  /ci  >fn.,  one  or 

other  of  the  quantities  m  =F  fitf,  fn^X$  will  be  zero  or  negative,  except 
when  ^  =  0.  But  every  solution  reckoned  makes  u  and  u  positive ;  * 
therefore  6=0,  and  every  solution  of  (3)  is  also  a  solution  of  (2). 
In  other  words,  the  problem  of  bipartition  represented  by  the  pair  of 
equations  (2)  has  been  reduced  to  that  of  a  simple  partition,  corre- 
sponding to  the  equation  (3). 


*  The  value  zero  for  m  orw'  is  exdnded  by  the  supposition  that  all  the  coefficients 
of  u  and  yf  are  positiYe. 
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As  a  particular  case,  if  m,  tn  are  prime  to  each  other,  we  maj  pat 
A  =  m',  /I  =  m,  so  that  (3)  becomes 

(ma + ma)  x + (mb + mb^  y  +  (me + mc)  z  +  (m'J-l- nuT)  ic  =  SshhT. 

For  example,  the  solations  of 

ar+y+r+tr  =  9,    a;+2y+a»+4«r  =  20 

coincide  with  those  of 

29ir+38y+47«+6^  =  860. 

The  argument  has  not  been  affected  by  the  namber  of  unknown 
quantities  2r,  y,  z,  Ak;.,  so  that  the  general  problem  of  the  partition  of 
a  bipartite  namber  has  been  reduced  to  that  of  a  simple  partition. 
But  the  process  may  evidently  be  extended  so  as  to  cover  the  most 
general  case  of  multiple  partition ;  thus  suppose  that  there  are  three 
equations 

!♦    =^i  CiiC    Tt/y    TO*    "T"fc*w     ^^  T/», 

(*) 


u^='ax  +6y  +cz  -^-dvo  =  m, 
u  =  ax  ^rVy  -{-cz  -k-d^w  =  m\ 
fi  =  a  a;+D  y+6  js  +  o  «?  =  w  ;  ^ 


then,  by  suitably  choosing  X,  /i,  the  solutions  of  the  first  two  may  be 
made  to  coincide  with  those  of 

\u  4-  f«t*'  =  Xw + iim\ 

and  now  we  may  again  choose  integers  X',  fi'  so  that  the  solutions 
common  to  this  and  the  third  of  the  given  equations  coincide  with 
those  of  the  single  equation 

X'  (Xtt+/*t*')+MV'=  X'  (Xm+/«m')+/*w''; 

or,  changing  the  notation,  we  may  say  that  it  is  possible,  in  an  infinite 
number  of  ways,  to  choose  positive  integers  X,  fi,  v  so  that  the  solutions 
of  (4)  coincide  with  those  of 

(\a-^IJLa'\'yd')  aj+ ...  =  Xm+/*wi'4-vwi*'. 

It  is  clear  that,  by  a  process  of  induction,  a  similar  result  may  be 
established  for  any  number  of  equations. 

In  the  case  of  two  equations  with  three  undetermined  quantities 

cmj4- 6y+c«—m  =  0,     a'aj+6y+c«— m'=  0, 
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we  have  a  geometrical  interpretation ;  namely,  /that,  if  there  are 
integral  points  on  the  line  of  intersection  of  the  planes  represented  by 
these  equations,  then  an  indefinite  number  of  planes 

can  be  found  (X,  /i  being  positive  integers),  so  as  to  pass  through  no 
integral  points  in  the  first  octant  except  those  on  their  common  line 
of  intersection.  A  quasi-geometrical  interpretation  of  the  same  kind 
may,  of  course,  be  given  to  the  result  in  the  general  case. 

It  may  be  observed  that  the  above  method  of  finding  X,  /a  for  the 
reduction  of  a  bipartition  is  not  the  only  one ;  nor  does  it  necessarily 
give  the  most  convenient  values.  Another  way  of  proceeding  is  as 
follows  : — Let  the  two  given  equations  be 


ax  +hy  -^rcz  -j-dw  z=z  m,    \ 
ax+h'y-^cz-hd'w  ^  rn  ;  J 


(6) 


then  (i.),  if  there  is  any  solution  at  all,  one  at  least  of  the  quantities 

rna     tub     mc     md 


a 


/     »  7#      »  /      » 


(T 


must  be  equal  to  or  exceed  m  ;  and  (ii.),  if  i  is  any  positive  integer 
which  exceeds  the  greatest  of  the  four  quantities,  the  solutions  of  (5) 
coincide  with  those  of 

(a-f-Va)  x-{-{b-\'%b')  y-\-{c-^ic')  Z'\'{d-\'id!)  w  =  m+tW.         (6) 

To  prove  the  first  statement,  suppose 


then 


ma < ma\     m'b < mb\    Ac. ; 
m  {ax-\-by'\'CZ'\'dw)<m  {ax-^-Vy-^-cz-^-d'to)^ 


if  none  of  the  quantities  ^,  y,  z^  w  is  negative,  and  they  are  not  all 
zero.     But  every  solution  of  (5)  makes 

m  {aX'\-by'\-cz-\'dw)  =  m  {ax-^-Vy-^-cz-k'd'w)  ; 

therefore   the   assumed  inequalities   cannot   all  hold  if  the  given 
equations  are  soluble. 
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Every  solution  of  (6)  leads  to 

ax  +6y  -f  (»  ^dw  =  m  4-»3, 1 

where  q  is  zero  or  some  positive  integer.     But,  since  tV>  i»'a,  4c.,  it 
follows  that 

and  therefore,  if  oar  -h  6y  +  cz + dw;  >  t , 

it  follows,  a  fortiori,  that 

so  that  the  equations  (7)  are  inconsistent,  except  for  ^  =  0.     This 
proves  that  ever}'  solution  of  (6)  is  also  a  solution  of  (5). 

Thus,  if,  in  the  numerical  example  ahove  given,  we  take  «n  =i  9, 

m'=  20,   the  process  just  explained  gives  i>21,  and  the  deriyed 
equation  for  i  =  21  is 

22x+42y+64a-^Sbw  =  429, 

while,  if  we  take  m  =  20,  m'=  9,  we  have  *  >37,  and  the  derived 
equation  for  i  =  37  is 

88a;  +  39y+402;  +  41u;  =  353. 

The  second  process,  like  the  first,  may  he  used  to  replace  any 
number  of  linear  indeterminate  equations  by  a  single  equivalent  one. 

It  may  be  of  interest  to  state  that  the  argument  upon  which  this 
paper  is  based  occun*ed  to  me  after  reading  the  memoirs  of  Dedekind 
and  Kronecker  on  the  theory  of  ideal  numbers.  EIronecker  makes 
extensive  use  of  "  undetermined  quantities,"  which  are,  in  fact, 
what  Sylvester  called  umbras ;  in  Dedekind's  ideals  we  have  undeter- 
mined integers,  or  compound  moduli,  which  serve  the  same  purpose 
as  EIronecker's  umbrce. 
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Notes   on   Synthetic   Oeometry.      By  W.   Esson,   F.RS. 
Received  May  7th,  1897.     Read  May  13th,  1897. 

In  a  course  of  lectures  on  Synthetic  Geometry,  delivered  at  Oxford 
in  1894,  I  endeavoured  to  place  the  fundamental  conceptions  of  the 
subject  on  a  purely  synthetic  basis.  In  almost  all  the  treatises 
results  are  assumed  which  have  been  proved  by  analytic  processes. 
This  is  especially  the  case  in  the  determination  of  Pliicker's  char- 
acteristics, and  in  the  theory  of  united  elements  in  correspondences. 
I  hope  to  show  in  the  following  notes  that  these  subjects  admit  of  a 
purely  synthetic  treatment. 

Definitions. 

1.  The  degree  of  a  plane  curve  is  the  number  of  points  determined 
by  the  curve  upon  a  straight  line.  This  number  remains  the  same 
whatever  be  the  position  of  the  straight  line  in  the  plane  of  the 
curve. 

It  is  understood  that  the  curve  is  described  by  a  purely  graphic 
method,  so  that  the  number  of  points  in  which  the  curve  meets  a 
straight  line  can  be  ascertained  by  the  mode  of  description. 

2.  The  class  of  a  plane  curve  is  the  number  of  tangents  determined 
by  the  curve  at  a  point.  This  number  remains  the  same  whatever  be 
the  position  of  the  point  in  the  plane  of  the  curve. 

Pliiclcer^s  Oharacteristics, 

3.  The  class  of  a  curve  described  in  a  given  manner  is  m.  By  an 
alteration  in  the  relative  positions  of  the  elements  of  description,  a 
double  point,  not  previously  existing,  is  introduced.  The  class  of  the 
altered  curve  is  m— 2. 

The  tangent  to  eaoh  branch  of  the  curve  at  the  double  point  meets 
the  branch  to  which  it  is  a  tangent  in  two  consecutive  points,  and  the 
other  branch  in  one  point  ultimately  coincident,  but  not  consecutive, 
with  the  former  points.  This  tangent  counts  as  two  at  the  con- 
secutive points  and  one  in  addition  as  drawn  from  the  point  on 
the  other  branch.  The  number  of  remaining  tangents  determined 
by  the  curve  at  the  double  point  is  wi— 6.  But  in  the  altered 
curve  the  tangents  at  the  double  point  are  one  for  each  branch,  each 
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connting  as  two.     The  class  of  the  altered  curve  is  therefore 

w— 6  +  4  =  m— 2. 

It  is  seen  that  the  original  curve  of  class  m  degenerates  into  a  curve 
of  class  m— 2  and  two  points  coinciding  with  the  double  point. 

Gor, — If  ^  double  points  are  introduced,  the  class  of  the  altered 
curve  is  m— 2^. 

4.  If  the  altered  curve  has  a  cusp,  not  previously  existing,  the 
class  is  m— 3. 

A  cusp  arises  when  by  a  further  alteration  in  the  elements  of 
description  the  tangents  at  the  double  point  become  coincident  and 
the  loop  at  the  point  degenerates  into  a  point. 

A  tangent  to  the  loop  from  a  point  on  one  branch  of  the  curve 
adjacent  to  the  double  point  is  lost  in  the  altered  curve,  and  the  class 
of  the  curve  is  further  diminished  by  1. 

Cor. — If  K  cusps  are  introduced,  the  class  of  the  altered  curve 
is  m— 3«r. 

4.  If  the  original  curve  is  of  the  ffi^  degree  and  has  no  double 
point  or  cusp,  the  class  of  the  curve  is  n  (n — 1). 

Let  u^  be  the  class  of  the  original  curve.  Suppose  that  by  an 
alteration  in  the  elements  of  description  the  curve  degenerates  into  a 
similar  curve  of  the  (n— 1)*^  degree  and  a  straight  line.  The  altered 
curve  has  n— 1  double  points  at  the  intersections  of  the  curves  of  the 
(n—1)^  degree  and  straight  line,  so  that  the  class  of  the  altered 
curve  is,  by  §3,  diminished  by  2  (m—I),  but  the  class  is  t*„-i,  the 
number  of  tangents  determined  at  a  point  by  the  similar  curve  of  the 
(n— 1)***  degree.     Hence 

t*«-ti«.^  =  2  (n— 1), 

and  ttj  =  0  ; 

therefore  w„  =  n  ( w  —  1 ) . 

Cor. — The  class  of  a  curve  of  the  n*^  degree  which  has  3  double 
points  and  k  cusps  is  n  (n— 1)— 2^— 3ic. 

6.  The  degree  of  a  curve  described  in  a  given  manner  is  n.  By  an 
alteration  in  the  relative  positions  of  the  elements  of  description  a 
double  tangent,  not  previously  existing,  is  introduced.  The  degree 
of  the  altered  curve  is  n— 2. 
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The  point  of  contact  of  the  double  tangent  on  each  branch  of  the 
curve  determines  two  consecutive  tangents  to  that  branch  and  one  to 
the  other  branch  ultimately  coincident,  but  not  consecutive,  with  the 
former  tangents.  This  point  of  contact  counts  as  two  on  the  con- 
secutive tangents  and  one  in  addition  as  determined  by  the  tangent 
to  the  other  branch.  The  numberof  remaining  points  determined  by 
the  curve  on  the  double  tangent  is  n— 6.  But  in  the  altered  curve 
the  points  of  contact  of  the  double  tangent  are  one  for  each  branch, 
each  counting  as  two.     The  degree  of  the  altered  curve  is  therefore 

n-6+4  =  n-2. 

It  is  seen  that  the  original  curve  of  degree  n  degenerates  into  a  curve 
of  degree  n— 2  and  two  straight  lines  coinciding  with  the  double 
tangent. 

Cor. — If  r  double  tangents  are  introduced,  the  degree  of  the  altered 
curve  is  «— 2r. 

7.  If  the  altered  curve  has  an  inflexion,  not  previously  existing, 
the  degree  is  n— 3. 

An  inflexion  arises  when  the  points  of  contact  of  a  double  tangent 
become  coincident.  A  tangent  to  one  of  the  originally  distinct  por- 
tions of  the  curve  at  a  point  adjacent  to  the  point  of  contact  of  the 
double  tangent  with  this  portion  loses  an  intersection  with  the  other 
portion  of  the  curve  which  the  double  tangent  touches,  and  the 
degree  of  the  curve  is  further  diminished  by  I. 

Cor, — If  I  inflexions  are  introduced,  the  degree  of  the  altered 
curve  is  n— 3t. 

8.  If  the  original  curve  is  of  the  m^  class  and  has  no  .double  tan- 
gent or  inflexion,  the  deg^ree  of  the  curve  is  m  (m— I). 

Let  w„  be  the  degree  of  the  original  curve.  Suppose  that  by  an 
alteration  of  the  elements  of  description  the  curve  degenerates  into  a 
similar  curve  of  the  (m— I)***  class  and  a  point.  The  altered  curve 
has  w  —  1  double  tangents  determined  at  the  point  by  the  curve  of 
the  (m— 1)^  class,  so  that  the  degree  of  the  altered  curve  is 
diminished  by  2  (m— 1),  but  the  degree  is  tt,^.,,  the  number  of  points 
determined  on  a  straight  line  by  the  similar  curve  of  the  (m  — I)*** 
class. 

Hence  ti,„— t*m-i  =  2  (m— 1),     and    Wj  =  0 

therefore  t*,^  =  «i  (m— 1). 
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Cor, — The  degree  of  a  curve  of  the  m^  class  which  has  r  double 
tangents  and  i  inflexions  is 

m(w-l)— 2r— 3i. 

9.  The  number  of  conditions  which  determine  a  curve  described  in 
a  given  manner  is  p.  By  an  alteration  of  the  relative  positions  of 
the  elements  of  description  d  double  points  and  jc  cusps,  not  previously 
existing,  are  introduced.  The  number  of  conditions  which  determine 
the  altered  curve  is  p— ^— 2i:. 

As  two  branches  of  the  altered  curve  pass  through  the  same  point, 
one  condition  is  lost  for  each  double  point,  and  when  the  loop  of  the 
double  point  degenerates  into  a  point  an  additional  condition  is  lost 
for  each  cusp. 

10.  The  number  of  conditions  which  determine  a  curve  described 
in  a  given  manner  is  q.  "By  an  alteration  of  the  relative  positions  of 
the  elements  of  description  r  double  tangents  and  i  inflexions  are 
introduced.  The  number  of  conditions  which  determine  the  altered 
curve  is  g— t— 2i. 

As  the  same  straight  line  is  touched  twice  by  the  curve,  one  con- 
dition is  lost  for  each  double  tangent,  and  when  the  points  of  contact 
of  the  double  tangent  become  coincident  an  additional  condition  is 
lost  for  an  inflexion. 

11.  The  number  of  conditions  which  determine  a  curve  of  the  n^ 
degree  which  has  no  double  point  and  no  cusp  is  ^n  (n+3)* 

Let  Un  be  this  number.  Suppose  the  curve  to  degenerate  into  a 
similar  curve  of  the  (n— 1)***  degree  and  a  straight  line.  The 
degenerate  curve  has  n—l  double  points,  and  the  number  of  condi- 
tions which  determine  the  altered  curve  is  tt„— (n— 1)  ;  but  the  curve 
of  the  (n— 1)*^  degree  is  determined  by  tt„_i  conditions,  and  the 
straight  line  by  2,  so  that 

«*»— (n— l)  =  u„»i+2, 

or  «n— **M-i  =  w+1,     and     t^  =  2  ; 

therefore  u^  =  Jn  (n+3). 

Cor, — The  number  of  conditions  which  determine  a  curve  of  the 
T^th  degree  which  has  B  doable  points  and  jc  cusps  is 

in(n+3)~8-2ic. 
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12.  The  number  of  conditions  which  determine  a  curve  of  the  m^ 
class  which  has  no  doable  tangent  and  no  inflexion  is  |m  (m.+3). 

Let  Um  be  this  number.     Suppose  the  curve  to  degenerate  into  a 

similar  curve  of  the  (m  —  1)*^  class  and  a  point.     The  degenerate 

curve  has  m—l  double  tangents,  and  the  number  of  conditions  which 

determine  the  altered  curve  is  u^ — (m— 1)  ;  but  the  curve  of  the 

(m— 1)^  class  is  determined  by  u^^^  conditions,  and  the  point  by  2, 

so  that  ,        ,  N  rt 

t*m— (w-1)  =  u«.i  +  2, 

or  u^—u^.i  ss  m-^lj     and     u^  =  2  ; 

therefore  u«  =  ^  (m+3). 

Cor,  1. — The  number  of  conditions  which  determine  a  curve  of  the 
m^  class  which  has  r  double  tangents  and  i  inflexions  is 

im(m  +  3)— T-2i. 

13.  The  number  of  conditions  which  determine  a  curve  is  the  same 
in  whatever  manner  it  is  expressed.     Hence  for  the  same  curve 

in(n+3)  — ^— 2if  =  |m(m  +  3)— r— 2«. 

14.  The  number  of  points  common  to  two  curves  one  of  the  nj*^ 
and  the  other  of  n,^  degree  is  n^n,. 

Consider  the  curves  taken  together  as  a  curve  of  the  (nj-fn,)*** 
degree  which  has,  in  addition  to  the  double  points  and  cusps  belong- 
ing to  each  curve,  a  number  of  double  points  equal  to  the  number  of 
points  common  to  the  two  curves ;  this  number  is  thus  half  the 
difference  between 

(n,+n,)(n,+n,-l)-2(ai-ha,)-3  (Tj-hir,) 

and  7n^(ni  — 1)— 2^1  — 3iCj-fn,  («i— 1)— 2^,— 3if„ 

the  class  of  the  compound  curve  ;  t.e,,  the  number  is  n^n,. 

15.  The  number  of  tangents  common  to  two  curves  one  of  the  m^^ 
class  and  the  other  of  the  m^  class  is  niim^. 

Consider  the  curves  taken  together  as  a  curve  of  the  (mj  +  m,)*^ 
class,  which  has,  in  addition  to  the  double  tangents  and  inflexions 
common  to  each,  a  number  of  double  tangents  equal  to  the  number  of 
tangents  common  to  the  two  curves  ;   this  number  is  thus  half  the 
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difference  between 

(7ni  +  7?i,)(mi-f  Tn,— 1)— 2  (rj-f  r,)— 3  Oi  +  tj) 
and  711^  (mj — 1)  —  2ri — Sij  -f  m,  (m,  —  1)  —  2r, — 3c„ 

the  degree  of  the  compound  curve  ;  i.e.,  the  number  is  m|m,. 

16.  The  maximum  number  of  double  points  which  a  proper  onrye 
of  the  n^  degree  can  have  is  ^  (n— l)(n— 2). 

If  a  curve  has  one  more  than  the  maximum  number,  it  degenerates 
into  two  curves  of  lower  degree.  Let  these  two  curves  be  a  curve  of 
the  (n— 1)^^  degree  with  the  maximum  number  of  double  points  and 
a  straight  line.  Let  u^  be  the  maximum  number  for  a  curve  of  the 
ffi^  degree.  The  straight  line  and  curve  of  the  (n— 1)***  degree  have 
together  t«„_i  +  n— 1  double  points,  so  that 

ti,-f  1  =«„.i  +  n— 1, 
Wn— ttn-i  =  n— 2     and     u,  =  0; 


or 


therefore 


u.  =  4(n-l)(n-2). 


17.  The  maximum  number  of  double  tangents  which  a  proper 
curve  of  the  m^  class  can  have  is  J  (m  — l)(m— 2). 

If  a  curve  has  one  more  than  the  maximum  number,  it  degenerates 
into  two  curves  of  lower  class.  Let  the  two  curves  be  a  curve  of  the 
(m^l)^  class  with  the  maximum  number  of  double  tangents  and  a 
point.  Let  u^  be  the  maximum  number  for  a  curve  of  the  m^  class. 
The  point  and  curve  of  the  (t»— 1)^  class  have  together  u>».iH-m— 1 
double  tangents,  so  that 

«m+l  =  tt„_i+m-l. 


or 
therefore 


«ii»--**«-i  =  w  — 2     and     u,  =  0; 
t*«  =  4(m-l)(m-2). 


18.  It  is  convenient  to  express  Pliicker's  characteristics  in  terms 
of  the  degree  n,  class  m,  and  deficiency  D. 

We  have 

n  (n— 1)— m— 2^— Sic  =  m  (m— 1)— w— 2r— 3t  =  0, 

in  (n+3)— ^— 2c  =  |m(m-f  3)— r-2i, 

whence,  by  subtraction, 

i  (n-l)(n-2)-^-if  =  i  (m-l)(m-.2)-r-t  =  D, 
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and 

,f  =  2(n-l)-m-f2D, 

(i.) 

t  =  2(w-l)-n+2D, 

(ii.) 

^=l(n-l)(n-6)+m-3A 

(iii.) 

r  =  i  (m-l)(m— 6)  +n— 3I>. 

(iv.) 

Correspondence*. 

19.  Definition, — If  two  sets  of  elements  of  the  same  kind  are  snch 
tliat  to  one  element  of  one  set  correspond  n  elements  of  the  other 
set,  the  groups  of  n  elements  of  the  second  set  are  said  to  be  in 
involution. 

20.  There  are  2(n— 1)  double  elements  of  an  involution  of  the 
n^  order. 

Let  the  involution  be  represented  by  rays  of  a  linear  pencil  each 
group  of  n  rays  of  which  corresponds  to  a  single  ray  of  another 
linear  pencil. 

To  the  join  of  the  centres  of  the  pencil  correspond,  (1)  n  rays  of 
the  first  pencil  which  are  tangents  at  the  centre  of  this  pencil  to  the 
locus  of  intersection  of  corresponding  rays  of  the  two  pencils,  (2)  one 
ray  of  the  second  pencil  which  is  tangent  at  the  centre  of  this  pencil 
to  the  same  locus.  There  is  no  double  ray  of  the  second  pencil,  and 
therefore  no  tangent  to  the  locus  from  the  centre  of  the  first  pencil 
except  those  at  the  centre,  each  of  which  counts  as  two.  The  locus  is 
therefore  of  the  2n^  class.  Of  the  2n  tangents  determined  by  the 
locus  at  the  centre  of  the  second  pencil,  the  tangent  at  the  centre 
counts  as  two  ;  the  remaining  2  (n~l)  tangents  are  those  rays  of  the 
second  pencil  which  correspond  to  the  double  rays  of  the  first  pencil, 
of  which  the  number  is  therefore  2  (n— 1). 

21.  Two  involutions  whose  corresponding  elements  admit  of  coin- 
cidence, and  which  have  a  (m,  n)  correspondence,  have  m+n  united 
corresponding  elements. 

Let  the  involutions  be  projective  with  two  linear  pencils.  The 
locus  of  intersection  of  their  corresponding  rays  is  of  the  (m-fn)*^ 
degree,  for  the  join  of  their  centres  meets  the  locus  in  m+n  points, 
viz.,  m  at  one  centre  and  n  at  the  other,  determined  by  the  i*ays 
which  correspond  to  the  join  of  the  centre. 

Any  other  straight  line  meets  the  locus  in  n^-^n  g^^l^  yis-i  the 
united  corresponding  points  of  the  ini 
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straight  line  by  the  pencils.     The  number  of  united  corresponding 
elements  of  the  original  involutions  is  therefore  m+n. 

The  locus  employed  in  the  preceding  proof  has  interesting  charac- 
teristics. 

22.  The  class  of  the  locus  when  it  has  no  cusps  and  no  multiple 
points  except  at  the  centres  of  the  pencils  is  2mn. 

At  the  centre  of  one  pencil  the  locus  determines  2mn  tangents, 
viz.,  2m  at  the  centre  and  2m  (n— 1)  determined  as  the  rays  corre- 
sponding to  the  2  (n—  1)  double  rays  of  the  other  pencil.  The  class 
of  the  locus  is  therefore  2mfi. 

23.  The  deficiency  of  such  a  locus  is  (m— l)(n— 1). 
The  multiple  points  at  the  centres  are  equivalent  to 

im(m-l)  +  in(n-l) 
double  points,  and  the  deficiency  is  therefore  the  excess  of 

I  (m  +  n-l)(m+n-2)  ' 

over  this  number  of  double  points,  viz.,  (m— l)(n— 1). 

24.  The  Plucker's  characteristics  of  such  a  locus  are,  by  §  18, 

ic  =  0, 

I  :=  3  (2m?i— m— n), 

^  =  ^m  (w—  1)  -^-^n  (n— 1), 

r  =  2  (m7i-l)(mn-2)-4  (m-l)(n-l). 

25.  When  m  =  1,  the  locus  has  no  deficiency,  and  in  this  case  (the 
locus  in  §  20,  of  degi*ee  n  -|- 1  and  class  2n), 

<f  =  0, 

*  =  3(n-l), 

a  =  in(n-l), 

r  =  2(n-l)(n-2). 

26.  The  number  of  conditions  which  determine  the  locus  of  the 
(m-hn)^**  degree  and  class  2mM  which  has  one  given  multiple  point 
of  the  m^^  and  one  of  the  n^  order  is  (m+l)(n-|-l)-fl. 

Each  multiple  point  of  the  m^^  order  is  determined  by  |m  (m  +  1) 
conditions,  so  that  the  number  of  conditions  including  the  points 
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which  are  assigned  to  be  of  multiplicity  m  and  n  respectively,  the 
nnmber  of  conditions  is 

i(m  +  n)(m  +  »  +  3)-iw(m  +  l)-Jn(n  +  l)+2  =  (m-f  l)(n-f  1)  +  1. 

27.  A  pencil  of  such  curves  which  has  two  given  multiple  centres, 
one  of  the  m^  and  another  of  the  n^  order,  and  (m-fl)(n-f  1)— 2 
other  given  centres,  has  (m— l)(n--l)  other  centimes  determined  by 
the  given  centres. 

By  §  26  the  pencil  is  determined  by  (m-|-l)(n-fl)  conditions,  t.e,, 
by  (m4-l)(w  +  l)  — 2  other  points  in  addition  to  the  two  multiple 
centres ;  but  two  curves  of  the  pencil  intersect  in 

m'+n'-f  (m-f  l)(n-f  l)-2  =  (m+n)'— (m— l)(n-l) 

points  at  the  given  centres,  and  therefore  in  (m— l)(n— 1)  other 
points  which  are  also  centres  of  the  pencil  of  curves. 

28.  When  m  :=  1,  the  number  of  conditions  which  determine  the 
locus  of  the  (n  +  1)*^  degree  and  2n*^  class  which  has  one  given 
multiple  point  of  the  n^  order  is  2»  +  3. 

29.  When  m  =  1,  a  pencil  of  such  curves  is  completely  deter- 
mined by  one  given  multiple  centre  of  the  n*^  order  and  2n+l  other 
centres. 

30.  Example, — A  pencil  of  cubics  of  the  fourth  class  is  determined 
by  five  single  centres  and  one  double  centre. 

Construct  the  conic  a  determined  by  the  five  single  centres,  and 
the  conic  h  determined  by  the  double  centre  and  any  four  of  the 
single  centres.  Take  any  fixed  point  0  on  a.  A  ray  through  0 
determines  a  point  P  on  a  and  two  points  Q  on  6;  P  and  Q 
determine  at  the  remaining  single  centre  and  at  the  double  centre 
respectively  rays  which  have  a  (1,2)  correspondence  and  whose 
intersections  therefore  lie  on  a  cubic  of  the  fourth  class  having  a 
double  point  at  the  given  double  centre.  Each  position  of  0  deter- 
mines one  such  cubic  passing  through  all  the  given  centres. 
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An  Essay  on  the  Oeometrical  Calculus  —  {contintuition).  By 
Emanuel  Lasker.  Received  May  3rd^  1 897.  Communicated 
May  13th,  1897,  by  Mr.  Tucker. 

In  the  former  part  of  this  essay*  the  calculus  of  plane  spaces  and 
plane  forms  has  been  established.  It  was  shown  that  the  symbols 
of  plane  spaces  and  plane  forms  may  be  composed  with  each  other  as 
if  the  operation  of  composition  denoted  multiplication  only ;  that  (ii 
is  not  =  fi(  always,  but  =  ±  i?^,  according  to  the  rule  of  signs.  The 
conceptions  of  the  normal  form  of  a  space,  of  the  plane  space  I  at 
infinity  and  the  spherical  manif  oldness  3  at  I,  have  been  introduced,  and 
a  multitude  of  metrical  relations  shown  to  take  their  origin  therefrom. 
In  this  part,  homogeneous  algebraical  forms  of  the  plane  space 
symbols  are  considered  and  shown  to  be  algebraically  equivalent  to 
the  algebraical  formations  of  geometry.  A  sign  x  (and  reciprocally  :fc) 
is  introduced  as  an  extension  of  the  conception  of  composition,  and  its 
principal  laws  are  discussed.  Some  properties  of  the  intersections  of 
surfaces  are  explained,  especially  of  the  group  of  points  common  to  h 
surfaces  in  the  space  Sk-  Finally,  a  few  applications  are  given  to  show 
that  the  symbolism  used  will  yield  good  results  without  much  e£&>rt. 

Let  the  space  in  which  we  operate  be  a  straight  line  I.  Let 
A,  B, .,.  L  denote  any  point  on  that  line,  ®  a  group  of  such  points,  for 
instance,  A,  B,  and  C.  Then  ®  will  be  denoted  by  A.B.C,  where 
the  symbol  .  is  expressive  of  the  fact  that  the  various  points 
thus  connected  are  to  be  considered  as  a  group,  collectively.  The 
number  of  such  points  is  called  the  order  of  the  group.  In  the 
natural  extension  of  the  symbolism  used  for  plane  spaces,  [®D],  or 
sometimes  gimply  ®D,  where  D  may  be  any  point  on  Z,  will  denote 
the  magnitude  which  is  the  product  of  the  various  magnitudes  formed 
by  the  points  of  the  group  &  with  D ; 

&D=:AD.BD.  CD. 

Any  equation  between  groups  such  as 

®  +  ®'=:®", 

or  ®  .  ®'=  (M", 


♦  Pp.  217-260  supra. 
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signifies  that  both  the  right-  and  left-hand  sides  composed  with  an 
arbitrary  point  symbol  on  I  are  eqnal.     If  @  contains  the  point  A, 


then 

and  inversely,  if 


®i4=:0, 


then  ®  must  contain  the  point  A,  since  a  product  can  only  vanish  when 
any  one  of  its  factors  vanishes.  If  P,  Q  are  any  two  points  on  the 
line  I,  and  X,  /i  two  parameters, 

®  (XP-f /iO)  ==  0 

will  be  an  equation  for  X,  fi  whose  roots  determine  the  position  of  the 
points  \P'\-fxQ  of  the  group  ®.  The  definitions  given  allow  us 
therefore  to  treat  such  groups  ®  as  algebraical  forms  of  two  homo- 
geneous variables  and  to  reduce  any  equation  between  groups  to 
algebraical  identities. 

Let  u  be  any  group,  or,  as  we  shall  sometimes  say,  point-form,  of  the 
n^^  order.  Let  A^^ ...  A^,  be  any  n  points  on  I,  and  Qj,  ...  a„,  any  con- 
stants. Then  u^a^A^-^  .,.-^a^Aj)  is  a  magnitude  determined  by  t*, 
the  position  of  the  Ay  and  expressible  as  a  homogeneous  rational  in- 
tegral function  of  the  a^, ...  a,,,  of  the  n*^  order.  It  will  therefore  con- 
tain a  term  (Ja^,  ...  o^,  where  C  is  a  magnitude  determined  by  u  and 
the  points  Ai,,,.An,  alone.  We  denote  the  n!*^  part  of  0  by 
uxA^.A^, ..,  A^.  The  sign  X  is  a  symbol  of  operations  whose  properties 
we  propose  now  to  study.     First  of  all,  it  is  clear  from  its  definition  that 

(tt-f-M')  xAi, ...  A^  =  uxAi,,..  A^-\'UxA^,..,  An. 
Secondly,  if  we  develop 

as  a  homogeneous  form  of  the  a<,  we  shall  obtain  altogether  n  +  1 
terms  which  linearly  contain  the  n  +  1  parameters,  the  form  being 
only  of  the  n*^  order ;  and,  from  the  supposition 

o«*i  =  0, 

it  is  clear  that  the  factor  of  n!  a^  ...  a,,  is  again  uxAi  ...  A^i  ^^**  of 
n!  ttj ...  a,_ia„^i  is  therefore  similarly  uxA^  ...  A^.iAn^i,  Ac.  If  now 
we  identify  a»+,  with  0^,  we  obtain 

u  X ilj.il|. ...  An-iyA^-h An^i)  ^w X  ili. »..  A^...iA^ 
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It  follows  then  that  the  symbol  x  in  regard  to  linear  changes  of  the 
forms  operated  upon  has  all  the  properties  of  an  ordinary  maltiplio- 
ation  symbol,  and  that  therefore  no  error  will  be  produced  by  treating 
the  Ai,  ...  -4„  collectively,  that  is,  as  a  grpnp  v. 

The  fact  that  u  x  v  is  a  magnitude  which  changes  linearly  in  a  corre- 
sponding manner  to  the  u  and  t;  will  be  expressed  by  saying  that  the 
operation  x  is  distributive ;  or,  in  symbols,  the  operation  x  is  dis- 
tributive because 

(Xtt-h/iu')  X  t?  =  X  (u  X  v)  +/1  (u  X  v), 
and  u  X  (kv-i'/iv)  =  X  (m  x  v)  +/i  (u  x  v'), 

A,  fjL  denoting  constants. 
To  give  an  instance,  let 

u  =  A.B,    v=:C,Dy 

u  (aO  +  )3I>)  =  A  (aa-f /3D)  .  B  {aO-^pB) 

=  aMa.i?(7+a/3  {A0,BB'k'AB,BO)'if^AB.BB\ 

therefore  m  x  v  =  J  {AO,BB-\-AB,BO). 

Or  let  M  =  ^.2?.0,     v  =  B,E.F; 

then        uxv  =  i  (AB.BE.GF-hAB.BF.CE-hAE.BF.CB 

-{-AE.BB^OF-hAF.BB.OE+AF.BE.OB), 

If  we  transpose  u  and  r,  the  magnitude  uxv  changes  sign  when  n 
is  odd,  but  remains  unchanged  when  n  is  even.  Therefore  u  x  u  is 
always  0  when  n  is  odd,  but  may  be  distinct  from  0  when  n  is  even. 

It  is  also  immediately  seen  that  uP,  where  P  is  any  point  on  I,  is 
the  same  as  «  x  P".  Therefore  tt  x  P*  =  0  only  if  P  is  one  of  the 
points  of  the  group  u, 

u  X  v  =  0  is  a  single  condition  for  the  coefficients  of  u  and  t; ;  if  u 
therefore  is  fixed,  u  =:  Ai. ,,,  An,  then  v  restricted  by  the  linear 
condition  m  X  v  =  0  will  only  contain  n  independent  parametei's ;  and 
it  therefore  follows  that 

where  the  c  are  arbitrary  constants. 

When  V  is  of  lower  degree  than  m,  say  of  the  m*^,  n^m  being  =i  X, 
then  vxu  will  be  represented  by  the  form  w, 

r  X  tt  =  u', 
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80  that  identically  v.P*  x  «  =  wP, 

Inhere  P  remains  arbitrary. 

Let,  for  instance,  u  ^  A,B, 

and  t;  =  (7 ; 

then  vxu=z\(CA.B-\-OB.A). 

vxu  may  also  be  defined  as  that  form  which  is  represented  by  the 
group  of  the  points  P  for  which 

v.P*Xtt  =  0. 

If  we  replace,  in  the  equation 

r.P'Xtt  =i  wP^ 

P  by  d, .  Pj  -f . . .  +  tt;^ . Pj,,  and,  in  the  development  of  t; . P*  x  tt  and  wP  as 
rational  integral  functions  of  the  a,  equate  the  respective  coefficients  of 
Oj ...  ax  to  each  other,  then  we  obtain,  denoting  further  Pj. ...  Px  by  ^, 

r.^Xtt  =  M^x^. 

If  V  and  u  ai'e  both  of  the  same  order,  v  and  u  will  be  called  con- 
jugate or  harmonic  to  each  other  whenever 

v  X  tt  =  0. 

If  t;  is  of  inferior  order  to  u,  then  vxu  will  be  spoken  of  as  the  polar 
of  V  with  respect  to  «,  and,  if  this  polar  vanishes  identically  (equi- 
valent to  X+1  conditions),  then  v  will  be  called  apolar  with  respect 

to  II. 

If  u  has  a  double  point  A^  n  being  the  order  of  u,  then 

il-»  X  tt  =  0, 

as  is  immediately  clear  from  its  manner  of  formation.  This  equation 
is  equivalent  to  two  conditions ;  therefore  it  is  also  the  general  con- 
dition for  il  to  be  a  double  point  of  u.     In  the  same  manner 

whenever  -4  is  a  X-fold  point  of  u. 
If  u  =  A^'B^\..lS 

Xj-f  A,-f  ...+X4    being  of  course  =  n,    and,   if  v  be  a  form  of  the 

n*^  order,  such  that 

!♦  X  t;  =  0, 
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then  V  must  be  of  the  form 

where  v,  v",  ...  v^*^  are  arbitrary  forms  of  orders  Xj— 1,  Xi— 1, ...  ^k""!* 
respectively.     For  this  form  satisfies  the  equation 

M  X  r  =  0, 

and  contains  ^      ^    .        .  . 

A,  +  X,  +  ...+A4  =  n; 

that  is  the  requisite  number  of  arbitrary  constants. 

If  r  X  tt  =  0, 

where  the  order  of  v  (m)  is  smaller  than  that  of  u  (n),  and 

V  r:^  a""' ...  L\ 

then  V  X  tt  =  0 

restricts  u  (n— m-fl)-fold;  u  contains  therefore  only  m  arbitrary 
constants.     Hence 

where  again  «',  u", ...  are  arbitrary  forms  of  orders  X,^l,  X,— 1,  ... , 
respectively. 

If  t«  is  given  of  the  n^^  order,  v  any  form  of  the  m^  order,  then 

1?  X  tt  =  0, 

being  equivalent  to  n— m  +  l  conditions,  restricts  the  m+1  constants 
of  V  (n— m-|-l)-fold,  so  that  2m— n  arbitrary  constants  remain. 
One  factor  being  necessarily  arbitrary,  2m  *-  n  must  be  at  least  =  1 ; 
so  that  a  general  form  u  of  the  n***  order  where  n  is  odd  =  2m  -f  1 

determines  exactly  one  form  v  of  order  — — ,  apolar  to  u ;  v  can  be 
found  by  the  solution  of  o  linear  equations,  v  being  found,  we 
may  express  u  in  a,  specially  simple  manner;  for  instance,  if  v  is  the 

2" 


n—l 
product  of  ■       ■   distinct  points,  it  may  be  expressed  as  the  sum  of 


n—l 

-— —  n^  powers  of  multiples  of  these  points.     This  expression  for  u 

is  sometimes  called  its  canonical  form. 

If  Wi, ...  w*  are  fonns  of  the  n*^  order,  then  any  form  expressible  by 
ej«/-f-... -fCittjk   is    said  to   belong   to    the    involution   Uj...ua;     and 
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k—1  IB  called  its  degree  of  manifoldness.  We  suppose,  of  coarse,  that 
no  snch  identity  as 

exists  (that  the  u^  are  linearly  independent).     The  k  equations 

u,Xt;  =  0,     tt,Xt;  =  0,      ...      t*4Xv  =  0 

restrict  the  form  r,  supposed  to  be  of  the  n^  order,  ^-fold  ;  v  will  there- 
fore be  a  member  of  an  involution  whose  degree  of  manifoldness  will 
be  n— ^,  and  which  may  well  be  called  the  reciprocal  of  the  involu- 
tion t^  ...  U;fc,  or  the  involution  conjugate  to  the  involution  of  the  u. 
By  means  of  this  conception  many  truths  concerning  involutions  can 
immediately  be  derived  from  truths  known  to  hold  for  reciprocal  in- 
volutions.    For  example,  let       , 

'^  k=:  n; 

the  involution  of  the  v  will  be  of  manifoldness  0,  and  v  will  be  uniquely 

determined.     It  is  therefore  immediately  seen  that,  in  general,  an 

involution  of  manifoldness  n— 1  will  contain  n  n^  powers  (of  points 

belonging  to  v)  ;  and  that  the  group  of  these  will  be  harmonic  to  all 

members  of  the  involution  Uj ...  u,,  which  may  also  be  defined  by  this 

property.     Or  let  the  degree  of  manifoldness  of  the  involution  U| ...  u^ 

be  n— 2,  and  let  v,,  v,  form  the  conjugate  involution.     Then  the 

condition  that  the  involution  t^  ...  u^  should  contain  an  n^  power  is 

equivalent  to  the  condition  that  Vj  and  v,  should  have  a  point  in 

common. 

The  equation  .  ,        v     . 

^  vJXwss  (vxu)xt 

may  be  geometrically  illustrated  as  follows.  Let  t;  be  a  point-group 
of  order  w,  u  of  order  n.  Then  all  groups  of  order  n  conjugate  to  u 
and  comprising  the  m  points  v  form  an  involution ;  and  so  do  the 
system  of  the  n^m  points  which  combined  with  v  are  conjugate  to  u. 
This  latter  involution  is  reciprocal  to  a  certain  group  of  order  n—m^ 
which  is  exactly  t;  X  u,  the  polar  of  v  to  u. 

To  obtain  these  results  it  is  not  in  the  least  essential  that  the 
symbols  used  should  be  points  situated  on  a  certain  line.  They  may 
be  any  point  or  plane  space  symbols  situated  anywhere.  For  the 
definitions  given  for  the  operation  X  will  again  apply.  If  u  is  a 
form  of  order  n  of  8^  symbols,  f  any  plane  space,  u^  will  denote  th 
result  of  the  composition  of  all  terms  contained  in  u  with  (.  Let,  for 
instance,  u  be  a  point-form  in  a  plane  S^,  and  let  I  be  any  line 

I  =  ttjZj  -f  . . .  4-  ajn ; 
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tbeu  u  (a|{|  +  ...  +  ciX)  will  be  a  magnitude  developable  as  a  rational 
integral  function  of  tbe  a,  and  will  contain  a  term  a^ ...  a^,  whose 
coefficient  will  depend  only  upon  the  mutual  situation  of  u  and  the  Z^, 
and  whose  nl^  part  may  be  denoted  by  liXZ^Z, ...  !«•  It  follows  in 
the  same  manner  as  before  that  any  linear  change  of  the  I  may  be 
treated  as  if  the  sign  x  denoted  multiplication,  and  that  the  I  may 
be  treated  as  if  they  were  multiplied  together.  It  is  true  that  the 
line-forms  v  in  a  plane  cannot  generally  be  represented  as  the  product 
of  lines,  but  nothing  prevents  us  from  extending  our  definitions  also 
to  general  forms  v,  since  v  can  be  represented  as  the  sum  of  such 
products.  Hence  uxv  is  a  magnitude  uniquely  determined  by  the 
point-form  u  and  the  line-form  v  ;  and  the  operation  x  is  distributive. 
To  give  an  instance,  let  ^   t^  .  •,  -r* 

and  V  =  a,h-hc.dj 

the  A,  By  Oj  D  denoting  points  ;  the  a,  6,  c,  d  denoting  lines.  Then 
uXv  will  be 

ttxv=  ^(Aa.Bb-^Ah.Ba-k-Ga^Dh  +  Gh.Da 

'^Ac,Bd-\-Ad.Bc+Oc.Dd'\'Cd,I>c). 

Or  let  tt  be  a  point- form  of  the  order  n,  and  P  any  point  in  the  plane 
of  operation.     Putting       p_^p,        .^p 

uP  will  be  a  line-form  developable  as  a  power-series  of  the  a ;  whose 
coefficients  are  again  line-forms.  The  coefficients  of  a, ...  a„  will  be 
a  line-form  which  depends  solely  upon  the  situation  of  u  and  P^ ...  P^. 
Since  the  calculus  is  just  the  same  whatever  the  symbols  may  signify, 
whether  lines  or  points,  the  results  obtained  will  also  be  the  same. 
uXVj  where  u  and  v  are  any  two  point-forms  of  order  n,  is  therefore 
a  line-form  uniquely  determined  by  u  and  v,  and  the  operation  x  is 
also  in  this  instance  distributive. 

After  these  explanations,  we  may  announce  the  general  result.  The 
operation  x  is  applicable  to  forms  of  symbols  of  any  manifoldness. 
If  u  is  of  order  n,  u^  is  the  same  as  t^  x  ^.  The  operation  x , 
which  in  the  reciprocal  geometry  will  be  written  ^,  is  an  extension 
of  that  of  composition,  and  is  always  distributive;  uXv  difEers 
from  vxu  either  not  at  all  or  only  in  sign. 

The  itesult  of  «  X  t;  polarized  with  any  new  form  w,  written  (uxv)  X  w, 

can  only  differ  in  sign,  if  at  all,  from  ux(vxw)  or  (uxw)x  r,  Ac. 

It  saf&ces  to  show  this  when  w,  v,  w  are  products  of  plane  forms. 


1897.]        Mr.  E.  Lasker  on  the  Oeometrical  Calculus.  507 

Let,  for  instance,  u  =  d-d, 

where  the  (,  17,  £  are  any  plane  space  symbols.     Then 

tt  X  V  =  i  ((in  I .  fti?,  4-  f  1*7, .  f ,i7i) 
and 

The  law  of  formation  makes  the  statement  immediately  obvious,  so 
that  the  wording  of  the  proof  seems  unnecessary. 

We  come  now  to  the  problem  of  finding  geometrical  equivalents  to 
the  algebraical  forms  introduced  and  identities  established.  A  certain 
liberty  of  choice  will  always  exist,  but  the  conception  of  the  old 
geometers  cannot  in  any  way  be  improved  upon.  Accordingly,  if 
^+1  is  the  manifoldness  of  the  space  containing  all  symbols  of  a 
form  Uj  whose  symbols  may  be  Sk  forms,  then  u  will  be  represented 
by  the  manifoldness  of  points  P  for  which  uP  vanishes,  and  u  will  be 
called  a  surface.  And  reciprocally,  if  u  is  a  point-form,  it  will  find 
its  geometrical  equivalent  in  the  manifoldness  of  all  spaces  2  of  ^ 
manifoldness  for  which  uS  will  vanish.  But,  if  u  can  be  represented 
as  the  product  of  points,  this  group  of  points — each  point  counted  in 
its  proper  multiplicity — is  a  more  direct  representation  of  u.  In  any 
case,  a  S^  form  or  point-form  u  and  its  geometrical  equivalent 
determine  each  other  uniquely,  if  an  arbitrary  factor  is  left  out  of 
consideration. 

If  n  is  a  form  of  S^  symbols,  where  a  differs  from  0  or  h,  then  we 
might  in  the  same  manner  represent  it  by  the  manifoldness  of  plane 
forms  S  of  manifoldness  A— a,  for  which 

and  to  obtain  a  visible  representation  we  should  have  to  define  S 
again  by  a  number  of  plane  spaces  2'  of  manifoldness  a  belonging  to 
the  involution  reciprocal  to  S.  So  then  u  might  ultimately  find  its 
geometrical  equivalence  in  the  manifoldness  of  a  group  of  plane  spaces 
S',  which  stand  in  a  certain  relation  to  each  other,  in  virtue  of  which 
the  reciprocal  2  to  the  involution  determined  by  them  makes  u2 
vanish.  This  representation  would  certainly  have  the  advantage  of 
defining  u  uniquely,  a  factor  being  left  out  of  consideration.  But  it  is 
wholly  unsuited  to  aid  the  geometrical  imagination,  especially  when  u 
is  itself  defined  as  the  intersection  of  surfaces  or  as  a  curve  or  geo- 
metrical formation  of  some  kind  in  general.     For  this  reason  we  must 
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represent  a  form  u  hj  the  manifoldness  of  plane  spaces  S,  for  which 

uS  =  0. 

Remembering  that  certain  relations  are  identically  satisfied  by  the 
coordinates  of  a  plane  space  other  than  a  point  or  a  8^^ — ^in  space,  for 
instance,  if  A,  B,  C7,  D  represent  a  pyramid, 

AB ,  OD-^-AO .  DB-^-AD .  BC 

applied  to  a7iy  line  would  vanish — we  mast  bear  in  mind,  that  certain 
forms  ®i ...  @A  will  in  the  light  of  the  above  definition  vanish  iden- 
tically. The  definition  given  above  will  therefore  create  a  correspon- 
dence between  u  and  its  geometrical  equivalent  only  modulo  @|  ..•®ib- 
This  fact,  however,  does  not  touch  the  validity  of  our  equations,  if  it 
is  understood  that  they  are  always  to  be  read  modulo,  the  fixed 
system  of  moduli  ®,  ...  ©4. 

If,  then,  ti  is  a  geometrical  formation,  the  manifoldness  of  S  belong- 
ing to  it  will  be  that  of  those  spaces  S  which  have  with  u  a  point  in 
common ;  for  this  is  true  if  u  reduces  to  a  product  of  plane  spaces, 
and,  since  u  can  always  be  represented  as  the  sum  of  such  products, 
in  many  ways,  the  general  truth  of  the  proposition  is  easily  made 
evident.  For  that  reason  a  geometrical  formation  @  will  define  the 
form  u  of  which  it  is  the  representative  (modulo  ®  ...  ®ik),  and  we 
might  consequently  apply  our  equations  directly  to  the  formations 
whose  symbols  we  use.* 

The  geometrical  representation  which  we  now  have  agreed  to  use 
will  immediately  lead  to  some  notable  consequences.  Let,  for 
instance,  the  space  in  which  we  operate  be  the  plane.  A  point-groap 
of  the  second  order,  such  as 

will,  in  general,  not  be  represented  by  two  points,  nnless  its  dis- 
criminant ahc  vanishes. 

If  we  compose  u  with  any  point  P, 


*  [A  geometrical  **  fonnation,'*  as  the  word  is  used  in  this  essay,  denotes  always  a 
manifoldness  of  points,  forming  a  curve,  a  surface,  &c.,  in  space  of  any  degree  of 
manifoldness.  According  to  the  principle  established  above,  an  algebraical  form 
(of  the  symbols  used  in  t£e  geomofrical  calculus)  will  correspond  to  it.  It  is,  how- 
ever, easily  seen  that  the  converse  is  not  true.  A  form  like,  for  instance, 
aAB^  +  bCDI' +  eEF .  OH,  where  A,  B,  C,  D,  E,  F,  O,  if  may  be  situated  in  space 
iSg,  will  not  g^erally  define  a  conic  in  space,  but  a  line-manifoldness  of  the  seoond 
order.  Hence  it  will  be  understood  that  we  may  speak  of  algebraical  forma  whioh 
exist  as  gieometrical  formations  and  of  such  as  do  not.] 
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this  will  represent  a  line-group  which  will  obviously  contain  P.  If 
this  line-group  contains  also  some  other  point  Q,  then 

uPQ  =  0, 

from  which  it  follows  that  PQ  belongs  to  the  manifoldness  of  straight 
lines  represented  by  u.  In  other  words,  uP  represents  the  two  lines 
through  P  which  belong  to  the  manifoldness  u.  Let  in  a  similar 
manner  uhe  a,  line-form,  a  curve,  in  the  plane,  and  I  any  line ;  then 
in  the  reciprocal  geometry  u/l  will  denote  the  point-group  which  u 
and  I  have  in  common. 

If  6  is  a  curve  in  space  /S>„  6P  must  denote,  according  to  the 
definitions  given,  the  manifoldness  of  points  Q  for  which 

6P0  =  0, 

which  is  evidently  the  cone  standing  on  6  whose  vertex  is  P.  Ji  8 
is  any  plane  in  space,  6//Sf  will  similarly  denote  the  point-group 
common  to  6  and  S,  Generally,  if  6  is  any  geometrical  formation, 
(  any  space,  P  any  point  on  6,  then  S^  will  contain  the  space  P( ;  for, 
if  2  has  the  point  Q  in  common  with  P(,  then 

therefore  6^  =  0. 

In  the  same  manner  @/^  denotes  the  intersection  of  6  by  ^. 

To  give  an  instance  of  the  working  of  this,  let  u  be  a  conic,  and 
a,  h  be  any  two  lines  in  its  plane  intersecting  in  P.  Through  P 
draw  any  third  line  Xa-f/ife.  Its  two  points  of  intersection  with  u 
are  u/Xa-i-fih,  or,  what  is  equivalent  to  this,  u  *  (Xa-f/it)'.  If  L 
and  M  are  these  two  points  of  interaection,  then  it  follows  that 

where  %  S,  6  are  fixed  point-foims  of  the  second  order.  So,  then, 
if  L^ .  Jlfj,  Zfi .  Jf,,  I/, .  Jlf„  L^ .  M^  are  any  four  such  point-groups,  a 
linear  relation  will  connect  them  ;  and,  if  we  compose  this  with  L^, 
it  appears  that 

are  linearly  dependent.  Or,  in  other  words,  the  three  point-pairs 
which  are  common  to  a  conic  u  and  three  concurrent  lines  projected 
from  any  point  of  u  are  in  involution. 

Or,  let  uhe  a.  surface  of  the  second  order  in  space,  and  I  be  any  line 
upon  it.     Any  plane  through  I  will  be  of  the  foim  Xa-|-/ife,  a  and   h 
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representing  any  two  distinct  planes  throngh  /.  This  plane  will  cat 
u  in  another  line  V,     Now 

or,  what  is  immediately  seen  to  be  equivalent  to  this,  four  snch  lines 
V  are  linearly  dependent.  The  lines  of  the  qnadric,  as  easily 
follows,  form  two  groups,  belonging  to  two  conjugate  inyolations  of 
plane  line-forms  of  manifoldness  2. 

This  proceeding,  which  is  also  applicable  to  the  intersection  of 
curved  spaces,  gives  many  interesting  results,  and  can  be  generalized 
without  difficulty. 

If  u  and  V  are  given  forms,  what  does  uxv  signify  P     To  answer 

this  question  for  the  plane  will  be  sufficient  to  indicate  the  general 

idea.     Let  u  and  t;  both  be  point-forms  of  the  n^  order  in  the  plane. 

uxv  =  w  is  then  a  line-form  of  the  vS^  order.   Let  P  be  any  point  upon 

the  curve  w ;  therefore 

wxP"  =  0; 

then  we  have,  since  m?  =  w  x  «, 

f*  X  r  X  P"  =  0. 

In  the  geometry  of  lines  through  P,  AP  composed  with  BP  is, 
according  to  our  previous  definitions,  identical  with  ABP  in  point 
geometry.  It  therefore  follows  that  t*  x  v  X  P*  in  point  geometry  is 
the  same  as  uP  x  vP  in  the  geometry  of  lines  through  P.  Hence 
uXv  IB  the  locus  of  points  P  which  have  the  property  that  the  two 
line-groups  uP  and  vP  are  conjugate  to  each  other. 

As  a  corollary,  if  u  is  a  conic,  uxu  Ib  its  reciprocal.  If  «  is  a 
point-group  of  the  third  order  on  a  line,  «*  x  u*  is  its  discriminant. 
Hence,  u  representing  a  plane  curve  of  the  third  order,  i**  *  «*  is  the 
point-form  for  the  tangent  lines  of  the  cubic  u.  Similar  laws  exist 
for  surfaces  of  any  order. 

We  shall,  of  course,  speak  again  of  involutions  of  forms,  and,  in 
connexion  with  the  equation  w  x  v  =  0,  of  conjugate  forms  and  con- 
jugate and  reciprocal  involutions  respectively. 

Let  u  now  be  any  swface^  in  the  space  /S^*,  and  the  order  of  ii  be  n. 
Let  -4,  B  be  any  two  points  in  S,  The  line  AB  will  cut  t*  in  n  points,  to 
be  found  by  evaluating  u/AB,  or  else  by  the  following  method.  Any 
point  of  the  line -4P  maybe  represented  by  aA-^fiB^  a,  /J  being 
parameters.  For  the  coordinates  a,  /3  of  the  points  aA-\'PB  situated 
upon  w,  we  obtain  an  equation  of  the  n^  degree, 

MX(a4-f/31?)''  =  a».wx^"-fw.a"-^/3.«Xil''-^P^-...  =0. 
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If  J.  is  a  point  upon  tt,  /3  =  0  will  be  one  root  of  the  equation,  the 
equation  of  the  other  n— 1  roots  reducing  to 

n.a*-^wX^• -^5-|-(«),a-'i3.ttX^-^B*+...  =  0; 

is  therefore  the  necessary  condition  for  the  line  AB  to  have  two 
consecutive  points  in  A  in  common  with  «,  to  touch  u.  This  equa- 
tion is  a  single  condition  restricting  the  position  of  the  point  B,  All 
.the  points  B  of  this  kind  are  therefore  situated  in  a  certain  plane 
space  of  A;—  1  manifoldness,  which  is  said  to  touch  u  at  the  point  A. 
We  may  evolve  its  form  by  calculating  A*"^  ,Pxu,P  being  left  un- 
determined, i.e.,  by  calculating  the  polar  of  J.*"*  to  i*. 

If,  however,  any  line  through  A  intersects  u  in  two  coincident 
points,  then  the  equation  for  B  must  be  an  identity ;  i.e.,  A"*"^  x  u 
must  vanish  identically,  and,  vice  versa,  A^~^  x  t«  =  0  is  the  necessary 
and  sufficient  condition  for  ^  to  be  a  double  point  upon  u. 

In  the  space  of  k—l  manifoldness  A**~^xu,  we  may  subject  B  to 
the  further  condition  that  A**'^ ,  B^xu  should  also  vanish.  In  that 
case  the  line  AB  will  have  three  consecutive  points  in  common 
with  u.  The  equation  for  B  being  then  of  the  second  order,  the 
points  B  will  form  in  the  space  J.*"*  x  t*  a  surface  of  the  second  order. 
If  C7  is  any  point  upon  AB,  0*  will  be  linearly  dependent  upon  A^^ 
A,B,ff,     Hence,  if 

then  generally  u  x  -4*"* .  C  =  0. 

The  surface  of  the  second  order  in  question  is  therefore  a  cone  whose 

vertex  is  A.     If,  further,  we  select  upon  that  cone  only  such  points  B 

for  which  also 

.4'-»xB'xt*  =  0, 

then  AB  will  have  four  consecutive  points  in  common  with  u.  These 
lines  AB  are  therefore  found  by  the  intersection  of  the  cone  with  a 
certain  surface  of  the  third  order ;  or  else  by  their  property  that  they 
are  wholly  contained  by  the  surface  -4*"*  x  u.  Generally  AB  will 
have  h  consecutive  points  in  common  with  u  whenever  it  is  wholly 
contained  by  the  polar  of  il"**  *  to  m. 

If  ^  is  a  double  point  upon  u,  J.""*  x  u  will  vanish  identically,  as 
we  have  seen.  The  points  B  for  which  -4"~* .  5*  x  m  =  0  will  then  be 
such  that  AB  has  three  coincident  points  in  common  with  u.     The 
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equation  for  B  being  of  the  second  order,  such  points  form  a  surface 
of  the  second  order,  which  is,  as  immediately  follows  from  the  co- 
existence of 

a  cone  whose  vertex  is  A — the  cone  of  contact  at  A,  If  also  A*'*xu 
identically  vanishes,  then  A  will  be  a  triple  point  npon  tt,  and 
generally  the  condition  for  ^  to  be  a  X-fold  point  npon  u  is  that 
J."**"*  X 14  should  vanish  identically,  and  the  cone  of  contact  is  evi- 
dently -4""^  X  u. 

This  is  indeed  only  a  restatement  of  Joachims thal's  method. 

We  have  made  use  of  the  conception  of  the  polar  of  a  point-form 
V  of  order  m  to  a  surface  u  of  order  n.  It  may  be  defined  as  that 
surface  io  of  order  n—m  whose  points  P  satisfy  the  condition 

V  .  P""*"  X  tt  =  0. 

As  before,  it  follows,  if  vxu  =  w, 

that  V  ,txu  =  wxt. 

If  t;  X  n  identically  =  0,  t;  will  be  called  apolar  to  u.  This  equation 
expressing  the  vanishing  of  a  surface  of  the  (n—m)^  order  is  equi- 
valent to  a  (n  +  fc— w)A-fold  condition. 

If  (S  is  a  curve  in  space,  and  I  any  line  intersecting  it,  we  shall  have 

gxZ-ri:©. 
If,  therefore,  F  is  any  point  on  Z,  Q  any  point  in  space, 

gxP^xQ-rsO. 

From  this  it  follows  that  6  X  P*  (or  (SP)  must  identically  vanish. 

If  Z  is  any  line  intersecting  G  twice,  then  P*"* .  G  =  0  identically, 
and,  if  I  has  a  points  in  common  with  6,  then 

For  let  P  be  any  point  on  I  not  on  G,  S  any  plane  through  Z,  and  a,  b 

any  two  lines  through  P  lying  upon  S.    Obviously  there  are  n  (different 

or  coincident)  lines  tlirough  P  in  <S^  intersecting  the  curve  G.     These 

lines  are  Xa+^&,  where  X  and  /li  are  to  be  determined  by  the  equation 

of  the  n***  order  /r     ,x  ,n«       /% 

GxfXa-f/i6)**  =  0. 

Everything  else  follows  as  before. 
If  P  is  a  double  point  upon  G,    then  P"~*  will  vanish  identically, 
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since  (PQ)""*  x  S  vanishes  identically  wherever  Q  may  be  sitnated. 
For  a  X-fold  point  upon  6,  we  have,  in  a  similar  manner, 

Whenever  P""^.  Q  x  S  vanishes  identically,  the  line  PQ  will  tench 
6  in  P,  and  vice  versd.  The  cnrve  6  is  a  singly  infinite  series  of 
points.  It  is  therefore  possible  to  represent  its  points  n  by  a  power- 
series  in  a  variable  parameter  A, 

n  =  P-|-XP'-fX»F'  +  ..., 
where  P  is  one  of  the  curve-points  corresponding  to  the  value  X  =  0. 
Since  n»  X  S  =  0, 

we  may  develop  II"  x  E  according  to  powers  of  X,  and  equate  each  co- 
efficient of  the  various  powers  of  X  to  zero.     It  therefore  follows  that 

But  for  infinitesimal  values  of  X  the  point  U  consecutive  on  6  to  P 
may  be  considered  as  being  situated  upon  the  line  joining  P  and  P'. 
So  then  the  statement  is  verified. 

If  Q  is  not  a  point  on  that  tangent- line,  then  P"~^ .  Q  X  6  will  repre- 
sent a  plane  form  of  the  order  w,  that  is  (in  space  /S,),  a  surface.  This 
surface  is  represented  by  the  cone  of  order  n  —  1  whose  vertex  is  P, 
and  which  contains  the  curve  6,  in  conjunction  with  the  plane  com- 
posed of  the  tangent-line  PP*  and  Q.  For  let  B  be  any  other  curve 
point,  and  aP-j-fiB  any  point  collinear  with  P  and  B  ;  then 

F"KQx(aP-{-fiBy 

being  identically  =  n .  a/3»-^  (PBy^ .  QP-f/3" .  P""^  .Q  x  B\ 

and  both  S  X  i2*  and  G  x  (PJB)"'*  vanishing  identically, 

6  x  P"-^ .  Q  X  (aP  -f/3E)"  =  0. 

In  other  words,  Gx  P"*^  Q  contains  all  the  points  aP-\-fiBj  i.e.,  the 
cone  in  question.     G  x  P*"* .  Q  contains  also  any  point 

/8f  =  aP+/3F-|.7Q, 

since  GxP""' .  Q  identically  =  GxP'*"* .  (XP-f/iP'+Q), 

and P*""^ ,8x8^  vanishes  identically. 

The  more  complex  formations  of  geometry  may  be  treated  in  the 
same  manner.  We  shall,  however,  for  the  present,  abstain  from 
rigidly  formulating  the  general  laws  whose  existence  is  indicated 
above. 
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II.  A  geometncal  formation  S  is  either  iiTeducible  or  it  is  com- 
plex. 6  will  be  called  irreducible  if  a]gebi*aically  the  form  repre- 
senting it  is  irreducible.  If  6  is  algebraically  reducible,  it  is 
geometrically  complex.     If  6  is  the  product  of  several  forms 

then,  since  GP  =  0, 

either  6T  =  0    or     6"P  =  0,  &c. 

(Sf  ,(^'\  ...  a^^^  containing  an  infinity  of  points,  at  least  one  of  them., 
say  6',  will  contain  an  infinity  of  points.  6'  will  therefore  geometric- 
ally exist.  This  line  of  thought  being  followed  further  makes  it 
evident  that,  if  a  form  @  which  has  existence  as  a  formation  is  re- 
ducible, its  various  factors  Q',W ,  ...  6^*^  will  also  repi'esent  forms 
having  geometrical  existence ;  or  that,  in  other  words,  a  reducible 
formation  6  is  always  a  complex  of  several  irreducible  formations 
(some  of  which  may  be  identical). 

If  6  is  irreducible,  a  surface  U  contains  6  when  containing  all 
of  its  points.  Z7  contains  6' .  6"  when  it  contains  G'  as  well  as  6^. 
U  contains  6^  when  it  contains  (£,  and  besides  X — 1  formations 
consecutive  to  6  (not  necessarily  coincident  with  G).  But,  if  U  con- 
tains eveiy  point  of  G  as  a  A.-fold  point,  then  it  may  be  said  to 
contain  G  A.-fold,  i.e.,  to  contain  X  formations  coincident  with  S. 
This  definition  of  "  containing  "  will  only  be  of  importance  when  the 
work  of  Brill  and  Nother  is  consulted. 

Let  now  G  be  an  in^educible  curve  in  any  space  8  of  order  n.  A 
surface  17  in  5  of  order  N  will  have  n  .  N  points  in  common  with  it, 
since  this  is  the  number  of  points  U  would  have  in  common  with  G 
if  U  were  the  product  of  planes,  and  since  this  number  must  be 
independent  of  the  exact  values  of  the  coefficients  of  U.  But,  if  N 
is  chosen  large  enough,  n .  N  will  fall  short  of  the  degree  of  mani- 
foldness  of  surfaces  ^  of  order  N,  and  other  surfaces  IT,  TT'y  ...  of 
order  N  will  therefore  exist  which  also  contain  these  n .  N  points  of 
intersection. 

If  U  and  U'  are  any  two  of  these  surfaces,  a  surface  a  [7+61^  may 
be  constructed  where  the  constants  a,  h  are  so  adjusted  that 

will  contain,  besides  the  n .  N  points,  yet  another  of  the  points  of  G. 
6  will  then  have  7i .  N-^  1  points  in  common  with  F,  and,  G  .being 
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iri'educible,  it  is  in  keeping  with  one  of  the  fundamental  principles  of 
Algebra  to  conclude  that  G  must  be  wholly  contained  by  V. 

It  may  in  a  similar  manner  be  shown  that  generally  an  involution 
of  surfaces  of  order  N  exists  of  which  each  member  contains  any 
given  geometrical  formation  6,  and  which  is  defined  by  this  property ; 
on  the  supposition  only  that  N  is  chosen  large  enough. 

Referring  to  Dr.  Salmon's  classical  treatises  upon  the  theory  of 
curves  in  space,  and  on  the  order  of  restricted  systems  of  equations, 
we  shall  make  use  of  the  following  fundamental  proposition :  That,  if 
6  be  the  complete  intersection  of  surfaces  m,  r,  ...  w^  any  surface  S 
containing  G  must  be  of  the  form 

8  =  a.t*-|-fe.t;-|-...+c.tr, 

the  a^h^  ...  c  denoting  forms. 

A  proof  of  this  proposition  may  be  given  as  follows  : — The  pro- 
position is  true  if  the  complete  intersection  of  t*,  t?,  ...  -m?  is  a  group 
of  points,  as  is  implicitly  verified  by  the  discussion  which  follows, 
upon  the  supposition  of  the  truth  of  Bezout's  theorem  only.  It  is 
algebraically  evident  that  in  this  instance  the  a,  fe,  ...  c  contain  the  co- 
eflBcients  oi  u,v^  ..,w  and  8  rationally.  If,  then,  some  of  the  variables 
in  M,  r,  ...  w  and  8  ai-e  treated  as  parameters,  the  truth  of  the  pro- 
position follows  quite  generally. 

We  may  express  the  substance  of  this  proposition  by  the  statement 
that  the  geometrical  substrate  of  the  system  of  moduli  t*,  v,  ...  w 
whose  resultant  does  not  identically  vanish  is  their  complete 
intersection.* 

The  form  of  the  complete  intersection  G  of  the  surfaces  t*,  v,  it%  ... 
<;an  be  found  as  follows  : — Any  A;-h  1  surfaces  in  space  8k  will  have  a 
point  in  common  if  a  magnitude,  the  resultant  of  the  system,  vanishes. 
If,  then,  M,  r,  ...  w  are  h  surfaces,  join  any  Z  =  fc-|-1— fe  arbitrary 
plane  spaces  8^^  S^y  ...  8i  to  them.  The  resultant  i?  of  this  system 
does  not  contain  the  coefficients  of  <S^„  8^,  ...  Si  per  se,  but  only  in 
such  combinations  as  are  determinants  of  the  matrix  8i,  /S*,, ...  8i, 
In  other  words,  B  depends  only  on  the  coefficients  of  m,  v,  ...  Wy 
and  the  coordinates  of  the  space  /S^  |  /S|  |  ...  \  8i  in  regard  to  some 
pyramid  of  reference    a,  6,  ...  c.      Let    these  coordinates  be  called 


*  It  might  be  neen  and  verified  in  a  similar  manner,  that  generally  to  any 
geometrical  formation  (S  belongps  a  system  of  moduli  U| ...  wji,  and  vice  versd.  The 
^ork  of  Brill  and  Notherhas  to  a  certain  extent  modified  the  fundamental  proposi- 
tion, but  not  so  as  to  embarrass  us  in  its  use. 

2  L  2 
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Pv  Pii  •  •  •  Pyy  ^^d  1®^ 

Let  the  border-spaces  of  h  manifoldness  of  the  pyramid  a,  6,  ...  c 
be  ^1,  (i,  ...  (y.     Let 

Let  (,  be  the  space  residual  to  d  ;  then 

Pi  =  JCf  .  [a,  6,  ...  c], 

P%  =  -X;f,  .  [a,  6,  ...  c], 
<&c., 

and  6  is  thcrefoix3  in  our  notation  F  (i[,  5>  ...  M- 

This  proceeding  is  not  of  much  practical  value,  since  it  involves 
the  necessity  of  the  introduction  of  a  pyramid  of  reference.  Theo- 
retically it  is  sufficient  to  show  some  of  the  most  important  properties 
of  the  form  belonging  to  6,  which  again  are  sufficient  to  make  the 
direct  evaluation  unnecessary.     These  are :  If 

1^1  ...  Uk  are  the  h  surfaces, 

Aj  ...  Xj  their  orders, 

6  will  be  a  form  whose  coefficients  are  rational  integral  functions  of 
the  coefficients  of  the  t*„  containing  those  of  ti,  in  the  order 
AjX, ...  A;fc,  &c.,  and,  considered  as  functions  of  the  coefficients  of  all 
the  u„  are  of  the  order  X,  A,  ...  A*. 

If  a  vanishes  identically,  «, ...  «*  must  have  in  common  a  forma- 
tion of  higher  manifoldness  than  in  general,  and  vice  versa. 

Another  method  for  the  formation  of  G  is  this.  According  to 
Clebsch's  work,  the  invariants  and  covariants  of  a  system  of  surfaces 
may  be  symbolically  expressed — in  the  notation  used  here  by  means 
of  the  symbol  ^^  and  of  the  symbols  of  Algebra,  applied  in  some 
specified  manner  to  the  set  of  surfaces  under  consideration.  If  ti,  for 
instance,  is  a  quadric  in  space  8h^  w  jfc  u  *  w  ...  :fc  t*  (^4-1  times)  is 
its  discriminant,  n  :i:  u  therefore  the  manifoldness  of  its  tangent- 
lines,  u:H:  n  :i:  u  the  manifoldness  of  its  tangent-planes,  &c.  If  u  and 
V  are  two  point-pairs  upon  a  straight  line,  4  (t*  :if  v)*— 3  .  «*  :f:  v*  is 
their  resultant ;  and  this  form  is  therefore  also  the  product  of  the  four 
points  common  to  u  and  v,  if  n,  v  denote  conies ;  the  curve  of  inter- 
section if  they  denote  quadrics  in  space,  <&c.  If,  then,  the  resultant  of 
i  forms  of  orders  A^, ...  A^  in  space  of  manifoldness  ^—1,  in  its  sym* 
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bolical  expression  is  known,  this  same  expression  gives  also  the 
intersection  L  of  surfaces  u^, ...  u^^  of  orders  A„  ...  X^  in  any  space. 

If  U  is  any  surface  of  order  a  in  the  space  8k,  the  manifoldness  of 
surfaces  of  order  n  containing  it  is  jp .  w,  where  j9  is  an  arbitrary  sur- 
face of  order  n^a.  The  number  of  (homogeneous)  constants  con- 
tained by  j9  is  (n— a-|-/f)t;  or,  if  we  denote  (n-l-A;)*  by  9  (n),  it  is 
<j>{n—a).  The  order  of  the  condition  that  a  surface  of  order  n  should 
contain  all  points  of  u  is  therefore  0  (w)— 0  (n^a)  ]  or  A. 9  (n),  by 
the  introduction  of  a  symbol  of  operation  A.,  whose  definition  is 
obvious. 

The  reciprocal  of  the  involution  of  surfaces  v  containing  u  is  formed 
by  the  n^^  powers  of  the  points  upon  u,  which  follows  from  the 
definition  of  the  involution  v.  Hence  the  n*^  powers  of  any  A.  9  (^)H"1 
points  upon  u  will  be  linearly  dependent. 

If  u  and  V  are  two  surfaces  of  orders  a,  /3,  any  surface  of  order  n 
containing  their  intersection  is  of  the  form 

p  .u+q  .  V. 

This  form  would  contain  ^  (n— a)-|-0  (n— /3)  constants,  were  it  not 

that  this  number  is  diminished  by  the  existence  of  identical  relations, 

such  as  ^ 

pu+qv  =  0. 

In  fact  this  relation  will  be  satisfied  whenever 

p  z=  r  .Vy     q  =  —  r.tt, 

where  r  denotes  any  surface  of  order  w— a— /3.  So  then  the  number 
of  independent  constants  in  the  identical  relations  reduces  to 

0(n-a)-|-0(n-/3)-0  (n-a-/3), 

and  it  follows  that  the  n^  powers  of  any  A^A^^  (w)  +  l  points  upon 
the  intersection  of  u  and  1;  must  be  linearly  connected. 
If  w,  V,  w  are  any  three  surfaces  of  orders  a,  j3,  y,  the  form 

pu-j-qv-^-rw 

would  contain  ^  («— -a)  -f^  (n — /J) +  9  (^""7)  constants, 

but  for  the  existence  of  identities 

pu-^-qv-^rw  =  0. 

Supposing  the  intersection  of  u,  v,  and  w  not  to  vanish  identically, 
the  intersection  of  u  and  v  will  not  be  contained  by  w.     If,  then,  the 
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above  identity  holds  good,  the  intersection  of  u  and  v  must  be 
wholly  situated  upon  r ;  therefore 

r  =      au-^-  6«, 
and,  similarly,  q  =      cu— 6ir, 

jp  =  —  cv—aw; 

a,  6,  c  are  perfectly  arbitrary  forms.     The  diminution  to  be  effected 

would  therefore  appear  to  be  0  (n— a— /3)-|-^  (n— a— y)+^(n  — /3— y) 

were  it  not  that  some  of  these  identities  are  counted  several  times, 

since 

a  might  be  changed  into  a-\'A  .v, 

simultaneously      h        „  „  ,,      h—A.u, 

c         „  „  „      c  — ^.tr, 

without  adding  to  the  number  of  identities,  A  denoting  any  form  of 
order  n— a— /3— y.      So  then  the  diminution  is  only 

0  (n— a— /3)-f0(n— /3-y)+0  (n— y— a)— 0  (7*— a— jS  — y)  ; 

and  therefore  the  order  of  the  condition  that  a  surface  of  order  n  should 

contain  the  intersection  of  u,  v,  w  is  A.A^A^^  (n).     Repeating  this 

process,  we  obtain  the  general  theorem :  If  Wj  ...  Up  are  any  h  forms  of 

ordera  \,  Xj,  ...  X.f^  whose  resultant  does  not  identically  vanish,  then 

the  order  of  the  condition  that  a  surface  of  order  n  should  contain  their 

intersection  is  -kt       ^       ^  /  x 

N=  Aa„  Aaj,  ...  Aa^0  (n), 

or,  what  is  the  same  thing,  the  w*^  powers  of  any  ^-|-1  points  upon 
the  intersection  of  the  U  are  linearly  dependent. 

Now,  it  will  be  noticed.  A;  being  the  manifoldness  of  the  space  in 
which  these  surfaces  are  situated,  that  0  (n)  is  a  function  of  n  of 
order  A; ;  and  that  N  is  some  integer  function  of  n  of  order  k — 7*. 
It  appears,  therefore,  at  least  when  S  is  a  geometrical  formation 
genei'ated  by  the  intei*section  of  surfaces,  that  the  oi*der  of  the  con- 
dition for  a  surface  of  order  n  to  contain  6  is  an  integer  function  N  of 
n,  whose  degree  is  equal  to  the  degree  of  manifoldness  of  @ ;  a  linear 
function,  for  instance,  for  curves.  We  shall  discuss  this  result  later, 
and  show  that  it  is  valid  without  any  i-estriction  on  the  nature  of  the 
generation  of  (5  ;  find,  that,  moreover  the  coeflBcients  of  the  function  N 
of  n  are  uumbci's  in  intimate  relation  to  Gf. 

If  h  =  A-,  N  is  a  constant  whose  value  is  found,  according  to  ele- 
mentary theorems  of  the  calculus  of  differences. 
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Hence  it  follows  that  this  is  the  number  of  points  of  intersection 
common  to  k  surfaces  of  orders  Xj . . .  Xjk  in  space  8k — another  demon- 
stration of  this  famous  proposition.  But  the  order  of  the  condition  that 
a  surface  of  order  n  should  contain  these  points  will  not  be  equal  to 
their  number  whenever  n  is  so  small  that  some  of  the  identities 
counted  above  do  not  exist ;  for  instance,  when  n  is  smaller  than 

When  w  =  w'— 1,  ^  (n— n')  will  be  0;  also,  when 

n  =  n — 2  ...  n  =  n'—'h. 
But,  when  n  =  n  —  A;— 1, 

then  0  {n^n)  will  be  =F  1  ; 

and  therefore  the  order  of  the  condition  that  a  surface  of  order 

Xi-l-X,H-...-|-X»-A;-l 

should  contain  the  Xj .  X, . ...  Xjt  points  of  intersection  is  not  X, .  X, .  ...X^, 
but,  since  one  of  the  identities  which  were  counted  above  will  cease 
to  exist,  only  Xj ...  X^ — 1.     So,  then,  any  surface  v  of  order 

containing  X^ ...  X^— 1  of  the  points  of  intersection  of  h  surfaces  of 
orders  X^-l- ...  H-X*  in  space  iS»,  will  also  contain  the  last  one.  In 
other  words,  the  (Xi-|-...-f  X*— fc— 1)*^  powers  of  these  points  are 
linearly  dependent. 

If,  finally,  ^=^  +  1,  then  ^=0.  Hence  the  Theorem :  If  the 
resultant  of  any  fc  +  l  surfaces  u^.,,  u^^x  ^  space  Sk  does  not  vanish, 
any  surface  Fof  ordern,n  being  assumed  large  enough,  is  expressible 
in  the  form  _ 

The  orders  of  i*,  ...%*+ j  being  denoted  by  Xi...Xj+i,  this  theorem 
will  hold  good  if  »  is  at  least  =  SXj— /c.  If,  however,  n  =  2X,— /c— 1, 
it  is  seen,  as  above,  that  one  condition  has  to  be  satisfied  for  the  above 
identity  to  exist.  For  instance,  if  «„  «*„  u^  are  three  conies  in  a  plane, 
V  any  cubic  in  the  same  plane,  V  will  not  be  expressible  in  the  form 

(the ^denoting lines),  unless  the  six  points  of  intersection  of  Fanduj 
and  the  four  points  common  to  u^  and  u^  are  situated  upon  one  cubic. 
If  F=  iS*,  the  cube  of  a  line.  A,  B,  C,  D  the  four  points  common  to  u^ 

and«.,and  oA  +  bB+cC+dB  =  0, 
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the  linear  equation  connecting  them,  then  iS*— jp|.u,  will  contain 
-4,  B,  G,  D;  hence  , 

and  ai^+bi^+c(^+di^2-=0; 

u^A  u^B  u^U  UiJJ 

S  mnst  therefore  belong  to  the  manifoldness 

UiA  u^B  UiC  tt^V 

Hence  generally  the  condition  for  Ftobe  expressible  modulo  t«i,i^ttg 
is  to  be  conjugate  to  0, 

Generally  to  any  set  of  ^•  + 1  surfaces  of  orders  X, ...  X^+i  in  the  space 
Sk  must  belong  a  point-form  0  of  order  Xi+...+Xj+i— fc— 1  in  intimate 
relation  to  it  (which  is,  in  fact,  that  t*i ...  u^^i  are  apolar  to  ^)  to  be 
found  in  the  manner  given  above.  If  the  resultant  of  the  forms  vanish, 
$  will  reduce  to  the  (X1  +  ...+X4+1— A;— 1)*^  power  of  the  point 
common  to  the  surfaces.  6  will  vanish  identically  when  u^  ...  t*»^i 
have  more  than  one  point  in  common. 

Any  form  V  of  order  Ai-|-...  +  X;k^.i— /c  will,  as  we  have  seen,  be 
expressible  by  p^Uii- ...  -\-pk*i  t**+i.  If  the  coefficients  of  the  «,•  under- 
go continuous  changes  until  the  resultants  of  the  «<  vanishes,  this  will 
cease  to  be  true,  for  V  must  then  obey  the  one  condition  to  pass  through 
the  point  common  to  the  u  to  be  tlius  expressible.  This  can  only  be 
explained  by  the  supposition  that,  in  consequence  of  the  vanishing 
of  Bj  a  new  relation  such  as 

is  created.     Hence,  if  the  form  of  order  Xi+ ...  4-X4+1— fc, 

vanishes,  unless  pi  belongs  to  the  system  of  moduli  u,  ...  1*4+1  (tt<  ex- 
cepted), one  condition  must  be  fulfilled,  viz.,  that  B  should  vanish, 
and  vice  versd, 

in.  If  we  have  any  group  of  points  -4,,  ,..Af^  in  the  space  S*,  any 
&'j'2  oi  them  will  be  connected  by  a  linear  equation,  and  the  h  points 
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therefore  by  ^— A;— 1  sucli  equations.     This  system  of  equations  will 
have  the  following  form  : — 

hiA^-\-hiAi-\'...-\-h„AH  =  0, 


■••      •••      •••      •••      ••• 


Multiplying  the  first  by  ai,  the  second  by  Oj,  ...,  the  last  by  a^,  where 
Z  =  h—k^lj  we  can  write  the  whole  system  of  equations  in  one  line 

%  .  A,  +  %  .  ^,+  ...  -{-%  .  A  =  0, 

where  QIi  =  Oj  .aj  +  ftj .  aj-|-...+Zi .  a^, 

^,  =  cu  .  Qj  +  63 .  C4  -f- . . .  +  Zj .  a/, 


The  Oi,  ...  a/  will  be  peirfectly  arbiti'ary  and  independent  of  each 
other.  We  may  therefore  use  the  geometrical  calculus,  interpreting 
the  ai  as  comers  of  a  pyramid  in  an  auxiliary  space.  The  %  will 
consequently  be  ^  points  in  some  space  @,_i  of  perfectly  arbitrary 
situation.  It  will  also  be  noticed  that,  on  account  of  the  perfect 
freedom  in  the  choice  of  the  a,  the  g^oup  51  may  be  subjected  to  any 
linear  transformation  without  ceasing  to  make  the  equation  connect- 
ing the  Ai  and  %  true. 

From  (0)  ^^  .5(1+^.  «,+  ... +^.  «;,  =  0, 

^ve  may  deduce  any  relation  connecting  the  A^,  for  instance,  the  one 
connecting  A^,  ^„  ...  ^4+2  l>y  composing  the  Ql  in  (d)  with 
5U+3-2U+4...  51*.  The  A  and  *2t  being  situated  in  totally  different 
spaces,  any  operation  may  be  performed  on  the  one  group,  while  the 
symbols  of  the  other  group  are  treated  as  constants. 

li  Ay  B,  G,  D  are  four  points  on  a  line,  they  are  connected  by  two 
relations,  and  we  shall  have  to  introduce  four  points  5t,  SB,  6,  D  on 
some  other  line,  so  that 

a.-4  .  21+6 .  jB .  ®+c .  0.  6-l-d.  JD  .3)  =  0, 

the  a,  6,  c,  d  denoting  constants.     Composing  with   0  and  2),   we 

obtain  ^^^   5tD  +  6  .BO .  SBS)  =  0 ; 

similarly,  composing  with  6  and  D, 
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^''''^  AD  '  BB  ~  %^  '  933) ' 

or  the  necessary  and  suflBcient  condition  for  the  two  groups  to  be 
corresponding  in  the  above-mentioned  manner  is  that  their  cross- 
ratios  should  be  equal. 

(If  the  group  A  is  given,  the  group  21  defined  by  the  relation 

Sa, .  A, .  21,  =  0 

may  be  linearly  constructed,  Z+l  of  them  being  arbitrary.  To  A: 
points  Ai  on  a  straight  line  correspond  k  points  %  of  a  8^^^.  If,  of 
the  k  points  ^4,  A;— I  i*emain  fixed,  the  last  one  describing  its  straight 
line,  while  also,  of  the  k  points  21,  the  ^•— 1  arbitrarily  to  be  assumed 
remain  fixed,  the  last  point  2t  will  describe  a  certain  rational 
curve  passing  through  the  fixed  points  21.  Vide  Nature,  17th  October, 
1895.) 

There  is  no  reason  why  no  more  than  two  different  space-symbols 
should  be  used.  Our  definitions  will  apply  also  in  this  case,  the 
general  rule  being  that  any  operation  may  be  performed  upon  the 
symbols  of  any  one  space,  while  the  symbols  of  the  other  spaces  are 
treated  as  constant^. 

A  form  like  the  following, 

ttj .  -A| .  ^1 .  Ji.\   ...  ^1    "^  . . .  "T"  Cli^  •  A)^ .  Af^ .  jA.]^  ....  j^f^  , 

where  the  Ai  belong  to  one  space,  the  Al  to  another,  <fec.,  is  called  a 

(/c 4-1) -linear  form.  The  point  symbols  A['^  and  their  compositions 
are  called  "  different  space-symbols." 

An  equation  between  point-foims,  such  as,  for  instance, 

ait*i-|-a,t^-f  ...  -ha^t**  =  0, 

imposes  a  condition  upon  the  coefficients  of  tij,  w„  ...  t*;^.  In  fact,  if 
the  order  of  the  u^  ...  u^  is  n,  the  a  denoting  unknown  constants,  the 
order  of  the  condition  expressed  by  this  equation  is  0  (n)  +  1  —  7t  (since 
a  form  of  order  n  in  Sk  vanishes,  the  form  containing  h  homogeneous 
parameters).  If,  for  instance,  it  is  known  that  three  point-pairs 
A,  A\  B  .  B\  0 .  (7  in  a  plane  are  linearly  dependent,  the  six  points 
must  satisfy  a  four-fold  condition. 

If,  in  an  equation         ajt*i-|- ...  -fa^tiA  =  0, 

the  point-symbols  implicitly  contained  in  the  m^  ...  m^  are  subjected 
to  one  and  the  same  linear  transformation,  and  they  are  projected  into 
some  other  space,  only  the  constants  a^ ...  Uf^  will  bo  affected,  but  the 
projections  u! ...  u^  oi  ic^  ...u^  will  again  be  linearly  dependent.  This 
follows  immediately  ii  we  compose  the  equation  with  some  point  P 


1897.]         Mr.  B.  Lasker  on  the  Oeometrical  Oalculvs.  523 

outside  the  space  S  of  tlie  u,  and  then  cut  it  by  a  space  2  contained 
in  SP^  and  of  the  same  manifoldness  as  S. 
If  we  polarize  the  equation 

with  Pi.P,  ....P«,  where  Pi  ...  P„  are  not  contained  in  8,  and 
SPi ...  P„  is  different  from  0,  the  point-symbols  A^.„  A„  implicitly 
contained  in  the  u^ ...  t**  will  combine  with  the  Pj  ...  P„,  and  we 
shall  obtain  a  relation  between 

•^l-t  1,    Jx^JTij     ...     ^tn-t^U 


nf 


which  evidently  represent  in  the  geometry  of  lines  through  P„  Pj, . . .  P,^ 
different  space-symbols.  Cutting  these  by  spaces  Sj,  Ss?  ...  2„  of  the 
same  manifoldness  as  iS^  in  SP^y  /SPj,  ...  SP„,  respectively,  we  obtain 
a  relation  between 

A''      A"  A" 


where  the  -4',  ^",  ...  are  projections  of  the  ili, -4„  ...  A^^  bat  situated 
in  different  spaces. 

Thus  from  the  original  equation  we  obtain  another  which  is 
evidently  an  n  linear  form  of  different  space-symbols  denoting  point- 
gix)ups  in  each  separate  space  which  are  projectively  identical  with 
the  original  point-group.  Therefore  it  follows  that  we  may  perform 
any  operation  with  any  one  of  the  point-groups  A!y  A!\  ...,  treating 
the  others  as  constants,  and  afterwards  identify  again  the  symbols  of 
that  point-group  with  the  original  point-group  A  (which  is  but  a 
specialization). 

The  polarized  form  of  the  power  of  a  point  P  is  especially  simple. 
That  of  P"  is  evidently  P'.F' ...  P^"\ 

To  give  a  few  instances  :  an  equation 

(6)  Oil*  -f  65»  -h  cC + dD'  -f  elP  -^fF^  =  0, 

where  the  a,  . . .  /  are  unknown  constants,  expresses  one  condition, 
which  is  evidently  that  the  six  points  -4, ...Pare  situated  upon  one 
conic.     Writing  (0), 

oA'  +  hB^-^cC  =  -dff''€lP-fF', 
it  appears  that  A,  B,  G  and  D,  E,  F  form  self -conjugate  triangles  to 
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8ome  conic.     Polarizing  each  side  of  the  last  equation  with  itself,  we 

ahAB'  +  hcBC'-\'CaGA^  =  deDlP-\^ ...  ; 

hence  AB,  BG,  OA,  BE,  EF,  FD  touch  one  conic.  Polarizing  ($)  in 
regard  to  the  cubic  u  formed  by  BE  ,  EF ,  FB,  which  obviously  con- 
tains B,  E,  F  OS  double  points,  so  that 

we  have  aA^xu-^hB*  Xu-j-cC*xu  =  0, 

or  the  three  polar  lines  of  A,  B,  C  to  the  triangle  B,  E,  F  (which  can 
be  linearly  constructed)  are  concurrent.     Polarizing  (6), 

aA  .  21  +  65  .  SB4-...  +/^.  8  =  0, 

ftirther  composing  with  E  and  S, 

aAE,m-\-bBE,m-^c,CE.Q}S-\'d.BE.<S>9=0, 

or  the  cross-ratio  of  the  lines  AE,  BE,  OE,  BE  is  equal  to  that  of 
AF,  BF,  OF,  BF. 

If  we  put  o^*  +  6J5>  zzzh.A'.B", 

cC'-\'diy=^k.Cr.B', 

eE'+fF*  -l.E'.r, 

then  h,A\B^^k.G'.B'-\-l.E'  .F':=^Q. 

It  is  obvious  that  the  line  joining  G'  and  K,  for  instance,  must  con- 
tain either  A'  or  Bf.  The  figure  mast  therefore  be  that  of  a  triangle 
AX'Wy  cut  by  a  straight  line  B^B'F,  IT  to  be  on  O'-ET,  Ac.  Its 
reciprocal  may  be  derived  from  the  identity  which  connects  four 
points  upon  a  straight  line 

AB  .  BG^AB .  GB+AG .  JDB  =  0, 

which  must  also  exist  for  four  points  in  a  plane,  since  this  form 
would  contain  all  points  of  the  plane,  and  must  therefore  identically 
vanish.  The  equation  connecting  A' .  B\  <fcc.,  may  be  interpreted  as 
meaning  that  if,  A' .  2?'  and  (T .  I/  are  conjugate  to  any  conic,  W .  F* 
will  be  so  also.  If  L,  M,  N  are  the  three  comers  of  the  triangle 
formed  by  AB,  GB,  EF,  it  is  at  once  seen  that 

A\B'  =  aL^-'hM', 

G'.B'  =  hM^''CIP, 

E:,F  =  cN^-aV, 
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a,  6,  c  denoting  parameters.  A'B"  are  therefore  the  double  points  of 
the  involution  formed  by  AB  and  LM,  &c. 

Let  P,  Q?  -K  be  any  three  points,  and  j9,  q,  r  their  polars  in  respect  to 
some  conic  u.  If,  then,  p*p\  qq'\  rr"  are  points  upon  jj,  q^  r,  respect- 
ively, P.p',  P. I?",  Q.^',  Q-g'",  jK.r',  i2.r"  will  be  conjugate  to  the  same 
conic ;  therefore  linearly  dependent.  It  follows  that  points  P*,  Q',  B! 
must  exist  upon  p,  g,  r,  so  that  P .  P",  Q.  Q',  B.E^  are  linearly  de- 
pendent. Now  P'  is  coUinear  with  QB ;  hence  it  is  the  cut  of  QB 
and  p.  The  relation  is  then  expressed  thus,  QB/p,  BP/q,  PQ/r  are 
col  linear,  and,  the  configuration  being  its  own  reciprocal,  P  q/r,  Q  r/p, 
Bp/q  are  concurrent.  This  taay  also  be  proved  in  a  different  manner 
thus  : — Let  u  be  any  conic,  A,  B,  C  the  comers  of  a  triangle.  Then 
(AB  *  w)  X  CH-  (BC  *  w)  X  ^  H-  (GA  *  m)  X  Z?  is  a  line-form  x .  Com- 
posed with  C  it  is 

(I?(7*  w)  *u40+  (GA  *  u)  :^BG=  BG,  AG  *  tt+  (7J. .  PO  *  t*  =  0. 

Henco  xA=xB=xG  =  0.  x  will  therefore  vanish  identically. 
TJiis  may  also  be  generalized.  If  m^3,  this  shows  that  the  four 
heights  of  a  teti^hedron  belong  to  one  quadric. 

The  curve  whose  points  have  the  property  that  the  cross-ratios  of 
the  twice  four  points  A       B      O      T) 

a;  bt,  c,  ly, 

stand  in  a  certain  proportion  j8  :  a  is  the  numerator  of 


(AG,AD\     Q/A'G-.A'iyx 
\BG  '  BBI     ^  \B^G'  '  B'DI 


(the  line-symbols  written  in  their  normal  form),  a  curve  of  the 
fourth  order.  If  A  ..,  D^  A!  ..,Bf  are  situated  upon  a  conic  w, 
j3  :  a  being  the  proportion  of  their  cross-ratios  with  respect  to  the 
points  of  w,  then  the  curve  above  defined  must  degenerate  into  two 
conies  w,  m';  u  contains  the  eight  points  AGjA'ff,  AG/B'D\  BD/A'O'y ..., 
and  is  thus  defined. 

If  w,  I',  w  are  three  conies  having  two  points  in  common,  the  form 
a.u-\-h.V'j-c  .w,  the  a,  h,  c  denoting  lines,  can  only  denote  an  involu- 
tion of  manifoldness  7 ;  hence  some  identity  such  as 

a,u-\-h  .v-\-c,w  =  0 

must  exist,  and  consequently  the  lines  a,  6,  c  joining  the  two  variable 
points  of  intersection  of  v,w;  w,u;  u,v  respectively  are  concurrent. 
If  now  M  is  a  conic,  A^B^G,  D,  E,  F  six  points  upon  it,  then  «i,  AO ,  BD 
and  AJE .  BF  have  the  points  A  and  B  in  common  ;  therefore  the  cut 
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of  CD  and  ^F  must  be  situated  on  the  line  joining  the  cats  of  AC/BF 
and  BD/AEy  which  is  Pascars  theorem. 

Let  Ai  ,,,  Ag  be  nine  points  common  to  two  cubics.  Their  con- 
figuration is  expressed  by  the  fact  that  their  cubes  are  linearly 
dependent.  Eight  points  being  given,  the  last  one  is  obviously  deter- 
mined. A  construction  may,  for  instance,  be  arrived  at  thus  :  We 
may  have 

aiA^-\-a^A\'{-,..+a^Al'\-a^Al=zO. 

Polaidzing,  we  obtain  as  a  consequence 

a^A]  .  5li  -fa,.45 .  51,  + ...  -^a^Al .  %-¥(h^ .  3lg  =  0. 

Polarizing  with  the  A^  in  regard  to  the  cubic  u  represented  by  tlie 
sides  of  the  triangle  A^AjA^,  and  denoting  the  lines  A\xu  by  a|, 

.4,Xtt  by  a„  ..., 

rti.a|2ti-h...-|-fl5.a5.3l54-a,.ag.9l9=  0. 

Composing  with  9(g, 

fiitti .  «i«,H-aja,  .  %%+ ...  +0505 .  %%  =  0.| 

Now  aj,  ...  aj  ni*o  known.  The  ci"oss-ratio  in  which  a,,  a^  a^  a^  is  cut 
by  Qj  is  equal  to  that  of  %%.  "Jl,%  *M,2lg,  ^^%.  and  that  of  aj/a^,  <^/a4, 
njn^,  a^  a^,  eijual  to  that  of  %-li^  %%.  %%«  %%•  Hence 51, can  be 
i*onstructed  as  the    fourth    point   common  to    two    conies    through 

If  seven  points  aiv  given.  J,,  ...  J.,  and  the  other  two  points  A^^  A^ 
xive  ivst noted  to  a  given  line  /.  only  one  solution  is  possible.  Throngh 
the  seven  points  an  involution  of  three  cubics  is  possible.  They  cut 
/  in  an  involution  whose  ivciprocal  will  be  a  certain  point-^roup 
P  .Q  ,  B  ixnijugate  to  any  cubic  containing  the  seven  points.  There- 
foiv  P .  Q ,  R  is  linearly  dependent  upon  the  cubes  of  the  seven 
(H>iuts.  Repi^senting  P .  Q  ,  U  in  its  canonical  form  as  the  sum  of 
two  cubes,  we  tind  A^  and  .-i^. 

If  two  of  the  points  P,  Q,  H  coincide,  there  is  no  solution,  but,  if 
Q  ==  P^  then  P^lx  will  be  linearly  dej>endent  on  the  cubes  of  the  seven 
points,  and  this  will  expivss  that  any  cubic  passing  throogh  A^  ...  A^ 
and  P  will  touch  /:  that,  in  other  woi>is,  A^  and  J,  are  consecutive 
in  P  upon  /.  It  may  also  expivss  that  a  cubic  is  possible  through 
-■1, ...  A.  having  P  as  a  double  jH>int.  the  linear  dependence  between 
.4 1  ...  .4.  and  l^li  ivducing  the  number  of  conditions  this  imfplies  to 
nine. 

We  may  add.  thou vrh  without  demonsti'ation,  that,  if  A^^^.A^  axe 
fixed  and  A^  moves  upon  any  curve  of  order  X.  -4^  will  generally  move 
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upon  a  carve  of  order  8\.  If,  however,  the  curve  A^  contains  the 
lixed  points  A^  .,.  A^  as  (aj  ...  (i7)-fold  points,  denoting  a, +  ...+07. 
by  ^,  the  order  of  the  curve  A^  will  be  8X— 3/3,  and  it  will  contain' 
^i  as  3\— )8— Qj,  A^  as  (3X— j8— a2)-fold  points,  <fec. 

Eight  points  common  to  three  quadrics  satisfy  a  relation 

OjilJ-h ...  -hog-^g  =  0. 

By  reading  it  ai-4j  +  ... -f  a^-^^  =  —  OgJs  ..., 

it  is  evident  that  Ay^A^A^A^  and  A^A^A^A^  are  two  self -conjugate 
pyramids  to  one  and  the  same  quadric.     Polarizing 

ai^i.2li+.. .+08^82(8  =  0, 

and  composing  with -^g-^y  and  ^(g^tg  we  see  that  A^A^A^A^  have  the 
same  cross-ratio,  whether  projected  from  A^A^  or  from  A^A^.  We 
also  see  that  any  quadric  through  six  of  the  points  A^.,,  A^  will  cut 
l^A^A^  in  an  involution  whose  double  points  are  B  and  0,  so  that 

B  ,G  =•  07^7  +  ^8^8- 

Any  point-pair  on  I  harmonic  with  B .  G  will  therefore,  if  joined  to 
-4i . . .  -4g,  complete  the  configuration.  The  two  points  A^^  A^^  though 
moving  upon  Z,  will  coincide  in  B  and  0,  and  I  will  be  a  tangent  to 
any  quadric  containing  A^  ,,.  -4g,  -B  or  -^i  ...  -4g,  G. 

Now  a  twisted  cubic  having  seven  points  in  common  with  a  quadric 
must  be  wholly  contained  in  it.  So  any  eight  points  upon  a  twisted 
cubic  form  the  configuration.  Seven  points  A^^  ..,  Aj  being  given, 
^7^8  is  the  straight  line  through  Aj  cutting  the  twisted  cubic  through 
A^ .,,  Aq  twice.  So,  then,  I  can  always  be  determined,  except  in  the 
following  cases : — 

(1)  That  Aj  is  coUinear  with  any  two  of  the  fixed  points  A^ ...  A^. 
Then  A^  is  any  point  on  that  line,  the  squares  of  four  points  on  a 
line  being  always  linearly  dependent. 

(2)  That  any  five  of  the  fixed  points  are  coplanar.  Then  A^  is  any 
point  upon  their  conic. 

(3)  That  any  six  of  the  fixed  points  are  coplanar.  Then  A^  is  any 
point  of  their  plane ;  or,  if  the  six  given  points  are  also  upon  one 
conic,  -^8  is  any  point  whatever. 

(4)  That  the  seven  given  points  ^re  upon  the  same  twisted  cubic. 
Then  A^  is  any  point  of  that  twisted  cubic. 

In  no  other  case  can  the  configuration  degenerate.     If,  for  instance. 
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Ai  ...  A^  are  coplanar  in  S,  the  line  common  to  S  and  A^A^Aj  will  be 
cut  in  involution  by  the  conies  throngh  A^  ...  -4^ ;  hence  a  point-pair 

B ,  C  will  exist  npon  it  which  is  linearly  dependent  upon  A^  ...  A^. 
But  the  conies  passing  through -^^5,  A^^  Aj  and  containing  B ,  0  as  con- 
jugate point-pair  have  a foui'th  point  Ag in  common, so  that B,  Gia also 

linearly  dependent  upon  the  J 5,  A^,  A-^,  A^. 

If  six  of  the  points  A^  ,,,  A^  are  given,  while  Aj  is  restricted  to  a 
plane  S,  and  Jg  to  a  line  Z,  Z  to  be  within  /S,  we  shall  find  thi'ee  point- 
pail's  A^,  Ag  to  complete  the  configuration.  For  A^, ,,,  A^  determine  an 
involution  of  four  quadrics  which  cut  S  in  an  involution  of  conies,  the 
reciprocal  of  which  is  formed  by  the  two  point-forms  u  and  v.  Their 
involution  contains  three  point-paira  L .  L\  M .  M\  N,  N\  LL'  cuts  I  in 
Jg,  while  A^is^A^xL,  L\  Thus  the  three  point-pairs  Aj.A^ are  con- 
stinicted.  The  lines  LL\  MAf,  AW  ai*e  obviously  the  sides  of  the 
triangle,  in  which  the  twisted  cubic  through  Ai  ...  A^  cuts  8. 

Pi*oceeding  similarly  when  five  points  Ai^...A^  are  given,  and  a 
plane  S  as  locus  for  the  other  poiuts,  we  obtain  in  S  one  point-foim  ti 
of  the  second  order  linearly  dependent  upon  the  squares  Ai, ...  -^5  ;  ^4^, 
A  J,  Agy  will  therefoi'e  be  the  comere  of  any  triangle  self -conjugate  to 
Uj.  And  we  shall  have  two  solutions,  if  J^,  Aj,  Ag  are  restricted  to 
lie  on  given  lines  in  8. 

A  configuration  of  some  importance,  at  least  in  the  theory  of  sur- 
faces of  the  second  order  in  any  space,  is  that  of  2n  points  characterized 

^  ^  aiAi.Bi-^a^A^.B^-\-.,.a^An,Bn  =  0, 

where  it  is  understood  that  ^„  ...  -4„  are  the  comer-points  of  a 
(non- vanishing)  pyramid  in  space  6'„_i.     The  order  of  the  condition 

imposed  by  (0)  is  —'—- w  +  1.    Since  [>4i...  J„]  is  different  from  0, 

it  follows  that  [^....^...5.3  =  0. 

Hence  [A^  ...  il„_2l?„_iJ5„]  is  generally  different  from  0,  and 

[^1 ...  i4„_3l?„.2J5„.iB„]  again  =  0. 

Any  space  composed  of  an  odd  number  of  the  B  has  a  point  in 
common  with  the  space  composed  by  the  residual  A.  If,  then,  B^  and 
B^.i  are  assumed  anywhere  in  Ai ...  -4„_i,  and  A^  ...  Att-aA^,  respec- 
tively, J?„-2  will  be  in  the  cut  of 

-4,,  ...  -4„.3-4„.i-4„  and  -4i,  ...  An-^Bn^iBn; 
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B„.3  will  be  subject  to  three  conditions  to  lie  in  tbe  cut  of 

Ai ,,.  -4„_4^„_2X>n_ix>„ ; 
J5„.4  will  similarly  be  subject  to  4  conditions ; 

•  ••  •••  •••  •••  •••  «••  ••• 

B^  will  similarly  be  subject  to  n— 1  conditions ; 
raising  tbe  number  of  conditions  to  —^ — +1. 

In  space  tbe  two  pyramids  A^^,.,A^  and  B^y  ,..  B^  are  so  re- 
lated that  each  has  its  comer-points  upon  the  faces  of  the 
other. 

Whenever  n  is  an  even  number,  the  relation  of  the  pyramids  is 
reciprocal.     When  n  is  odd,  the  pyramid  of  the  B  points  must  vanish. 

Let  ^1, ...  Jg  be   eight   points   common  to  three  quadrics.     Join 

Ay^A^^  -4,^4,  A^A^^  A^A^.     There  are  two  lines  cutting  these  four  (the 

two  lines  of  the  involution  reciprocal  to  the  one  formed  by  the  four) 

say  a  and  &,  cutting  A^A^  in  L^^  L,,  A^A^  in L^,L^,.,  .   Now,  Lj,  L„ Zj, 

Lj  being  collinear,  their  squares  are  linearly  dependent ;  also  those 

of  L^y  i/4,  Lg,  Lg.     Consequently,  for  any  values  of  A,  /i,  a  relation  will 

exist,  viz.,  2  2  2  ^ 

CjXLj  +  Cjftlij-hCjXZfj-f  04^X^4-1-...  =0. 

Putting  CiXL^  -h  c,  fiL^  =  M^ .  If „ 

C,XZ,-f  C4filr4  =  M^.M^, 

M^.M^,  M^.M^,  3/5.  Jfj,,  and  Mj.M^  will  be  lineai*ly  dependent.  The 
order  of  the  condition  implied  by  this  statement  is  7.  Consequently, 
only  a  singly  infinite  series  of  such  quadruples  of  point-pairs  can 
exist  on  the  four  given  lines.     Hence  that  series  is  exactly  repre- 

^  (CiXIrJ-l-Cj/lLj),      (c^XLl  +  c^fjLLl)  ... . 

This  gives  rise  to  the  theorem :  The  double-points  of  the  involu- 
tions (L^.L^,  .^i.^,),  {L^.L^y  -45.^4),  &c.,  form  the  configuration  of  two 
pyi-amids,  of  which  each  has  its  comer-points  upon  the  faces  of  the 
other. 

To  multiply  these  theorems  to  any  extent  would  only  require  some 
imagination.  To  write  what  may  be  considered  a  complete  theory  of 
such  configurations  requires  however  more  resoui'ces  than  are  de- 
veloped in  this  essay.  We  shall  leave,  therefore,  the  further  dis- 
-cussion  of  configurations  for  a  future  occasion. 

VOL.  xxnii. — NO.  608.  2  h 
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Metrical  relations  can  also  be  derived  with  ease.  If  u  is  a  surface, 
A  and  B  any  two  points,  the  line  AB  cutting  the  surface  in  the 
n  points  tr„  Wj,  ...  tr„,  then  the  points  w  are  found  by  the  solution  of 

the  n  roots  a  :  fi  corresponding  to  the  n  points  w, 

a  :  /3  =  —WiB  :  WiA, 
Since 

it  follows  that  the  product  of  the  roots 

u\B,wJB  ...  Wf,B  :  w^A.w^A  ...  w^A  =  uB  :  uA. 

i£  A,  B  are  on  u — say,  and  X  points  w  coincide  in  A,  ft  points  in  B — 
only  n—k—fi  points  w  will  remain  corresponding  to  the  equation 

hence 

IlWiB  :  TlWiA  =  (n)^.ttX  J.^.j?"-"  :  (n)x.wXil'-\B\ 

Similar  theorems  exist  for  any  geometrical  formations. 

If  a  surface  of  order  2n  contains  3",  points  of  its  space  will  haye  a 
"  power  "  in  regard  to  it.  If  u  is  such  a  surface,  P  any  point,  I  any 
line  through  it,  w^j ,.,  Win^  its  cuts  with  w,  then  liWiPis  constant,  and 
independent  of  the  situation  of  I.     We  have,  denoting  Ifl  by  JD, 

UPw,  :  UDwi  =  uP  :  uD, 

But,  D  being  the  I  of  Z,  all  Dw  are  1 ;  and,  3"  being  the  cut  of  I  and 
w,  uD  is  a  constant  multiple  of  (ID)",  which  is  1.     Putting 

we  have  UP^Vi  =  k,uP. 

To  give  a  few  examples  :  If  any  surface  u  cuts  the  sect  AB  in  n  points 
M?i, ...  w„j  then  the  ratio  UA^  :  IIP^  may  be  called  the  ratio  in  which 
u  cuts  AB,  This  ratio,  which  is  =  uA  :  uBj  being  given,  =  c,  it 
follows  that  ^'•— c.P"  is  conjugate  to  w ;  it  is,  therefore,  equivalent  to 
a  linear  condition  for  u. 

A  conic  which  cuts  five  given  sects  in  given  proportions  is  therefore 
generally  uniquely  determined.  A  conic  cuts  any  six  given  sects  in 
six  ratios  a,  /3,  y,  ^,  e,  {  between  which  a  six-linear  relation  exists ;. 
for,  a,  /3,  y,  B,  e  being  given,  f  is  uniquely  determined.  This  may 
evidently  be  generalized.    The  equation  illustrating  the  situation  of 


1897.]        Mr.  E.  Lasker  on  tlie  Oeomelrical  Oalculus.  581 

six  points  on  a  conic 

may  be  interpreted  as  meaning  that  any  conic  cutting  the  sect  AB 
in  a  given  ratio  I )    and  OD  in  another  ( J  will  cut  EF 

in  a  certain  ratio  (  ""  ""^ )  •  Similarly,  any  curve  of  the  n^  order  cut- 
ting n  of  the  »H- 1  given  sects  AA\  ...  LL'  in  certain  ratios  will  also  cut 
the  last  one  in  a  known  ratio  if  -4,  A',  ...  Jr,  L'  are  upon  one  conic. 
The  identity  (a^"-5F*)  4-  (6B"— cO")  +  (cC^-Oil")  =  0  gives Camot's 
theorem.     All  this  might  be  much  generalized  and  varied. 

Finally,  as  regards  the  calculus  with  3,  it  follows,  from  our  pre- 
vious results,  that  all  plane  spaces  (  in  contact  with  3  are  to  be 
regarded  as  isotropic  spaces.  If  the  3  of  a  Sa  is  defined  as  a  point- 
form,  a  space  8^  is  isotropic,'  when 

fifj  X  3  X  3  ...  (A;-a  times)  =  0, 

and  in  its  normal  form,  when  the  magnitude  on  the  left-hand  side 
i8=l.  iS.x3x3...  is  any  S*..  perpendicular  to  iS.,  since  any  two 
points  at  I  perpendicular  to  each  other  ai'e  conjugate  to  3.  If  /S.  is 
in  its  normal  form,  so  also 

iS*-.  =  iSf.x3x3.... 
For  {_Sk-»  fifj  is  the  same  as 

iS*..x6\  =  ig..iSf.x3x3...  =  1. 

But  the  magnitude  formed  by  the  two  spaces  Sk^^  and  8^  perpen- 
dicular to  each  other  is  1,  it  being  a  product  of  the  sines  of  angles, 
all  of  which  are  right  angles.  8^  is  in  its  normal  form.  Hence 
[8k. a  8 J]  cannot  be  equal  to  1  unless  i8^*_.  is  also  in  its  normal  form. 
These  statements  may  be  regarded  to  express  all  cosine  theorems, 
&c.,  in  fact,  all  metrical  relations  based  upon  the  measurement  of 
angles  in  their  simplest  form.  To  give  only  one  instance,  JDi,  D„ 
Dj,  D4,  denoting  points  at  the  I  of  our  space  in  their  normal  form 
(points  of  a  sphere),  from  the  identity 

AI>,.  AA4- AA- A^.+ A^4-^i^8  =  0, 
we  conclude  [considering  that  AD,  is  not  in  its  normal  form,  but 
multiplied  by  sin  (A>  A)>  *^^  similarly  for  the  other  line-symbols], 
by  polarizing  with  3, 

sin  (A,  A)  -sin  (A,  A)  cos  (AA»  A  A) 
-hsin  (A,  A)  -sin  (A»  Dj)  -cos  (A A,  AA) 
-fsin  (Ai  D;)  .sin  (D,,  A)  oos  (A^4»  A  A)  =  0. 

2x2 
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Thursday,  June  10th,  1897. 
Prof.  E.  B.  ELLIOTT,  F.R.S.,  President,  in  the  Chair. 

Seven  members  present. 

Mr.  W.  W.  Taylor  exhibited  numerous  models  of  the  regular 
convex  and  star  solids. 

Major  MacMahon,  Vice-President,  having  taken  the  Chair,  com- 
municated papers  by  Mr.  H.  MacColl,  "  The  Calculus  of  Equivalent 
Statements"  (Sixth  Paper)  ;  by  Dr.  G.  A.  Miller,  "  On  the  Primitive 
Substitution  Groups  of  Degi*ee  Fifteen." 

Mr.  Love,  Hon.  Sec,  read  "  A  Generalized  Form  of  the  Binomial 
Theorem,"  which  had  been  sent  by  the  Rev.  F.  H.  Jackson.  The 
Chairman  (Major  MacMahon)  stated  that  the  form  was  a  known 
one. 

The  following  present  was  made  to  the  Society's  Album  : — 
Cabinet  likeness  of  Mr.  W.  Esson,  F.R.S.  (now  Savilian  Professor  of  Gteometry, 
Oxford). 

The  following  presents  were  made  to  the  Library  : — 

Carruthers,  G.  T. — ^*The  Orig^  of  the  Celestial  Laws  and  Motions,'*  Svo; 
London,  1897. 

Parasada  Ganesh. — **  On  the  Potential  of  a  Solid  Ellipsoid  of  Revolntion  at  an 
External  Point "  (4  copies),  Svo;  Allahabad,  1897. 

**  Proceedings  of  the  Royal  Society,"  VoL  lxi.,  Nos.  371-373. 

**  Beiblattor  zu  den  Annalen  der  Physik  nnd  Chemie,*'  Bd.  xzi.,  St.  4,  5 ; 
Leipzig,  1897. 

**  Memoirs  and  Proceedings  of  the  Manchester  Literary  and  Philoeophical 
Society,"  Vol.  xli.,  Pt.  3,  1896-97. 

'*  Jahrosbericht der  Deutschen  Mathematiker  Vereinig^ung,"  Bd.  v.,  Heft  1, 1896  ; 
Leipzig,  1897. 

**  Proceedings  of  the  Physical  Society,"  Vol.  xv.,  Pt.  6,  No.  80  ;  May,  1897. 
Vierteljahrsschrift  der  Naturforschcnden  Q«sellschaft  in  Zurich,"  1897,  Heft  1. 
Wiskundige  Opgaven,"  Amsterdam,  Deelvu.,  St.  3;   1897. 

**  Nieuw  Archiev  voor  Wiskunde,"  Deel  m.,  St.  2  ;  Amsterdam,  1897. 

**  Bulletin  of  the  American  Mathematical  Society,'*  Vol.  m..  No.  8  ;  May,  1897. 

<'Adresse  pr^sent^  k  M.  Mittag-Leffler  le  16  Mars  1896,  1846-1396,"  8to; 
Paris,  1896. 

**  Proceedings  of  the  Canadian  Listitate,"  Vol.  i..  No.  1,  Pt.  1,  Febmaryy  1897  ; 
Toronto. 

**  Bulletin  des  Sciences  Math^matiques,"  1897,  Mai,  Tome 

'*  In  Memorlam  N.  J.  Lobatschevskii,"  8yo ;  Kasan,  1897. 
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''Bulletin  de  la  Soci6te Ph7Bioo-Matli6matique  de  Kasan/'  S^rie  2,  Tome  71., 
No.  2 ;  1896. 

**  Prace  Matematyczno-Pizyczne,"  Warsaw,  Tome  vni.  ;  1897. 

''Sitzungsbericlite  der  Konigl.  Preoss.  Akademie  der  Wissenscliaften  zn 
BerKn,"  1897,  1-25. 

''AtUdella  reale  Aooademia  del  Linoei— Bendiconti,"  Sem.  1,  Vol.  vi.,  Faao. 
8-10 ;  Roma,  1897. 

**  Annales  de  la  Faculty  dee  Sciences  de  Marseille,*'  Tome  vi.,  Fasc.  4-6,  Tome 
Tin.,  Fasc.  1-4. 

'*  Journal  fiir  die  reine  und  angpewandte  Mathematik,"  Bd.  Gzvni.,  Heft  1,  2. 

"Educational  Times,"  June,  1897. 

'<  Annales  de  la  Faculte  des  Sciences  de  Toulouse,"  Tome  xi.,  Fasc.  2;  Paris, 
1897. 

"  Anna]]  di  Matematioa,"  Tomo  xzv.,  Fasc.  3  ;  Milano,  1897. 

**  Annals  of  Mathematics,"  Vol.  xi.,  Nos.  3,  4  ;  Virg^inia,  1897. 

•*  Indian  Engineering,"  Vol.  xxi.,  Nos.  17-20,  April  24-May  16,  1897. 

«  Collected  Mathematical  Papers  of  Arthur  Cajlej,"  Vol.  zn.,  4to ;  Cambridge, 
1897. 


On  the  Primitive  Substitution  Groups  of  Degree  Fifteen.  By 
G.  A.  MiLLKR,  Ph.D.  Received  June  2nd,  1897.  Bead 
June  10th,  1897. 

If  any  groap  {G)  of  order  g  contains  a  non-self -conjugate  snb- 
gronp  (6?i)  of  order  g^  that  does  not  include  any  self -con jugate  sub- 
group of  6?,  with  the  exception  of  identity,  then  is  0  simply 
isomorphic  to  a  transitive  substitution  group  ((7)  of  degree  g  -r  gfj. 
When  Gx  is  a  maximal  sub-group  of  (?,  t.e.,  when  it  is  not  contained 
in  a  larger  sub-group  of  6?,  ff  is  a  primitive  group.  When  this 
condition  is  not  satisfied,  ff  is  non-primitive.* 

It  is  a  singular  fact  that  we  can  find  all  the  primitive  groups  of 
degree  15  which  do  not  contain  the  alternating  group  of  this 
degree  by  means  of  these  well-known  principles.     The  four  groups 

i+ahcdefji^,     (ahcdef)^,     {abcd€fg\^,     (,abcdefgh\^\ 

*  Djck,  Mathemaii9ch$  AnnaUn^  Vol.  zxn.,  p.  94. 

t  Noether,  Mathematitehe  Annalen,  Vol.  xv.,  p.  90.  We  follow  the  notation 
employed  by  Professor  Caylej  in  his  lists  of  substitution  groups  published  in  the 
Quarterly  Journal  of  Mathimatict,  Vol.  xxv. 
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are,  respectively,  maximal  sub-gi-oups  of  the  following : — 

{ahcdej)  pos.,     {abcdef)  all,     (ahcdefg)  pos.,     (ahcdefgh)  pos. 

Hence  there  are  four  primitive  groups  of  degree  15  which  are, 
respectively,  simply  isomorphic  to  the  last  four.  Three  of  them  are 
simple  groups.  In  what  follows  we  shall  prove  that  there  can  be  no 
more  than  four  pHmitive  groups  of  this  degree  whose  order  is  less 
than  15 !  -  2.» 

§  1.  Simply  Transitive  Groups, — General  Theorems. 

We  shall  suppose  that  G  represents  any  primitive  group  of  degree 
n,  and  that  G^  repi*esents  its  maximal  sub-group  of  degree  n— 1,  g  and 
gi  having  the  same  meaning  as  before.  Gi  is  iutitmsitive.  We  pro- 
ceed to  prove  several  general  theorems  with  respect  to  (?i,  which  will 
be  frequently  employed  in  the  follow^ing  investigation. 

Theorem  I. — When  Gy  contains  a  self -conjugate  sub-group  (ff)  of 
degree  n — a,  If  must  he  intransitive  a'nd  it  miist  he  the  transform  with 
respect  to  suhstitutions  of  G  of  any  one  of  a  —  1  other  suh-groups  of  Qi 
(H,',  jHJ,  ...,  fli-i).  The  suhstitutions  of  G,  which  transform 
Hi  (/3  =  1,  2,  ...,  a  —  1)  into  H  transform  also  all  the  suhstitutions  of 
Gi  that  are  commutative  to  W^  into  suhstitutions  of  Gi, 

That  H  is  intransitive  follows  from  the  theorem  that  a  simply 
transitive  primitive  gix)up  cannot  contain  a  transitive  sub-groap 
whose  degree  is  lower  than  the  degree  of  the  group.  Since  Oiia  2l 
maximal  sub-group  of  G,  it  must  contain  all  the  substitutions  that 
are  commutative  to  IT.  As  ^occurs  in  a—1  other  conjugates  of  O^, 
it  must  be  the  transform  of  just  a—1  difEerent  sub-gronps  of  this 
group.  The  substitutions  that  are  commutative  to  Hp  are  trana- 
foi^ned  into  substitutions  that  are  commutative  to  ^  by  every  sub- 
stitution that  transforms  ITp  into  H. 

Corollary  I. — Wheyi  Gi  is  an  Ahelian  or  a  Hamiltonf  group,  all  its 
suhstitutions  except  identity  are  of  degree  n— 1,  and  the  order  of  G  cannot 

exceed  — ^-^r — ^. 


*  In  his  enumeration  of  these  groups,  Comptet  Bendut,  Vol.  lzzv.,  pp.  176-7, 
Jordan  gives  only  three  of  them. 

t  A  Hamilton  group  is  non -commutative,  and  all  its  sub-g^upe  axe  self- 
oonjug&te,    Dedeloiid,  Mathematitehe  Annalen,  Vol.  xlviu.,  p.  649. 
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Corollary  II. — When  O^  contains  a  self-conjugate  sub-group  whose 
degree  is  less  than  »— 1,  it  must  also  contain  non-self -co7ijugate  similar 
sub-groups  such  tliat  tlie  degree  of  the  largest  sub-group  of  O^  tluit  trans- 
forms one  of  them,  into  itself  is  less  than  »  —  1. 

Theorem  II. — Q^  transforms  H[,  II2,  ...,  Hl_i  in  tJie  same  mariner  as 
tJie  elements  of  one  of  its  constituent  groups  of  degree  a  — 1,  and  no  two      ' 
of  the  stib-g  roups  H,  If  I,  flj,  ...,  JBT^-i  have  all  their  elements  in  common. 

Each  substitution  of  O  transforms  the  »  sub-groups  that  are  con- 
jugate to  Oi  in  exactly  the  same  manner  as  it  transforms  its  own 
elements.  Hence  the  substitutions  of  0^  must  transform  the  n—\ 
conjugates  of  H  which  differ  from  II  in  the  same  manner  as  they 
ti-ansform  their  own  elements.  Ajs  Q^  does  not  include  any  of  these 
conjugates  besides  R[^  flj,  ...,  JS^.i,  it  must  ti'ansform  the  latter 
among  themselves.  If  two  of  the  given  sub-groups  had  all  their 
elements  in  common,  all  the  substitutions  that  are  commutative  to 
one  or  the  other  of  them  could  not  generate  G, 

Theorem  III. — The  group  generated  by  H[,  flj,  ...,  Hl.i  is  of  degree 

If  this  group  were  of  a  lower  degree,  it  would  occur  in  a  conjugate  Cq 
of  Qi  differing  from  (Jj.  If  it  would  include  JT,  the  group  generated 
by  H,  If[,  flj,  ...,  H^_i  would  be  self -conjugate  in  O-^,  and 'ihis^&nju- 
gate.  This  is  impossible,  since  its  degree  is  less  than  n.  If  it  would 
not  include  H,  it  would  be  transformed  into  itself  by  the  other  trans- 
form of  H  which  the  given  conjugate'Vould  have  to  contain.  As 
this  transform^ould  have  to  contain  at  least  one  substitution  not 
contained  in  O^  this  is  again  impossible. 

Corollary. — If  0^  traiisforms  jETj,  flj, ...,  jH1-i  according  to  the  elements 
of  a  transitive  constituent^  ea^h  of  them  must  contain  at  least  one  cycle 
from  each  of  the  systems  of  intransitivity  of  6ri,  and  the  number  of 
systems  of  intransitivity  0/  B^^  ()8  =  1,  2,  ...,  a  — 1)  camiot  be  less  than 
tha^  of  Oi. 

Theorem  IV. — All  the  prime  numbers  which  divide  the  order  of  one  of 
the  transitive  constituents  of  O^  divide  also  the  order  of  each  of  its  other 
transitive  constituents.* 

If  the  prime  number  p  divides  the  order  of  a  transitive  constituent 
of  Gi  without  dividing  that  of  another,  the  group  formed  by  all  the 


/ 


*  Jordan,  Traite  des  Subititutiom,  p.  284. 
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transitive  constituents  of  G  whose  orders  are  divisible  hjp  must 
have  an  ap,  P  (^  being  not  divisible  by  p)  isomorphism  to  that  formed 
by  all  the  other  transitive  constituents  of  (?,.  Hence  all  the  substi- 
tutions of  order  p  contained  in  (?,  must  genei*ate  a  self -con jugate 
sub-group  of  Gi  whose  degree  is  less  than  n— 1.  As  Gi  could  not 
contain  any  other  similar  sub-group,  this  is  impossible. 

Corollary  I. — If  one  of  the  transitive  constituents  of  G-^  is  of  a  prime 
degree,  each  of  its  other  transitive  constituents  is  of  the  same  or  of  a  larger 
degree,  and  the  order  of  G^  is  tJie  same  as  tlis  order  of  the  group  formed 
hy  tliese  otJier  transitive  constituents. 

Corollary  II. — If  the  order  of  Gi  is  not  divisible  hy  the  square  cf  a 
prim^  number,  all  its  transitive  constituefits  are  of  the  same  order,  and  Oi 
is  formed  hy  establishing  a  simple  isomorphism  between  them. 

Theorem  V. — If  a  transitive  constituent  of  G^  is  of  a  prims  order ^  the 
order  of  G^  is  the  same  prime  number,  and  G  is  of  class  n— 1. 

It  follows  from  the  preceding  theorem  that  the  order  of  6/,  is  jj*,  p 
being  the  given  prime  number.  Since  all  its  sub-groups  of  order 
p*~^  are  self-conjugate,*  the  sub-group  that  corresponds  to  identity  in 
the  constituent  of  a  prime  order  must  be  self -con  jugate  in  more  than 
one  of  the  7i  groups  that  are  conjugate  to  Gi,  i.e.,  it  must  be  identity. 

Corollary. — If  Gy  contains  a  constituent  of  degree  2,  its  order  is  2,  and 
the  degree  of  G  is  a  prime  number. 

Special  Considerations  for  Degree  15. 

It  follows  directly  from  these  theorems  that  Gy  cannot  contain  a 
constituent  of  degree  2,  and  that  the  largest  possible  degree  of  one 
of  its  transitive  constituent!  is  8.  We  shall  first  consider  all  the 
possible  groups  when  the  maximum  degree  of  a  transitive  constituent 
of  Gi  is  8,  then  those  when  this  maximum  degree  is  7,  &c.  When 
Gi  contains  a  transitive  constituent  of  degree  8,  the  constituent  of 
degree  6  is  either  transitive  or  it  contains  two  equal  systems  of 
intransitivity.  We  proceed  to  prove  that  the  latter  condition  cannot 
be  satisfied. 

Since  the  order  of  the  constituent  of  degree  6  could  not  be  divisible 
by  8,  Gi  would  have  to  contain  an  inti'ansitive  self -conjugate  sub- 


♦  Frobonius,  Crelie^s  Journal,  Vol.  ci.,  p.  283. 
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group  of  the  transitive  constitneiit  of  degree  8.  The  class  of  this 
sub-group  would  have  to  exceed  4,*  and  the  degree  of  one  of  its  equal 
systems  of  intransitivity  could  not  exceed  the  degree  of  one  of  the 
other  transitive  constituents  of  Gi.     Hence  it  would  have  to  be 

(ah  .cd.ef.gh). 

This  is  impossible,  because  there  is  no  transitive  group  of  order  72 
and  degree  8. 

Systems  of  Intransitivity  of  G^,  8,  6. 

Neither  of  the  constituent  groups  can  be  primitive,  since  such  a 
group  cannot  contain  an  intransitive  self-conjugate  sub-group,  and  a 
primitive  g^up  in  one  system  cannot  have  a  1,  a  isomorphism  to 
a  transitive  g^up  in  the  other.  Hence  each  one  of  the  two  given 
constituent  g^ups  is  non-primitive,  and  the  order  of  (?,  is  2* .  3^ .  24. 

If  the  order  of  Gi  would  exceed  that  of  the  transitive  constituent 
of  degree  8,  it  would  contain  a  self -conjugate  sub-group  of  one  of  the 
following  two  types : — 

(ah  .cd.ef),     (ahc . def)  eye. 

Each  of  the  two  transitive  constituents  of  Gi  would  contain  8  -f-  o 
conjugate  sub-groups  of  order  2  or  3,  respectively,  and  of  a  degree 
that  could  not  exceed  4.  Each  of  the  substitutions  of  Gi  would 
transform  these  sub-groups  in  exactly  the  same  manner  as  its  own 
elements  belonging  to  the  constituent  of  degree  8.  Since  the  substi- 
tutions of  the  form  ah  or  ah,  cd  in  a  non-primitive  group  of  degree  6^ 
are  conjugate  in  sets  of  multiples  of  3,  the  given  self -conjugate  sub- 
group of  order  2  cannot  occur.  If  that  of  order  3  would  occur,  the 
order  of  the  quotient  group  of  the  constituent  of  degree  6  would  ba 
a  divisor  of  12. .  Since  the  corresponding  constituent  of  degree  8 
could  not  contain  a  substitution  of  degree  3,  this  is  also  impossible. 

If  the  order  of  Gi  exceeds  that  of  the  transitive  constituent  of 
degree  6,  it  must  contain  one  of  the  following  two  intransitive  self- 
conjugate  sub-groups  : — 

(ah ,cd,ef,  gh) ,     (ahcd .  efgh)^, 

because  the  class  of  such  a  sub-group  must  exceed  4,  its  systems  of 
intransitivity  must  be  systems  of  non-primitivity  of  the  constituent 
of  degree  8,  the  order  of  this  constituent  must  be  divisible  by  24,  and 
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its  quotient  ^roup,  with  respect  to  the  inti^ansitive  sub-group  that 
corresponds  to  identity  in  the  constituent  of  degree  6,  must  be  of 
order  6a.  The  latter  of  the  two  given  sub-groups  cannot  occur,  since 
one  of  its  constituents  would  have  to  be  contained  in  each  of  the  six 
similar  conjugate  sub-groups  of  Qi.  Hence  the  order  of  Qi  is  either 
equal  to  that  of  the  transitive  constituent  of  degree  8,  or  it  is  the 
double  of  this  order. 

If  the  transitive  constituent  of  degree  8  is  of  order  24,  that  of 
degree  6  must  be  of  the  same  order,  since  none  of  the  three  transitive 
groups  of  degree  8  and  order  24  contains  a  substitution  of  degree  4. 
Each  of  the  4  sub-groups  of  order  3  and  degree  12  contained  in  such 
a  (7i  is  transformed  into  itself  by  18  substitutions  of  O,  which  per- 
mute its  systems  of  intransitivity,  ^according  to  the  elements  of  a 
group  which  contains  substitutions  of  degree  3.  Hence  the  6  sub- 
stitutions of  Gi  which  transform  the  same  sub-group  into  itself 
cannot  interchange  more  than  two  of  its  systems,  i.e.,  G^  can  only 
be  constructed  by  establishing  a  simple  isomorphism  between  the 
following  two  groups  : — 

(ahcd  .  efgh)  pos.  (ae  .hg  ,cf .  dh),*      (^-\-ahcdef)f^. 
The  substitutions  of  this  Gi  may  be  written  as  follows  : — 


ah  .cd.ef.gh,  ik  .jl, 
ac,bd,eg  ,fh,ik. mn, 
ad.bc .  eh .fg  ,jl .  mn, 
ahc  .  efg  .  ijm .  kin, 
abd .  efh .  tnj .  kml, 
acd .  egh  .  ilm.jnk, 
bed  .fgh  .  inl  .jkm, 
bdc  .fhg .  tin  .jmk, 
acb  .  egf ,  imj .  knl, 

adb .  ehf .  ijn .  klm, 

adc .  ehg .  tml  .jkn, 


of,  be,cg ,  dh. ij .  kl^ 
ag .hf.ce,dh  .im.  kn^ 
ah .  bf.  eg ,  de  ,jn .  hn, 
ae  ,bg »  cf .  dh .  jm .  Zn, 
ae.hh  ,eg  ,df  .in ,  km^ 
ae.bf,ch.dg,il  ,jk^ 
afch .  bgde .  inhm,  ,jl^ 
ahcf.  bedg  .  imkn  ,jl, 
afdg  .  bhce  .  ik  .jmln, 
agdf .  bech  .  ik  .jydm, 
agbh ,  cfde  .  ilkj .  mn, 
dhbg .  cedf.  ijkl .  rnn. 


♦  Miller,  Quarterly  Journal  of  Mathemaiiea,  VoL  xrm.,  p.  102. 
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The  9  substitutions  of  O  that  transform  ahc .  efg  .  ijm .  Idn  into 
itself  must  clearly  include  one  of  the  following  18  substitutions  : 

(1,  ahc ,  egf,  ach  .  efg)  {aei  .  hfj .  cgm)  (dho,  doh)  (1,  kin,  knl). 

Since  the  group  of  order  18  that  transforms  the  group 

(^abc  .  efg .  ijm .  kin)  eye. 

into  itself  must  permute  its  first  three  systems  according  to  (^ahc)  all, 
this  must  contain  9  substitutions  of  order  2,  and  8  of  order  3,  and  is 
therefore  fully  determined.  The  required  substitution  of  order  3 
must  be  transformed  into  its  square  by  af  .he.cg  .dh,ij ,  kl,  and  hence 
must  be  one  of  the  following  six : — 

(aei,  hfj\cgm){dho,  doh)(l,  kin,  knl). 

From  the  following  products, 

afch  .  hgde .  itikm  .jl  X  aei .  hfj ,  cgm .  doh  =  aflhm .  cdink ,  efgoh, 
„         „       „  X  aei.  hfj .  cgm .  dho  =  ajlhm .  codink .  efgh, 

X  aei .  hff .  cgm, .  doh .  kin  =  ajnlhm, .  cdik .  efgoh^ 
„       „  X  aei .  hfj .  cgm, .  ci^o  .  kin  =  ajnlhm  .  coeZtA; .  e/gf^, 
X  oei .  hf/ .  cgfm .  do/* .  knl  =  ajkcdilhm  .  e/gro^, 
„         „         „       „  X  aei .  hfj .  cgm ,  dho ,  knl  =i  ajkcodilhm  .  efgh, 

it  follows  that  only  aei  .  &j[; .  cgrm. .  doh  can  occur  in  O,  and  hence  there 
can  be  no  more  than  one  primitive  group  that  contains  the  given  Qy, 
Its  order  is  6 !  -f-  2,  and  its  class  is  12. 

If  O,  is  fonned  by  a  simple  isomorphism  between  two  groups  of 
order  48,  each  one  of  its  sub-groups  of  order  3  is  transformed  into  itself 
by  36  substitutions  of  O.  This  group  has  to  permute  its  four  systems 
of  intransitivity  according  to  a  transitive  group  of  degree  4.  This  is 
impossible,  since  the  group  of  degree  6  and  order  48  contains  6  sub- 
stitutions that  do  not  permute  the  systems.  The  only  2, 1  isomorphism 
between  a  transitive  group  of  degree  8  and  order  24  and  a  transitive 
group  of  degree  6,  which  contains  a  multiple  of  7  similar  substitutions 
of  degree  8,  is  that  which  may  be  obtained  by  multiplying  the  preced- 

ingO.by  (ae.bf.cg.dh). 

The  G  that  contains  this  Gi  contains  36  substitutions  that  transform 
the  group  (jahcefg .  ijm, .  kin)  eye.  into  itself,  and  18  that  are  commutative 
to  each  of  its  substitutions.  The  group  of  order  36  contains  therefore 
only  one  sub-group  of  order  9.     Hence  it  follows  directly  from  the 
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proof  with  respect  to  the  Oi  of  order  24  that  this  Oi  of  order  48  can 
also  not  occur  in  more  than  one  primitive  gronp.  It  would  not  be 
difficult  to  show  that  there  is  really  one  such  primitive  group,  and 
that  it  is  simp^^  isomorphic  to  {abcdef)  all,  while  that  which  contains 
the  preceding  G^  is  simply  isomorphic  to  {abcdef)  pos.  This  is,  how- 
ever, unnecessary,  as  we  shall  show  that  there  can  be  no  more  than 
four  such  groups,  and  these  have  been  given  above. 

The  transitive  constituent  of  degree  8  could  not  be  of  order  96,  since 
the  group  of  this  order  that  contains  a  self -conjugate  sub-group  of 
order  2  is  not  isomorphic  to  {abcdef)^  with  respect  to  it,  and  there  is 
no  transitive  group  of  degree  6  and  order  96.  Hence  there  cannot  be 
more  than  two  primitive  groups  of  degree  15  whose  O^  contain  a 
transitive  constituent  of  degree  8.  We  shall  find  that  no  other 
simply  transitive  primitive  groups  of  this  degree  are  possible. 

Systems  of  Intransitivity  of  0^  7,  7. 

From  Theorem  IV.,  Corollary  I.,  it  follows  that  (?,  contains  two 
transitive  constituents  of  degree  7  if  it  contains  one  of  this  degree, 
and  that  it  must  consist  of  a  simple  isomorphism  between  these  two 
groups.     The  number  of  sub-groups  of  order  b  in  0  must  be  of  the 

^^™  21  +  35a;  (x  being  an  integer), 

since  it  must  be  divisible  by  7  and  also  congruent  to  1  with  respect 
to  modulus  5.  Hence  the  order  of  G^  cannot  be  either  7  or  14.  If 
its  order  would  be  21,  G  would  contain 

15  .  6  =  90  substitutions  of  order  7, 
5  .  14  =  70  „  „  degree  12, 

21 .  4  =  84  „  „  order  5. 

Each  of  the  21  sub-groups  of  order  5  would  be  transformed  into 
itself  by  a  cyclical  sub-gi-oup  of  order  15.  This  is  impossible,  as  O 
could  not  contain  8  .  21  substitutions  of  order  15.  The  order  of  O^ 
could  not  be  42,  since  there  would  have  to  be  18  substitutions  in  O 
which  would  transform  {abcdef.  hijklni)  eye.  into  itself  and  whose 
degree  could  not  be  less  than  12. 

Gi  could  not  be  of  a  larger  order,  for  it  would  have  to  contain  sub- 
stitutions of  order  2  and  degree  12.  As  all  of  these  are  conjugate  in 
Gi,  all  of  those  of  G  must  also  be  conjugate,  and  each  of  them  has  to 
be  transformed  into  itself  by  7a  substitutions.  As  this  is  clearly 
impossible,  there  can  be  no  primitive  group  of  degree  15  in  which  O^ 
containa  a  transitive  constituent  of  degree  7. 
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Systems  of  Intransitivity  of  G^  6,  4,  4. 

When  Gi  contains  a  transitive  constitaent  of  degree  6,  but  none  of 
a  larger  degree,  its  systems  of  intransitivity  must  be  6,  4,  4.  The 
groups  of  degree  4  must  be  alternating  or  symmetric  groups  of  this 
degree,  as  the  orders  of  the  others  are  not  divisible  by  3.  If  one  of 
these  groups  were  alternating  and  the  other  symmetric,  the  order  of 
the  constituent  group  of  degree  8  would  be  288.  This  is  impossible, 
since -there  is  no  transitive  group  of  degree  6  and  order  288,  and  the 
given  group  does  not  contain  a  self -conjugate  sub-group  whose  class 
exceeds  4. 

The  only  two  self -con jugate  sub-groups  of  the  constituent  group  of 
degree  8,  whose  class  exceeds  4,  are 

{ahcd .  efgh)  pos.,     {abed  .  efgh  )^, 

According  to  Theorem  III.,  Corollary,  Gi  cannot  contain  either  of 
them.  Its  order  must  therefore  be  the  same  as  that  of  the  transitive 
constituent  of  degree  6.  It  must  also  be  divisible  by  12,  and  the 
order  of  the  constituent  of  degree  8  must  be  either  12  or  24.  Hence 
the  order  of  Gy  must  be  one  of  these  two  numbers. 

If  Gx  were  of  order  12,  G  would  contain  6  conjugate  sub-groups  of 
order  5  which  its  substitutions  would  have  to  transform  according  to 
an  isomorphic  primitive  group  of  degree  6,  since  it  would  contain 
substitutions  of  order  5.  Hence  G  would  contain  a  self -con jugate 
sub-group  of  order  3,  and  could  therefore  not  be  primitive.  If  Gi 
were  of  order  24,  one  of  its  6  sub-groups  of  degree  10  and  order  2 
would  be  ti'ansformed  into  itself  by  20  substitutions  of  6r,  which 
would  interchange  its  5  systems  of  intransitivity  according  to  a  sub- 
stitution of  order  5  and  also  according  to  one  of  degree  2.  As  this  is 
clearly  impossible,  there  is  no  simply  transitive  primitive  group  of 
degree  15  whose  G^  contains  a  transitive  constituent  of  degree  6  and 
an  intransitive  constituent  of  degree  8. 

Systems  of  Intransitivity  of  G^  4,  4,  3,  3. 

If  one  transitive  constituent  of  Gi  were  of  degree  5,  the  other 
would  have  to  be  transitive  and  of  degree  9.  We  observed  above 
that  this  is  impossible.  If  Gi  contains  a  transitive  constituent  of 
degree  4  but  none  of  a  higher  degree,  its  systems  of  intransitivity 
must  be  4,  4,  3,  3.  If  the  order  of  G^  would  exceed  that  of  the  con- 
stituent of  degree  6,  it  would  have  to  contain  one  of  the  following  two 
groups  as  a  seH-conjugate  sub-group  :— 

{aJbcd .  efgh)^,     {abed .  efgh)  pos. 
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This  is  impossible,  since  the  degree  of  the  systems  of  intransitivity  of 
these  sub-groups  exceeds  that  of  the  other  transitive  constituents 
of  (?i. 

Hence  the  order  of  Gi  must  be  the  same  as  that  of  the  constituent 
of  degree  6 ;  i.e.,  it  must  be  6,  18,  or  36.  Since  it  must  also  be  a 
multiple  of  12,  and  the  group  of  order  36  does  not  contain  a  self- 
conjugate  sub-g^up  of  order  3  and  degree  6,  this  is  impossible.  As 
all  the  transitive  constituents  of  (7j  could  not  be  of  degrees  2  and  3, 
this  completes  the  proof  that  there  are  no  more  than  2  simply  transi- 
tive primitive  g^ups  of  degree  15. 

§  2.  Multiply  Transitive  Groups. 

If  Gi  is  non-primitive,  its  systems  of  non-primitivity  cannot  be  7,  7, 
for  it  would  have  to  contain  a  self -conjugate  sub-group  whose  systems 
of  in  transitivity  are  the  same  numbers.  As  its  substitutions  that 
interchange  these  systems  would  have  to  be  of  degree  14,  we  can  use 
practically  the  same  proof  as  was  employed  to  show  that  there  can  be 
no  simply  transitive  group  of  this  degree  whose  (?,  contains  a  transi- 
tive constituent  of  degree  7.  Hence  G^  must  be  either  primitive  or 
it  must  contain  seven  systems  of  non-primitivity  without  also  con- 
taining two  such  systelns. 

When  Gi  contains  an  intransitive  self-conjugate  sub-group  with 
seven  systems  of  in  transitivity,  this  H  cannot  be  of  order  16,  since  the 
number  of  its  substitutions  of  degree  6  is  not  divisible  by  3.  If  it  is 
of  order  8,  its  7  systems  of  intransitivity  cannot  be  transformed  by  Gi 
according  to  the  metacyclic  group  or  one  of  its  sub-groups,  since  a 
substitution  of  degree  8  and  order  2  would  have  to  be  transformed 
into  itself  by  7a  substitutions  of  G.  Hence  these  systems  must  be 
transformed  according  to  {ahcdefg\^.  There  are  two  groups  that 
satisfy  this  condition,  but  we  can  use  only  the  one  in  which  the  sub- 
stitutions that  permute  only  four  systems  include  substitutions  of 
degree  8  and  order  2. 

For  H  we  may  use  the  following  group : — 

1  cd.ef.ij.mn, 

ab.cd.ef.gh,     ah.gh.ij.mn, 
ah .  ef .  ij  .hi,      ah  .cd  .hi.  mn, 
cd  .gh  .ij .  Icl,      ef.gh.kl.  mn. 
Gi  is  generated  by  this  H  and  the  following  two  substitutions : — 

aceiJcgm .  hdfjlhn,     ac  .hd  .  eg  .fh. 
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Its  substitutions  corresponding  to  acg  .  def  in  the  isomorphic  group 
of  degree  7  are  : 

asm  ,  hfn .  gik  .  hjl,  afm .  ben .  cd  .  gjlhiky 

afn .  bem .  cd  .  gikhjl,  aen  .  bfm .  gjl .  hiky 

afn  .  bem ,  gjk  .  hil,  aen .  bfm .  cti .  gtlhjk, 

aem .  6/n .  cci .  gjkhtl,  afrn .  6en  .  gil .  ^jfc. 

Since  the  6  substitutions  of  (?i  that  transform  aem  .  6/n  .  gik .  hjl 
into  itself  interchange  its  last  two  systems,  the  18  substitutions  of 
Q  which  transform  it  into  itself  must  interchange  its  systems  accord- 
ing to  the  symmetric  group  of  degree  3.  Am  ab  ,cd,ef.  gh  .ij .kl.  mn 
transforms  0,  into  itself,  we  may  assume  that  0  contains  one  of  the 
following  6  substitutions : — 

{aim^gek,  agmkei,   akmieg)  (^cOy  do)  bfn  .  hjl. 

From  the  following  products, 

amghiec  ,  bnhljfd  X  aimgek .  bfn  ,co,hjl=^  ag  ,  cikmeo  .  df,jn, 
aceikgm .  bdfjlhn  x  aimgek .  bfn .  do .  hjl  =  ackem,i .  bodnfljh, 

X  agmkei  .  bfn .  co  ,  hjl  =  aocie .  bdnfljh .  gkm, 
„        X  agmkei .  bfn  .  do .  hjl  =  aae  .  bodnfljh .  <jr^, 
„  „        X  akmieg  .  6/» .  (io .  hjl  =  acgimk .  bodnfljh, 

„  „        X  akmieg  .  6/n .  co  .hjl  =  Ojocgimk  .  bdnfljh, 

it  follows  that  we  can  use  only  akmieg  .  6/n .  co .  A^7,  and  hence  there 
cannot  be  more  than  one  primitive  group  that  contains  this  O^.     It  is 
simply  isomorphic  to  the  symmetric  group  of  degree  8. 
Oi  cannot  be  the  group  of  order  336  generated  by 

ab.  cd.ef.gh  .ij  .kl .  mn,     a,em  .  bfn . gjk  .  hil,     cek . dfl . gim  . hjn, 

for  its  6  substitutions  that  transform  one  of  its  substitutions  of 
order  3  into  itself  permute  its  four  systems  of  intransitivity.  The 
18  substitutions  of  G  that  transform  the  same  substitution  into  itself 
could  therefore  not  permute  these  systems  according  to  a  group  of 
order  6.  Only  one  non-primitive  group  remains  to  be  considered, 
viz.,  the  one  which  is  generated  by  the  last  two  substitutions  given 
above.  Since  this  Gi  is  commutative  to  ab.cd.  ef .  gh.ij  .kl. mn,  we 
may  assume  that  it  contains  one  of  the  following  18  substitutions  : — 

(1,  a,em  .  gkj,  anrne  .  gjk)  {agh  .  eji .  mkl)  {cdo,  cod)  (1,  bfn,  bnf). 
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Aj9  the  reqaired  substitution  is  transformed  into  its  square  by 

am  ,  bit ,  cd  ,  gi .  hj .  hi, 
it  must  be  one  of  the  following  6  : — 

akh .  egi,jlm  {cdo,  cod) (1,  6/n,  2>nf). 
From  the  following  products, 

fiek  .  (Z/Z .  giyn  .  ^^'n  x  afcA .  egi  ,jlm .  cio  .  bfn  =  aA;cZn .  bfmij .  cgehto, 

X  afcA .  egri .  ^Zm .  cod .  6/n  =  akodn .  b/my .  c^e^Z, 
X  akh .  egfi  .^7m .  cdo .  6n/  =  akdbn . cgehlo,fmij^ 
X  aA;A .  egfi .  yZw  .  cocZ .  bnf  =  akodhn .  c^e/iZ  .fwij^ 
X  aA'A .  egf  t .  JZm .  cdo  =  akdfviijn .  cgehlo^ 

X  aA;^ .  egft  .^7m .  cod  =  akodfmijn .  c^e^, 

it  follows  that  we  can  use  only  akh .  egft  .jlm  .  cod .  6/n,  and  hence  there 
can  be  no  moi'e  than  one  primitive  group  that  contains  this  (?|.  This 
is  simply  isomorphic  to  the  alternating  group  of  degree  7. 

There  are  only  two  primitive  groups  of  degree  14  that  do  not  in- 
clude the  alternating  group  of  this  degree,  viz.,  the  modular  group  of 
order  6 .  13  .  14  and  the  Matthieu  group  of  twice  this  order.  The 
former  cannot  be  used  for  (tj,  since  all  its  sub-groups  of  order  6 
and  degree  12  are  conjugate,  and  each  of  them  would  have  to  be 
transfonned  into  itself  by  36  substitutions  of  0,  whose  degree,  except- 
ing identity,  could  not  be  less  than  12.  It  is  equally  evident  that  the 
latter  cannot  be  used  for  O,  since  O  would  have  to  contain  71  sub- 
stitutions whose  degrees  could  not  be  less  than  12,  which  would 
transform  a  cyclical  group  of  order  12  into  itself. 

We  have  now  examined  all  the  possible  cases,  and  found  that  there 
cannot  be  more  than  four  primitive  groups  of  degree  15  that  do  not 
include  the  alternating  gix)up  of  this  degree.  Two  of  these  are 
simply  transitive  and  the  other  two  are  doubly  transitive.  As  we 
proved  the  existence  of  four  such  groups  at  the  beginning,  the  in- 
vestigation is  completed.  To  obtain  the  total  number  of  primitive 
g^ups  of  degree  15,  we  have  to  add  the  alternating  and  the  sym- 
metric groups.     Hence  there  are  six  primitive  groups  of  degree  15. 


On  tlie  Degeneration  of  a  Oubtc  Ourve, 


645 


On  the  Degeneration  of  a  Onbie  Curve,     By  H.  M.   Taylor. 
Received  and  commanicated  February  lltb,  1807. 

1.  Grassroann  neetnii  to  bave  been  the  first  to  give  the  following 
theorem  relating  to  the  generation  of  a  cubic  curve.  The  locu«  of  a 
point,  such  that  the  straight  lines  joining  it  to  the  angular  point  of 
one  triangle  ABO  cut  the  sides  of  a  second  triangle  DEF^  taken  in 
order,  in  three  collinear  points,  is  a  cubic  curve  passing  through  the 
angular  points  of  both  triangles. 


2.  We  will  first  give  a  proof  of  the  theorem,  and  then  deduce  other 
results  from  it. 

Let  A  BO  be  taken  as  the  triangle  of  reference,  and  let  the  coor- 
dinates of  D,  E^  F  he  n„  )3„  y, ;  a^  fi^  y, ;  a^  ft^  y, ;  then  the 
condition  that  the  straight  lines  joining  6'(;r,  y,  z)  to  A,  B^  0  should 
cut  EF,  FD,  DE  in  three  collinear  pointe  L,M,N\b     . 
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This  is  the  equation  of  a  cubic  curve  which  passes  through  -4,  B,  C  : 
through  D,  jE7,  F:  through  P,  Q,  E,  the  intersections  of  the  pairs  of 
lines  BF,  CE ;  CD,  AF;  AE,  BD:  and  also  through  X,  Y,  Z,  the 
intersections  of  the  pairs  of  lines  BGy  EF  ;  CA,  FD ;  AB,  BE. 

3.  If  the  triangles  -4B(7,  BEF  be  interchanged,  the  cubic  locus 
will  pass  through  the  same  twelve  points,  and  is  therefore  the  same 
cubic.  The  cubic  will  also  be  unaltered  by  the  interchange  of  two 
corresponding  vertices  of  tbe  triangles  ABG^  BEF.  For  instance, 
the  triangles  ABF,  BEG  would  give  rise  to  the  same  cubic. 

By  considering  the  limiting  case  when  S  is  close  to  -4,  we  can  obtain 
the  tangent  at  the  point  A  by  the  following  geometrical  construction. 
Let  AB,  BF  intersect  in  M" ;  AC,  BE  in  N*.  Draw  Atir  cutting 
EF  in  L' ;  then  AL'is  the  tangent  to  the  cubic  at  A.  A  similar  con- 
struction will  give  the  tangents  at  any  one  of.  the  other  five  points 
B,  G,  B,  E,  F. 

4.  The  three  set.s  of  points  J,  E,  B;  A,  Qj  F;  X,  B,  G  lie  on 
straight  lines,  and  the  points  X,  E,  F  lie  on  a  straight  line ;  therefore 
the  remaining  points  A,  A,  B,  0,  Q,  B  lie  on  a  conic  ;  in  other  words, 
the  conic  ABGQB  touches  the  curve  at  the  point  A,  Similarly,  the 
conies  ABFRY,  AGEQZ,  AEFYZ  touch  the  cubic  at  the  point  A. 
In  the  same  way,  it  can  be  shown  that  at  each  of  the  points  B,  (7,  D, 
E,  F  four  conies  can  be  drawn  to  touch  the  curve,  and  to  pass 
through  four  other  points  in  the  figure  ABGBEFPQBXYZ. 

5.  Again,  because  each  of  the  sets  of  points  B,  B,  B;  A,  E,  R; 
A  J  B,  Z  lie  on  straight  lines,  and  the  points  D,  E,  Z  lie  on  a  straight 
line,  therefore  the  six  points  A,  A,  B,  B,  E,  B  lie  on  a  conic ;  in 
other  words,  a  conic  can  be  drawn  having  contact  with  the  curve  at 
the  points  A,  B,  R.  There  are  twelve  such  conies  having  triple  con^ 
tact  with  the  cubic. 

Their  points  of  contact  can  be  found  by  writing  down  any  three 
collinear  points  in  the  figure,  e.g.,  A,  F,  Q,  and  substituting  for  A  or 
F  its  conjugate  point  B  or  G ;  thus  conies  will  touch  the  cubic  at 
JD,  F,  Q  and  at  A,  G,  Q. 

Similarly,  we  can  pick  out  A,  B,  Z ;  A,  T,  G,  two  sets  of  three 
collinear  points,  which  include  a  common  point  A  but  do  not  include 
any  conjugate  points.  By  writing  B  for  A  we  obtain  six  points  D,  D, 
B,  C  y,  Z,  which  lie  on  a  conic.     We  thus  determine  the  five  points 
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D,  B,  C,  Y,  Z,  which  lie  on  one  of  the  conies  touching  the   cubic 
atD. 

6.  It  can  be  seen  from  inspection  of  the  equation  of  the  cubic  that 
in  certain  cases  the  cubic  degenerates  into  a  straight  line  and  a  conic, 
or  into  three  straight  lines. 

For  instance,  if  a^  =  0,  the  cubic  reduces  to  BC  and  a  conic  through 
A,  D,  E,  F. 

If  a,  =  0  and  /3,  =  0,  the  cubic  reduces  to  BG^  CA,  FZ. 

If  Qi  =  0,  /3j  =  0,  and  y,  =  0,  the  cubic  reduces  to  the  three  sides 
of  the  triangle  ABG^  except  in  the  case  when 

that  is,  when  D,  E,  F  are  collinear :  in  which  case  the  cubic  becomes 
indeterminate. 

7.  It  is  at  once  seen  that,  if  D,  E,  F  be  collinear,  and  S  be  any 
point  in  the  straight  line  DEF,  then  L,  M,  N  are  collinear. 

We  see  that  in  this  case  the  straight  line  DEF  is  part  of  the  locus, 
and  therefore  the  remaining  part  must  be  a  conic  circumscribing  the 
triangle  ABO. 

8.  Let  us  inquire  whether  it  is  possible  that  the  cubic  should  in- 
clude the  straight  line 

lir  -f  my  -{-nz=i  0. 

The  equation  of  the  cubic  may  be  written 

ys(ri/5|-Ayi)  A+rs  ("iyj-«ari)  ^i^-^^^  (asyf-o«ys)  y^« 
+  (yiatA+ Ayiat-2oiAy.)  «y«  =  0. 

If  ^  +  m!/  +  t?2r  =  0  is  part  of  the  cubic,  the  remaining  part  must  be 

y»  iyA-l^^y^)  ,     °i  (««y»-"«yO  ,  ^^ ih  («ift-«s/?i)  _  p^ 

I  m  n 

and  we  must  have  the  conditions 

Y  y^  (yi/5«-Ay«)  =  y»  («iys-«iyi)» 
— oi  («2y5— a»ys)  =  fli  (/5i«s-A<»»)» 
--  /3,(»./3i-"iA)  =  A  (Ay.-/5iy.). 

n 

2m2 
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The  i*atio  vi  :  w  becomes  indeterminate  when  a,  =  0,  and  also  when 

««y»— "sy*  =  a«A— «i/^s  =  ^^• 

The  first  case  has  ah^eady  been  discussed. 
In  the  second  case  E,  F  ait)  coincident. 
If  none  of  the  ratios  I  :  m  :  n  bo  indeterminate,  then 

=  («iy>-n2yi)  (/^t«a— A^j)  (Ays— /J.yi). 

This  equation  is  equivalent  to  the  condition  that  the  points  X,  Y,  Z 
should  be  colli  near. 

This  will  be  the  case  when  the  points  D,  E,  F  are  coUinear,  and 
also  when  the  straight  lines  AD,  BE,  OF  are  concurrent:  as  is 
apparent  also  from  the  algebraical  identity 

(yi/5f— /5iy,)  ("iya-ajyO  ("iA-«8/5i) 
=  («Ayi-«3.Ay.)  ["i(Ay8-Ayi)+«i  (/58yi-/3,y8)-ha,(Ayt-/3,y,)|- 

9.  The  coordinates  of  P,  Q,  K  are  given  by  the  following  eqaa- 
tions : — 

P  '       ^  =    ?/»    -3  ._?L_ 
«i"»       /^a"8       "fyn' 

«iyj     /^«yi     yiyj* 

If  we  substitute  the   coordinates  of  P,  Q,  iE  for  the  coordinates  of 
Dy  Ey  F  in  the  equation  of  the  cubic 

we  obtain  the  equation 

A  ("ly  -  A^)  yi  (Z^*^  -  y»y)  oj  (y8«— Oa") 

-Hyj(ai«-yiaj)a«(ft«— «iy)/Ji(y8y-P4«)  =  o. 

This  proves  that  in  general  the  substitution  of  P,  Q,  E  for  2>,  .&,  ^ 
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gives  rise  to  &  second  cubic;  bot  that  the  cubic  ia  nnaltered  by  tbis 
Bubatitutiou  in  the  case  when  o,j8,y,  =  a,/j,y„  that  ia,  when  AD, 
BE,  CF  ai-e  cononn-ent. 

10.  Ie  discaasinjf  the  case  wlien  AD,  BE,  OF  are  concarrent  it  is 
more  convoniont  to  nse  a  modified  system  of  coordinates  instead  of 
the  ordinary  triangular  coordinates. 

We  will  take  tbe  coordinate!!  of  a  point,  multiples  of  the  triangular 
coordinates  of  the  poiut,  such  tliat  the  equations  of  AD,  BE,  CF  will 
be  y  ^  z,  z  =  X,  X  =:  y  respectively.  Then  wo  may  take  the  coordi- 
nates of  D,  E,  F,  thus : 

a,  1,1;      1,/J,  1;      1,  1,  y. 

The  equation  of  the  cubic  will  tlien  be 

or  y(^-l).i"y  +  a(y-l)y'^  +  /3(„-l)2'*|-;i(r- 1)2=2 

+  7(a-l) -A  +«  OJ-1)  ^-y +  2  (l-a^y)  «,i  =  0. 

11.  The  equations  of  EF,  FD,  DE  are  now  as  follows  :— 

EF:(/3y-l)^  +  (l-y)y+(l-/J)«  =  0. 
F/.*  :  (1-y)  :t  +  <ya-l)  y+ (1 -«)  *  =  0, 
DEi  (l-;3)a-(-(l-..)y  +  (a/J-l)r  =  0. 


550 


Mr.  H,  M.  Taylor  on  the 


[Feb.  11, 


In  this  case  X,  Y,  Z  are  collinear,  and  tlie  equation  of  XTZ  is 


'      ■    -2L.  4.^^  =  0. 


+ 


a-1       /3-1       y-1 

12.  The  equations  of  the  tangents  to  the  cubic  at  the  angular 
points  of  the  triangle  ABC  are 

y(/3-l)y-hj3(y-l);r  =  0, 

a  (y-1)  r-fy  (a-l)a;=0, 

j3(a-l)x-ha(/3-l)t/  =  0. 

We  see  therefore  that  a  conic  can  be  described  touching  the  cubic 
at  A,  B,  C. 

Its  equation  is 


a 


:^-tZX-^  — ^.ry  =  0. 


As  the  cubic  is  unaltered  by  the  interchange  of  any  two  of  the  three 
triangles  ABG^  DEFy  PQjB,  we  conclude  that  conies  can  be  described 
to  touch  the  cubic  at  the  angular  points  of  the  tnangles  DEF,  PQR. 

13.  Since  the  triangles  ABG^  DEF  are  compolar,  the  points  X,  Y, 
Z  are  collinear,  also  the  triangles  ABF,  DEC  are  com  polar ;  therefore 
P,  Q,  Z  are  collinear.  Similarly,  X,  Q,  B  and  P,  Y,  B  are  collinear. 
Therefore  the  triangle  PQB  is  coaxial  and  also  compolar  with  each  of 
the  triangles  ABC,  DEF.  It  follows,  therefore,  in  this  case  that  Grass- 
mann's  cubic  is  the  same  for  each  of  the  six  possible  permutations  of 
the  triangles  ABC,  DEF,  PQB. 

14.  The  triangle  XYB  is  compolar  with  each  of  the  compolar  tri- 
angles ABFy  DECy  and  they  have  a  common  axis  PQZ,  Hence 
conies  can  be  described  to  touch  the  curve  at  the  angular  points  of 
each  of  the  triangles  ABF,  DEC,  XYB.  In  the  same  way,  it  can  be 
shown  that,  if  we  take  the  64  combinations  of  letters  which  it  is 
possible  to  obtain  by  taking  one  letter  out  of  each  of  the  three  sets 
ADPX,  BEQY;  CFBZ,  each  of  48  will  give  the  angular  points  of 
a  triangle  through  which  a  conic  can  be  drawn  having  triple  contact 
with  the  cubic,  and  the  remaining  16  combinations  will  give  sets  of 
collinear  points. 

15.  From  the  general  theoiy  of  cubic  curves,  we  see  that  the  tan- 
gents to  the  curve  at  A,  B,  Z,  three  points  on  a  straight  line,  meet 
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the  curve  again  in  A\  B\  Z\  three  points  on  a  straight  line,  also  the 
three  tangents  at  -<4,  J?,  G,  the  points  of  contact  of  a  conic  having 
triple  contact  with  the  curve,  meet  the  curve  again  in  A\  B\  (T,  three 
points  on  a  straight  line. 

It  follows  therefore  that  the  points  Z\  ff  are  coincident.  Similarly, 
it  can  be  shown  that  the  tangents  at  F  and  B  pass  through  the  same 
point  (7.  Similarly,  the  tangents  at  -4,  D,  P,  X  all  pass  through  A\ 
and  the  tangents  at  B,  E,  Q,  Y  all  pass  through  B', 


16.  It  appears  from  what  has  gone  before  that,  if  Ix-^-my-^-nz 
be  part  of  the  cubic, 

lia-l)=m(fi-l)  =  n(y-l), 

and  therefore  the  equation  of  the  straight  line  may  be  written 


=  0 


X 


-h 


+ 


o-l      /3-1       y-1 


=  0, 


which  is  the  equation  of  XYZ,  If  this  line  be  part  of  the  cubic,  it 
is  seen,  by  comparing  the  coeflScients  of  a^y,  y'z,  ffx  in  the  cubic,  that 
the  remaining  part  of  the  cubic  must  be  the  conic 


a  ,      B 

yz'\- 


a-1 


fl^V''^:^i^y-^- 


Multiplication  of  the  left-hand  sides  of  the  last  two  equations  gives 
at  once  the  coefficients  of  the  terms  xy^,  ysf,  zx*,  the  same  as  those  of 
the  cubic  ;  but,  in  order  that  the  cubic  may  admit  of  the  two  factors, 
a,  fi,  y  must  satisfy  the  condition 

a(i3-l)(y-l)  ^  ff(y-l)(a-l)  ^  y  (g-Df/S-l)  ^  2(l-«/3y), 
a  —  l  p — 1  y""l 

or    a  03-1)'  (y-l)'+/3  (y-1)'  («-l)'+y  (a-1)'  (|3-1)' 

-2(l-a/3y)(a-l)(/J-l)(y-l)  =0. 

Let  p  =  afiy,     q  =  0y  +  ya  +  aP,     «  =  a+j3  +  y. 

Now  2o()8-l)'(y-l)» 

=  Sa(/3»-2|3  +  l)(y'-2y  +  l) 

=  2a  {^y (/3y-2)3-2y+4)+|3'-2)3+y'-2y  +  ll 

=  _pg— 4p»+12p+»s— 3/) — iq+i 

^  pq—4:ps  +  9p+sq—4q+i. 
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Th.»for.  latf-l)'(y-l)'-2(l-«/Jy)(.-l)((3-l)(,-l) 
mpq-ip,i.ep  +  iq-iq+l  +  2p(p-q-i-l~\)-2(p-q  +  t-l) 

=  (i,-i  +  2)C2f-«  +  l)- 
Tliuivfora  the  cubic  ooniiiRbi  of  tlie  Htraight  liu« 


a-1 


-1      r-1 


»ad  Iho  w 
if  either 


:tLV'+iiZi''+^i''if-- 


-  +2  «  0, 


OP  —5 

that  11  to  my,  aithsr  if  the  poinU<  D,  !i,  F  are  oollinear,  or  if  the 
points  A,  S,  C,  D,  E,  F  lie  on  k  conic,  lu  the  flnt  obm,  tha  line  ii 
i)J7F  and  the  oonio  ABCPQR ;  in  the  leoond  oue,  the  line  ii  PQB 
and  tha  oonio  ABODSF. 

17.  Wa  have  proved  that  Qrusmann'e  onbio  de^neratei,  in  tha 
cane  when  I),  E,  F  avo  oolliiiear,  into  a  straight  line  D£!F  and  the 
ooaie  AVCPQB. 


1897.] 


Dggeiieration  of  a  Cuhie  Ourve. 


18.  TVe  hare  aI>o  proved  tbat,  in  the  cue  when  AD,  BE,  CF  are 
ooQonrrent,  the  onbio  it  miahanged  by  the  interchange  of  anj-  two  of 
the  three  triangles  ABC,  DEF,  FQR. 


19.  The  following  theorem  ii  a  corollary  from  §  17  and  Paaoal's 
theorem . — 

If  SB,  0Q\  OP,ABi  AQ,  BP,  pairs  of  opposite  sides  of  a  hexagon 
inscribed  in  a  oouc,  intersect  ia  D,E,F  respeotirely,  and  if  >S  be  any 
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point  on  the  conic,  then  SD,  8E,  SF  intersect  the  aidea  of  each  of 
the  trianglea  ABO,  PQB  in  three  collinear  points. 

Professor  Elliott  has  remarked  that  this  theorem  may  also  be 
obtained  bj  projection  from  an  estenaion  of  Simaon'a  line  theorem 
given  in  the  Pitt  Press  Euclid  (Book  III.,  p.  272,  Ex.  1). 


20.  The  following  theorems  are  corollaries  from  §§  17, 18. 

It  ABC,  PQB  be  a  pair  of  compolar  triangles,  whose  pole  is  0, 
inscribed  in  a  conic,  and  S  be  any  point  on  the  conic,  then  the 
straight  lines  joining  S  to  the  angular  points  of  either  of  the  tri- 
angles ABC,  PQB  intersect  the  sides  of  the  other  triangle  in  three 
pointa  lying  on  a  straight  line. 

It  can  be  proved  by  the  help  of  Fascara  theorem  that  thia  straight 


1897.]  On  the  Calculus  of  Equivalent  Statements.  555 

line  passes  through  0.  (Townsend's  Modem  Geometry^  Vol.  ii., 
p.  207). 

Fm-ther  :  if  ABC,  PQB  be  a  pair  of  compolar  triangles  inscribed  in 
a  conic,  and  D,  E,  F  the  points  of  intersection  of  BB,  CQ ;  CP,  AB  ; 
AQ,  BI\  s.nd  8  any  point  on  DEB\  then  the  three  straight  lines  join- 
ing S  to  the  angular  points  of  either  of  the  triangles  ABC,  PQB  in- 
tersect the  sides  of  the  other  triangle  in  three  collinear  points. 

Professor  Elliott  remarks  that  this  result  can.  be  proved  by  com- 
paring J.  W.  Russell,  An  Elementary  Treatise  07i  Pure  Geometry  (1893), 
p.  182,  Ex.  6,  and  J.  W.  Russell,  I.e.,  p.  215,  Ex.  6. 


The  Calculus  of  Equivalent  Statements.  {Sixth  Paper.)*  By 
Hugh  MacColl,  B.A.  Communicated  June  10th,  1897,  by  Mr. 
Tucker.     Received,  in  revised  form,  September  4th,  1897. 

It  will  be  observed  that  the  three-dimensional  system  of  logic 
which  I  proposed  in  my  last  paper  is  closely  connected  with  the 
theory  of  probability;  so  much  so  that  the  three  classes  of  state- 
ments, c,  ly,  $  may  be  respectively  defined  as  statements  whose 
chances  of  being  true  are  1,  0,  x,  in  which  x  is  some  proper  fraction 
less  than  1  and  greater  than  0.  But  it  is  clear  that  we  might 
develop  other  analogous  three-dimensional  systems  on  similar,  yet 
not  identical,  principles.  For  example,  k  might  denote  all  statements 
known  to  he  true,  or  capable  of  being  proved  true ;  X  all  statements 
known  to  he  false,  or  capable  of  being  proved  false;  and  fi  all  state- 
ments which,  through  insufficiency  of  data,  can  neither  he  proved 
true  7ior  proved  false.  Or,  again,  the  symbol  u  might  denote  all 
functional  statements  which,  like  ajS-|-a'4-j3',  are  true  for  all  values  of 
their  constituents ;  v  all  functional  statements  which,  like  a^  ("'+/3'), 
are  false  for  all  values  of  their  constituents ;  and  w  all  functional  state- 
ments which,  like  a  :  jS  or  a/3  -f  y,  may  he  true  or  false  according  to  the 
values  we  give  to  their  elementary  constituents.     By  combining  the 

*  Though  I  call  this  the  Sixth  Paper,  and  the  one  preceding  it  was  called  the 
Fifth  f  I  may  mention  that  my  paper  m  the  Proceedings  on  **  The  Limits  of  Multiple 
Integrals  "  (printed  after  my  Fourth)  belongs  to  the  same  subject,  though  it  has 
n  different  tiUe.  It  is  a  continuation  on  purely  mathematical  lines  of  my  First 
Paper. 
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lof^ical  system  (e,  ly,  0)  with  the  logical  system  (r,  X,  /i),  we  should 
have  a  logic  of  3'  dimensions ;  and  by  combining  this  again  with  the 
system  (m,  r,  w)  we  should  have  a  logic  of  3'  dimensions  ;  and  so  on. 
But  some  of  these  systems — of  which  the  subjective  system  (c,  A,  fi)  is 
one— might  open  psychological  or  metaphysical  questions  whose 
discussion  would  be  out  of  place  in  this  paper;  so  I  shall  here 
confine  myself  mainly  to  the  bearing  of  the  (c,  i;,  0)  system  upon 
mathematical  probability. 

Probability  Notation  No.  2. 

In  my  Fourth  Paper  I  used  the  symbol  a,  to  denote  the  chance  tJmt 
a  18  true  on  the  assumption  that  /3  is  true,  and  the  symbol  a,  to  denote 
the  chance  that  a  is  true  on  the  assumption  e  only,  in  which  €  denotes 
the  data  of  the  problem  ;  these  data  being  assumed  to  be  true  always^ 
i.e.,  throughout  the  whole  investigation.  This  notation  answered 
very  well  for  the  questions  there  treated;  but  it  becomes  rather 
awkward  when  we  have  to  express  such  a  chance,  for  instance,  as  the 
chance  that  u*  is  true  on  the  assumption  that  /3*  is  true ;  so  in  this 
paper  I  shall  generally  adopt  a  notation  more  suitable  to  the  problems 
treated. 

Dep.  1. — When  we  have  two  statements  A  and  5,  the  symbol  — 

denotes  the  chance  that  J.  is  true  on  the  assumption  that  B  is  true. 

In  this  paper,   therefore,  when  A  and  B  denote  statements,  the 

A     .  . 

symbol  —  will  not  (as  in  my  last  paper)  denote  a  causal  implication^ 
jj 

but  a  chance ;  the  symbol  A  :  B  will,  as  before,  denote  di,  general  implic- 
ation, and  be  synonymous  with  {AB'Y  ;  while  the  symbol  A^  will  vary 
its  meaning  according  to  convenience  and  the  nature  of  the  problem 

A  B 

treated.     Another  caution  may  be  needed,  namely,  that  —  and  — -  are 

not  genei'ally  reciprocals  when  A  and  B  are  statements.     For  example, 

the  chance  — —  =  1 ; 

AB 

but  the  chance  —r-  =  -7, 

A        A 

which  is  not  generally  =1. 

Dep.  2. — The  symbol  —  denotes  the  chance  that  A  is  true  on  the 
assumption  that  e  is  true  ;  but,  as  e  is  undci*stood  to  be  true  throughout, 
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tlie  symbol  ~  aimply  denotes  the  rha' 


o  asaumptioi 


being  made  beyond  the  ilala  of  the  problem,  which  are  supposed  to  be 
always  held  in  the  i-ecollection  and  aoderstood  when  not  stated. 


Dep.  3.— The  symbol 
Btatementfi,  and 


B,  C 
and  —  denote  chances,  aa  explained 


in  which  A  and  B  a 
Def.  1. 


For  example,  in  the  accompanying  diagram 
let  a  assert  that  a  random  point  P  will  fall 
in  the  rectangle  AM  ;  let  ^  nasert  that  F  will 
fall  in  the  rectangle  BN;  and  let  t  assert  tbat 
it  will  fall  somewhere  in  the  whole  figui-e  AD 
made  up  of  12  equal  rectangles.  Then  we 
shall  have 

a     _   a     ,     a   _CM_^CE  _  1     , 


a 

a 

. 

1^ 

~ 

fi 

8 

In  this  case,  since  -^ 
P 
ire    independent ;    but  c 

CE  , 


and  - 


-  happen  to  be  equal  chances,  a  and  p 

CM 
ndependent  if  ^jj 


were  not  equal  to  -^  (i 

menfcs  A  and  B  are  independent,  we  have 


and  |3  would  not  be    ; 

1  my  Fourth  Paper).    Thus,  when  two  state- 


if      i;' 


B,U' 


Dkf.  4 — The  symbol 


A.  B 


The  following  problem  in  probiibility  will  show  the  difference  in 
meaning  between  A'+B  and  A  :  B. 

Problem,  I,— Out  of  25  mixed  atafementa,  consisting  of  \Z  certainties, 
7  impostihilities,  and  5  independent  rnriahles,  whose  chances  of  bein^ 
true  are  respectively  i,  J,  J,  J,  J,  a  fltBl«meiit  A  is  taken  at  random  ; 
and  out  of  a  duplicate  collection  of  25  statements  (mixed  in  the  same 
proportions)  a  statement  B  is  taken  at  random.  What  is  the  chance 
(1 )  that  A'+  B  is  true  ?  and  (2)  that  A  :  B  ifi  tme  ? 

We  have  A  :  A'  +  A'; 


therefore 


A  =  A(A-  +  A')  =A'  +  AA-; 
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therefore 


"e  e  t  €  e    '^^       25       25'^'' 


Now  let  the  Bymbol  -4*  be  a  statement  and  assert  that  A  will  turn  out 
to  he  the  variable  statement  whose  chance  of  being  true  is  c;  in  which, 
from  the  data,  c  has  five  possible  values,  ^,  ^,  <fcc.     Then  we  get 

A'        A*  A'  A'' 

But,  from  the  probability  formula, 

a0  _  a     fi 


u 


u     au 


which  may  be  written 


u        u  '  a 


if  the  assumption  u  (like  e)  as  well  as  a  be  always  understood  in  the 


second  chance  — ,  we  get 

a 

AA' 


AL    A 
A'  '  A'' 


L  A--1 
5     .!«  "■  5  ""* 


therefore        A  =  S  ^c  =  A  (i-  + i   + -^  + -^-^  ^)  = 
crcu^         ^.      -^5  5X43534/ 

a  result  which  is  almost  evident  a  priori.     Hence  we  get 

A  =  1?4.A  12-  77 
e        25      25  *  25      125' 


12 


Now,  from  the  formula 

a-|-/3 


u 


u        u        u 


we  get 


A±M  =  A^  R.-^A^ 


=  ('-T)-T-(>-f)T^ 


for  in  this  problem  A  and  B  are  independent,  so  that 

A'B      A'    B 


e  c        e  \  €   /     c 


Also 


A 

€ 


B 
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Hence 


^'+B 


e  \  €  /    e  125  *  125 


763406. 


Next,  to  find 


A:B 


A:B  =  {AB^^  =  A^'^B'+A'B'  (AB'y ; 


and  the  two  statements  (^I'  +  B')  and  A*B^  being  mutually  incon- 
sistent, we  get 

A  :  B  __  A;^±R  ^  A'B"  (ABJ 


e 


_(A'',B'      A''R\  ■  A'B'   (AB'Y 
"IT"^7"    €    /"^     €     •  ^'2^ 

=  fti'  +  ?:  -  rd!  ^ W  ^-    —   ^- ^ 
\€         e         €      €  I       €   '  e   '  A*B* 

\25      25      25  *  25/      25  '  25  '  A*B'' 

_  409      J^  (AB^Y  ^ 
625      25    A'R  ' 

for  A"  and  J^  are  independent,  as  are  also  A*  and  B^,     It  remains  to 

fiiid  ^-TiW--      Now,  since  here  the  five  independent  variables  from 
A'B* 

which  B  is  taken  at  random  are  respectively  duplicates  of  the  five 
independent  variables  from  which  A  is  taken  at  random,  the  statement 
{ABy  asserts  that  5  is  a  duplicate  (or  synonym)  of  A ;  for  in  no 
other  way  (since  the  five  statements  in  each  collection  are  indepen- 
dent of  each  other)  could  AB*  be  an  impossibility,  or  inconsistency, 
though  in  other  ways  it  might,  in  the  long  run,  turn  out  to  be  some- 
times  false.  The  chance  of  A  and  jB  turning  out  duplicates  of  each 
other,  when  A*B*  is  taken  for  granted,  is  evidently  ^j  x  5  or  -^. 

Hence  we  get 

7l  :J9  _  409      J^     1  __  414 _  .^go. 
e  625      25'  5       625 

Thus  we  see  that  — ^—  is  less  than  ,   as    it  should   be,   since 

€  C 

^  :  jB  is  a  stronger  statement  than  A'-^-B,  and  therefore  less  likely 
to  be  true. 
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In  this  problem  the  data  were  Riifficient  to  determine  the  exact 
values  of  the  chances and  — - — .     In  the  following  problem, 

€  € 

the  data  will  only  allow  as  to  determine  the  limits  of  these  chances. 

Problem  2. — Out  of  a  collection  of  a  mixed  statements,  consisting 
of  m  certainties^  n  impossibilities,  and  r  variahles,  a  statement  A  is 
taken  at  random;  and  out  of  another  collection  of  s  statements 
mixed  in  the  same  proportions  a  statement  B  is  taken  at  random. 

Required  the  limits  of  the  chances  — ^ —  and  — • — . 


As  before,  we  get 


€        8        s     A: 


but  this  time  we  have  no  data  for  determining  ■— ,  and  oan  therefore 
onl J  state  the  limits  of  the  chance  — .     That  is,  we  get 


m^      ^      jwi    ,    r 
s  t         s         s 


Again,  as  before,  we  get 

A^-B  _A'  ^   n      A^   IL=,l^(l^A\A 

«  €  €  €    '    €  \  €   /    €    ' 

When  —  =  rt  ,  this  has  a  minimum  value  -r- :  so  that  lies 

e        J  4  e 

between  the  inferior  limit  ~-  and  the  superior  limit  1  — /l—  ~)  ^  or 

1 ""  ( 1 j ,  whichever  of  these  two  proper  fractions  happens 

to  be  higher.    This  covera  the  widest  case,  ^  <L^  V}±T. 

8  2 

A  '  B 
To  find  the  limits  of  — - — ,  we  have,  as  before, 


8 


A:B 


€  \€         e         e'e/        c'e'  A^'B' 

__  ^       w_  _  rnn       £^  {AB^"* 
s        8         tF   ^  ^     A*B^  ' 

But  ^— — ^  may,  without  contradicting  the  data,  have  any  value  from 


A'B' 
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0  to  1,  80  that  all  we  can  legitimately  infer  from  oar  premisses  is 

VI -h n  __  mn      A  :  B      m-^-n mn       r^ 

In   other  words,   we  can    assign  limits  between  which  the  chance 

A  '  B 

— '- —  must  lie,  bnt  we  cannot  determine  its  exact  value. 

e 

If  the  data  implied  that  the  statements  from  which  B  was  taken 
at  random  were  respectively  duplicates  (or  synonyms)  of  those  from 
which  A  was  taken  at  random,  we  could  infer  (as  in  the  preceding 

(AB'y'        1 

problem)  that  ^  ,  ^    was  — ,  and,  in  that  case,  we  should  know  the 

A^B^  r 

exact  value  of  — '- —  to  be  — ^  H — ^-     ^^t  secondly,  if  our  data 

e  8  8^        r 

implied  that  the  statements  from  which  B  was  taken  at  random  were 
wholly  unconnected  with  and  independent  of  the  statements  from 
which  A  was  taken  at  random  (though  mixed  in  the  same  propor- 
tions), so  that  AB^  would,  in  the  long  run,  be  sometimes  true  and 
sometimes    false,  but  never  an  inconsistency  or  impossibility,    then 

(A  B'Y  A  '  B 

^  ,^.^'  would  be  zero,  and  the  exact  value  of  — ■ —  would  be 
A*B*  € 

vi-\-n  _  mn 

— r-  . 
8  « 

Or,  thirdly,  every  one  of  the  variables  from  which  A  was  taken  at 

random  might  be  known  to  imply  or  be  a  multiple  of  every  one  of  the 

variables  fix)m  which  jB  was  taken  at  random ;  in  which  case  the 

(AB'Y  A  :  B 

value  of  ^ — -f-  would  be  unify,  and  the  exact  value  of  — - —  would 
A^B*  € 

be  ^        —  ~  H — - .     But,  as  none  of  these  assumptions  is  stated  in 
8  8*         *• 

or  deduciblo  from  the  data,  we  musfc  be  satisfied  with  determining 

A  :  B 
the  nearest  obtainable  limits  of  the  chance  — - — ,  till  further  data 

e 

enable  us  to  find  its  exact  value  or  cbser  limits. 

Note  1. — The  following  problem  is  Boole's  "  Challenge  Problem  " 
(Laivs  of  Thought,  p.  321).  Boole  professes  to  find  the  exact  value  of 
the  chance  required  by  means  of  what  he  calls  a  "  General  Metliod  in 
Probabilities,*'  and  obtains  a  result  which  I  proved  to  bo  Avi-ong  in 
my  Fourth  Paper  in  the  Proceedings,  But  a  wrong  result  may  arise 
irom  a  mere  symbolic  slip  in  the  application  of  a  general  method,  and 
does  not  necessarily  imply  a  fundamental  erix)r  in  principle.     Boole's 

VOL.  XXVIII. — NO.  610.  2   0 
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"  Greneral  Method^"  however,  does  contain  snch  a  fundamental  errar, 
as  it  professes  to  obtain  exact  resnlts  from  data  which  are  demon- 
strably insufficient.  Before  touching  upon  what  I  believe  to  be  the 
leading  fallacy  in  his  reasoning,  I  shall  prove  formally  that  the 
required  chance  in  his  "  Challenge  Problem  *'  is  unobtainable  from 
its  data. 

Problem  3. — Boole*s  problem  expressed  in  the  notation  of  this  paper 
and  with  other  letters  is  as  follows : — 

Let  A  assert  that  a  certain  cause  or  circumstance  A  exists  or  occurs; 
let  B  assert  that  a  certain  cause  or  circumstance  B  exists  or  occurs ; 
and  let  V  assert  that  a  certain  event  V  takes  place,     (riven 

(1)  ^=a,     (2)  ^=6,     (3)  X  =  p,     (4)  Z  =  ^, 

and  (5)  V:A'\'B; 

from  these  five  data  required  to  determine  —  . 

e 


We  have 

F=F(^+^)  =  ^F-hJBF; 

therefore 

V_AV^BV     ABV 

€               €               €                 € 

__A     V       B     V      AB     V 
e'  A^  €   '  B        €     AB 

^,       AB     V 

Now,  the  negative  term  in  this  result  may  have  numberless  values, 
all  consistent  with  the  data.  The  causes  A  and  B,  though  capable 
of  being  combined,  might  (like  two  strong  poisons  which  neutralize 

each  other)  be  powerless  when  so  combined,  so  that  — -    would   be 

F 
zero.     In  this  case  —  would  =  ap-\'hq.     Again,  A  and  B  might  be 

€ 

F 
independent,  while  —^  might  =  1 ;  that  is  to  say,  the  independent 

AB 

causes  A  and  B  might  bo  so  powerful  in  combination,  though  not 

separately,  that  the  event  F  would  be  sure  to  follow  from  their  joint 

action.     In  this  case  we  shoald  have 

e 
Or,  lastly   (as   seems  likely  in  Boole's  concrete  illustration  of  the 
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flooding  of  Ilia  field  by  overflow  of  tlie  river  Lee  or  tides  from  the 
ocean),  the  causes  A  and  B  might  be  independent  of  each  other,  and 
more  powerful  conjointly  than  separately,  yet  not  always  sufficiently 
powerful  either  separately  or  conjointly  to  produce  the  event  V.     In 

this  case  we  should  have  — —  greater  than  -— ,    and  also  greater 

AH  A 

V  V 

than  -— - ,  so  that  —  would  have  ap-^-bq—ab  as  an  tn/en'or  limit,  and 

the  smaller  of  the  two  ap-^-bq—abp  or  ap+bq^abq  as  the  nearest 
superior  limit.  This  is  the  hypothesis  I  took  (as  it  was  in  conformity 
with  Boole's  own  illustration)  when,  in  my  Fourth  Paper,  I  showed 
that  Boole's  result  was  outside  the  above  limits  and  therefore  wrong. 
Thus  the  required  chance  vaiies  on  different  hypotheses,  each  of 
which  is  consistent  with  the  data  of  the  problem ;  and,  as  the  respective 
chances  of  the  truth  of  these  hypotheses  are  wholly  unknown  to  us,  we 
cannot  infer  that  the  required  chance  has  a  fixed  or  constant  value 
calculable  from  the  data. 

Note  2. — The  fallacy  that  vitiates  Boole's  whole  reasoning  on  prob- 
ability is  to  be  found  in  his  definition  of  independent  events,  "  Two 
events,"  he  says,  "  are  independent  when  the  probability  of  the 
happening  of  either  of  them  is  unaffected  by  our  expectation  of  the 
occurrence  or  failure  of  the  other  "  {Laws  of  Thought,  p.  255)  ;  and  a 
little  further  on  he  says :  "  When  the  probabilities  of  events  are  given, 
but  all  information  respecting  their  dependence  withheld,  the  mind 
regards  them  as  independent."  The  erroneous  nature  of  this  sub- 
jective view  of  the  nature  of  probability  will  appear  from  the  follow- 
ing geometrical  examples : — 


•  

Diagramviatic  Illustrations  of  Dependent  and  Independent  Events. 

First  let  there  be  two  intersecting  circles  A 
and  B  enclosed  in  a  third  circle  E ;  and  in  the 
circle  E  let  a  point  P  be  taken  at  random. 
Now  consider  the  three  possibilities:  (1)  the 
random  point  may  fall  in  the  circle  A,  (2)  it 
may  fall  in  B,  and  (3)  it  may  fall  in  both  A 
and  B,  that  is,  it  may  fall  in  the  area  common 
to  A  and  B,  Let  the  symbols  a,  fi  respectively 
assert  that  P  will  fall  in  A,  and  that  P  will 

fall  in  B.       Then  -i- ,  -H.  ^  ?5£  ^iH  be  the  respective  chances  of  the 

2o2 


Fio.  2. 


e 


5C4  Mr.  B.  MacCoI)  m  the  [June  10, 

above  three  possibilitiee ;  &nd  the  third  chance  —  is  equal  to  -^  .  &. 
When   —  =  — ,  the  ratio  which  the  area  common  to  A  and  B  has  to 

the  area  of  A  ir  the  same  as  the  ratio  which  the  area  of  B  has  to  the 
aiwR  of  E ;  in  litis  caen  only  the  events  asserted  hy  the  statements  a 
and  /)  me  independent.  If  the  area!  ratios  above  mentioned  are  not 
eqnal,  the  events  are  not  independent,  whether  the  mind  chooses  to 
regard  them  so  or  not. 

Bat  it  may  be  objected  that  the  Itro  poMibtlifiet  here  asserted  by 
the  stat«ments  a  and  j8  constitate  really  bat  one  eretit,  as  the  state- 
ments have  reference  to  the  same  random  point.  Let  ns  therefoiie 
take  anothei'  example.  Referring  to  the  same  figure,  snppoae  two 
points  r  and  Q  to  be  taken  at  random  ;  first,  the  former  in  the  circle 
E  ;  and  then  the  latter  in  the  circle  A  if  F  happens  to  fall  in  A,  bat 
in  tliB  circle  E  it  P  happens  not  to  tall  in  A.  Let  tbe  symbol  P^ 
assert  that  P  will  fall  in  A,  P,  that  P  will  fall  in  B,  P^g  that  P  will 
fall  both  in  A  and  B  {i.e.,  in  the  area  common  to  both  circles).  Let 
Q^t  Qb>  Qab  he  similarly  interpreted ;  and  let  Pj,  P'^g,  Q',,  Ac.,  be  the 
denialu  of  the  corresponding  unaccented  statements.  Are  the  two 
events  asserted  by  the  statements  Pj  and  Q,  independent  F  The 
answer  is  Yfs  if  the  chances  ^  and  ^r  are  equal,  and  No  if  they 

&re  ii<?t  equal ;  and  this  equality  or  non-equality  depends,  as  before, 
upon  the  sizes  and  positions  of  the  circles,  and  in  no  way  upon  our 
kniyichdge  (real  or  supposed)  of  those  sizes  and  positions.  (See 
Problem  4,  further  on.) 

The  accompanying  diagram  (Fig.  3),  con- 
sisting of  an  assemblage  of  twelve  equal  rect- 
angles, will  exhibit  to  the  eye  the  independence 
of  statements  or  of  the  events  which  tlioy 
assei-t.  With  refei-ence  to  points  P  and  Q 
taken  at  i-andom  in  the  whole  rectangle  A  B, 
or    in   some    defined   poi'tion    of'  it,     let    the  Fio.  3. 

symbol  P.  assert  that  P  will  fall  somewhei* 

in  AD  ;  let  P'.  assert  that  P  will  not  fall  in  AD;  let  P,  assert  that  P 
will  fall  somewhere  in  BE ;  let  p;  assert  that  P  will  not  fall  in  BE ; 
and  let  Q,.  Q'„  Q„  Q',  bo  similarly  interpreted.  Now  suppose  P  to 
be  taken  first  at  random  in  the  whole  rectangle  AE,  and  that,  if  it 
hajipcns  to  fall  in  AD,  then  Q  is  taken  at  random  in  AD;  bnt  that 
if  /'  happens  not  to  fall  in  AD,  then  Q  (instead  of  being  taken  at 
random  in  AD)  is  taken  at  random   in  the    whole  rectangle  AS. 


Ci       a       a      oB 
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From  these  data  we  evidently  get 

Q 


^  =  ?E^1      and 
P.      AB       4 


p:    ae    4 ' 


80  that  here  Q^  and  P.  are  independent. 

But  suppose  now  we  alter  one  of  the  lines 
in  Fig.  3,  moving  HB  so  as  to  make  it  in- 
clined to  ^0  as  in  Fig.  4,  AH  being  now 
greater  than  OD,     As  before,  we  shall  have 

P',      AE       4  ' 
but  now  we  shall  have 


B 


H 


iJi' 

d. 

tc 

A 

Fio.  4. 


-'^^  =     — •  =  a  f  Inaction  less  than  J  ; 
P.       AD 

so  that,  in  this  case,  Q^  and  P.  ai*e  not  independent. 

Note  3. — I  showed  in  mj  Fourth  Paper  in  the  Proceedings  (but 
using  different  notation)  that  any  one  of  the  following  four  equations 
implies  the  other  three  : — 

\  p        fy  /        \p         c/        \a        a  /        \  a         e  / 

80  that  any  one  of  the  four  may  be  taken  as  a  definition  of  the  inde- 
pendence of  the  statements  a  and  fi,  or  of  the  independence  of  the 
events  whose  occurrence  the  statements  assert.  If  any  one  of  the 
four  equations  be  true,  all  four  are  true,  and  the  statements  (or 
events)  a  and  P  are  independent.  If  any  one  of  the  equations  be 
false,  all  four  are  false,  and  the  statements  (or  events)  a  and  P  are 
not  independent. 

Problem  4. — Two  intersecting  circles  A  and  B  of  areas  a  and  h  re- 
spectively, and  with  an  area  c  common  to  both,  are  enclosed  in  a 
third  circle  E  of  area  unity. 

Let  a  point  P  be  taken  at  random  in  E.     If  --.^^ 

P  happens  to  fall  in  A^  let  a  second  point  Q 
be  taken  at  random  in  A  ;  but,  if  P  does  not 
happen  to  fall  in  A,  let  Q  be  taken  at  random 
in  E,  Assuming  (I)  that  Q  falls  in  P,  what 
is  the  chance  that  P  had  fallen  in  ^1  p  And 
assuming  (2)  that  Q  does  not  fall  in  P,  what 
is  the  chance  that  P  had  fallen  in  A  ?  yiq,  6 
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This  is  a  question  in  inverse  probability.  Let  tbe  symbols  P^,  P^ 
Tjui  respectively  assert  that  P  falls  in  A^  that  it  falls  in  By  that  it 
falls  in  both  A  and  B  (i.e.,  in  the  area  c  common  to  both)  ;  and  let 
P^,  P'gy  P'j^  be  the  deniab  of  those  three  statements.  Let  Q^  Q^  d:c., 
be  similarly  interpreted.     Assiiming  the  formula 


a 


a 

e 


a 


e      a  e 


/s 


which  in  the  following  problem  will  be  proved  tme  for  any  state- 
ments a  and  ^,  whether  or  not  these  statements  have  reference  to 
causes  and  consequences,  we  get  for  the  first  question  (remembering 
that  the  area  of  ^  is  unity) 


Pa 
Qb 


Pa    Qb 

'      Pa 


C 
a.  — 

a 


Pa    Qb.P^    Qb 
e      Pa'*'   *    'P'a 


a.-^+(l 
a 


-a)  6 


c+6— a6' 


and  for  the  second  question  we  get,  patting  Q^  for  Q^  throughout. 


Pa    % 
€      Pa 


Pa  ^ 

Q'b       Pa    Q-b^Pa    Qb       „    a-c 


a . 


a 


T'p:^  e  'p: 


a,'±-±  +  (l^a)(l'^b) 


a 


a — c 


(a-c)  +  (l-a)(l-6) 


When  the  events  P^  and  Qs  are  independent,  these  two  results  will 
be  equal,  and  vice  versa,  and  then  (but  not  otherwise)  we  get  c  =  ah. 
Substituting  this  value  of  c  in  either  result,  we  get 

Q,     Q'b  «  • 

as  we  ought  to  get  from  our  definitions  of  independent  statements  or 
events. 

Prohhm  6. — To  prove  the  probability  formula  assumed  in  the  pre- 
ceding problem. 

Let  a  and  /3  be  any  statements ;  then,  whatever  their  nature,  and 
whatever  the  time  order  of  the  events  to  which  they  refer  (a  happening 
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before  or  after  /J),  we  always  have 

e  €       a  e 

and  therefore  -r-  =  — - — 

0  P 


a 


But 


§  _  (g-haQ/^  _  a/3-fag  _  a      /3^   ,    a      J 
e  e  e  e       a  e       a 


Hence 


a 

J 


a 

€ 


a 


a 


a  € 


a 


Note  4. — From  this  follows  the  formula  for  inverse  probability, 

Or  r 

0  _      e'Cr 

c 

in  which  r  takes  the  values  1,  2,  3,  ...,  h,  and  the  symbol  -^  denotes 

the  chance  that  the  r*^  cause  (amongst  the  series  of  mutually  ex- 
clusive and  only  possible  causes  0^  0„  C,,  ...  On)  is  the  real  cause  of 
the  event  V, 


Note  5. — It  should  be  remarked  that  in  the  fundamental  formula 


ABOJ)... 


jA     B^    0_    J)_ 
€   '  A  'AB'ABO 


on  which  the  preceding  formulse  are  founded,  it  is  not  necessary  to 
assume  that  the  event  asserted  by  the  statement  A  precedes  in  the 
order  of  time  the  event  asserted  by  the  statement  B  ;  that  the  event 
asserted  by  B  takes  place  before  that  asserted  by  0 ;  and  so  on.  In 
whatever  time  order  the  events  may  occur,  and  whether  or  not  they 
are  mutually  independent,  the  formula  always  holds  good ;  and  it 
will  still  hold  good  if  we  interchange  any  two  of  the  letters.  This 
is  a  point  whicii  Mr.  Gt,  Chrystal  appears  to  have  overlooked  in  his 
excellent  Text  Book  of  Algebra  (see  Part  IL,  pp.  548,  549). 
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Problem  6. — Out  of  a  very  large  (say,  infinite)  collection  of  pro- 
blems in  probability,  with  the  correct  answers  to  the  required 
chances  ranging  in  arithmetical  progression  (see  Note  6)  between 
0  and  1,  a  problem  is  taken  at  random.  What  is  the  a  priori  prob- 
ability, before  the  problem  is  known,  that  the  event  whose  chance 
is  required  in  it  will,  upon  trial,  happen  m  times  out  of  n  ? 

Let  P„  for  all  values  of  a?,  assert  that  the  correct  answer  to  the 
random  problem  is  ar,  and  let  V  predict  that  the  event  whose  chance 
is  required  in  the  random  problem  will,  upon  trial,  happen  exactly 
m  times  out  of  n.     It  is  clear  that 

therefore  F=  (P^x+^Mx-h..  H-A)  V; 

therefore  £  =  ^.Z+^«._^+...4.^.Z 

€  e      Prf,         €      Fi^  €     Fi 

V            V  V 

=  ^ij-+^^ h.-.  +  rfa;  — 

=  [  dx^^[  dx—--^ -a;-(l-a;)— - 

Jo      P.      Jo       m!(n-w)! 


7* -hi' 
a  result  which  is  independent  of  m. 

Note  6. — Though  in  Problem  5  the  correct  answers  are  (for  the 
sake  of  simplicity)  supposed  to  be  arranged  in  arithmetical  pro- 
gression between  0  and  1,  the  reasoning  and  the  result  will  be  the 
same  if  we  suppose  (as  would  be  more  likely)  the  correct  answers  to 
be  distributed  irregularly  and  at  random,  but  on  an  average  evenly, 
between  0  and  1  ;  so  that,  if  any  three  fractions  in  arithmetical  pro- 
gression, u,  V,  w,  be  taken  between  0  and  1,  the  number  of  correct 
answers  between  u  and  v  will  be  nearly  equal  to  the  number  between 
V  and  «?,  whatever  be  the  fractions  u,  v,  w,  and  however  near  each 
other.* 

Problem  7. — ^A  mathematician  solved  a  question  in  probability  and 
found  the  required  chance  to  be  c.  To  test  this  result  he  had  re- 
course to  experiment  and  found  that  the  event  in  question  happened 


*  In  this  case  the  symbol  A  must  be  understood  to  mean  that  the  correct  answer 
lies  between  x  +  dx  and  x  —  djr. 
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m  fcimes  out  of  n  trials.  What  is  the  chance  of  c  being  the  correct 
answer,  assuming  (1)  that  the  a  priori  chance  of  his  being  right, 
independently  of  the  experiment,  is  a  (that  is,  out  of  n  problems  he 
correctly  solves  na  on  an  average)  ;  and  (2)  that  the  problem  was 
taken  at  random  out  of  a  very  large  (say,  infinite)  number  of  pro- 
blems of  which  the  required  chances  ranged  at  random  between  0 
and  1 — ^high,  low,  and  medium  values  between  those  limits  being  all 
equally  probable  (see  preceding  problem,  with  note)  ? 

Let  the  symbol  Pc  assert  that  the  correct  chance  is  c  ;  let  P^  assert 
that  the  correct  chance  is  not  c ;  and  let  V  assert  that  out  of  n  trials 
the  event  in  question  will  happen  just  m  times.  Then,  by  the  formula 
assumed  in  Problem  4  and  proved  in  Problem  5,  we  get 

p.,  e'P, 

V   Pe  z ,  p;  z* 

eP^^e'P: 

—  =  1 — a, 


Now       — ^  =  a, 

e 

V 

Pe      rnl  ( 

'^*                              M    /-I 

n^  (^" 

n—m)  I 

-c)'-", 

e 

and 

V 

p; 

-[<  =  - 

Jo       P*       ^ 

1 
+  1 

(see  Problem  6  and  Note  6). 

Substituting, 

we  get 

p._ 

r 

aM 

alf+(l-a)-l-' 
n-f- 1 

in  which 

M  =  — 
ml 

**'          c"(l 

-c)"—. 

The  value  of  M  can  of  course  be  found  for  high  numbers  by  the  aid 
of  Stirling's  theorem. 

Note  7. — There  are  many  problems  in  probability  of  which  the 
result  may  be  thus  confirmed  or  disproved  by  experiment.  Por 
example,  if  we  take  the  coefficients  J.,  P,  0  in  the  quadratic  equation 

ilo^-Par-f  0  =  0, 

each  at  random  between  0  and  a,  the  chance  that  the  i-oots  of  the 
equation  will  be  real  is  -jV+i^^^^,  which  = '18906,  <fec.  (see  my 
First  Paper  in  the  Proceedings),     Choose  any  value  of  a  say,  1,  so 
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that  A,  B,  G  are  random  fractions  between  0  and  1.  The  roots  will 
be  real  when  B*  —  4lA0  ia  positive.  Open  anywhere  at  random  a 
table  of  logarithms  calculated  to  seven  places,  and  read  backwards  to 
three  or  four  figures  any  logarithms  taken  at  random  to  represent  A^ 
B,  0  BS  decimab.  Thus,  if  we  light  upon  "8948641  (which  is  the 
logarithm  of  7*8499),  we  read  it  backwards  to  four  places  as  '1468, 
and  consider  this  to  be  the  random  value  of  B.  We  next,  on  another 
page,  light,  suppose,  on  '8026096  (which  is  log  6'3476),  and,  reading  it 
backwards  to  four  places  as  '6906,  consider  this  as  the  random  value 
of^.  Lastly,  we  find -6632108  (which  is  log 46048),  and,  reading 
backwards,  take  '8012  as  the  random  value  of  G.  It  is  evident  at  a 
glance,  without  the  trouble  of  multiplying  out,  that 

('1468)'-(4  X  '6906  x  -8012) 

is   negative ;     so  that  this  first  trial  gives  imaginary  roots.     The 

chance  of  real  roots  being  only  '18906,  <fcc.,  by  previous  calculation, 

we  may  expect  this  to  happen   (assuming  our  calculation  correct) 

about  4  times  out  of  5,  or  a  trifle   oftener.     Suppose  the  a  priori 

chance  of  our  making  no  error  of  reasoning  or  calculation  to  be  ^,  and 

that,  as  the  result  of  1,000  trials,  we  find  180  quadratics  with  real 

roots  and  820  with  imaginary  ones,  and  that  we  are  in  doubt  as  to 

the  correctness    of    the    calculated  chance  '18906,  <fcc.      Then  (by 

Problem  7)  the  chance  of  our  result  '18906,  <fcc.,  being  correct  would 

M  .  . 

be  — — ,  in  which  (putting  c  for  '18906,  <fcc.) 

^  _      (lOOOM —  i80Q_^NMo  «  .06336  nearly, 
(180)!  (820)!      ^        ^  vuoou  uciw  jr, 

by  Stirling's  theorem ;  so  that 

^  =  '985  nearly. 

Had  we  found  160  (instead  of  180)  real  roots,  and  therefore  850 

p 

(instead  of  820)  imaginary  ones,  the  chance  -r^  would  be  no  higher 

than  '325 — a  lowering  of  the  chance  which  might  have  been  expected 
from  the  considerable  deviation  of  150  from  the  most  probable  num- 
ber 189  in  the  large  number  of  trials  1,000.  Had  we,  as  the  result  of 
only  20  trials,  found  3  real  roots  and  17  imaginary  ones  (which  is  the 

P 

same  proportion  as  on  the  last  supposition),  the  chance  r^  would  be 

"821.     This  result,  though  at  the  first  blush  paradoxical,  might  also 
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have  been  anticipated  from  the  comparatively  small  number  of  trials 
(20  instead  of  1,000),  and  from  the  nearness  of  3  to  the  most  likely 
number  of  real  roots  out  of  20  random  equations,  namely  4,  or 
rather  3-78. 

Problem  8. — From  the  same  data  as  in  Problem  7,  with  the  experi- 
ment F  added  as  an  a  priori^  what  is  the  chance  that  the  event, 
whose  probability  the  mathematician  had  concluded  to  be  c,  will 
happen  on  the  (w  +  l)*^  trial  ? 

Let  P«,  as  before,  assert  that  the  correct  value  of  the  chance 
calculated  by  the  mathematician  is  really  c ;  and  let  Q  assert  that 
the  event  which  happened  m  times  out  of  n  trials  will  happen  on  the 
(m-hl)"*  tnal.     We  have 

(2  =  (P,+P;)e  =  P,Q-hP:Q; 
therefor.  Q-=Z:     Q  +  ^   ^ 


e  e 


Pc      e    p;' 


p  p 

Now,  since   this  time   V=^€^  the   chance   — ^  =  the  chance  ^, 

€  V 

whose  value  we  found  in  Problem  7.     Call  it  A. 
Therefore  R  =,  A  ^•■\-{l^A)% 

€  Pe  Pe 


=  ulc+(l— ^)       xdx 

=  ^c+i(i-^)=H^(c~i). 

Problem  9. — Let  n  quadratic  equations,  each  of  the  form 

be  written  down  at  random,  the  coefficients  A,  P,  G  being  each 
taken  at  random  between  a  and  —a  (a  being  real  and  positive)  ;  and 
out  of  the  2n  roots  of  these  random  quadratics  let  two  roots,  x  and  y, 
be  taken  at  random.  What  is  the  chance  that  aj-f-y  will  be  real  and 
positive  P 

It  is  evident  that  the  chance  required  will  be  the  same  if  we  assume 
^  to  be  always  positive  and  taken  at  random  between  0  and  a,  while 
B  tLod  C  may  have  any  value  between  a  and  —a.  We  shall,  there- 
fore, assume  this  to  be  the  case  throughout. 

Let  the  symbols  a;",  x*,  x*'  respectively  assert  that  x  is  real  and 
positive^  that  z  is  real  and  negative^  that  x   is  imaginary;  and  let 
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similar  meanings  be  given  to  y",  y',  y*,  (a;+y)",  5*,  0",  Ac.  Let  the 
symbol  a  assert  that  x  and  y  are  roots  of  the  same  quadratic^  while 
/3  (or  a)  asserts  that  x  and  y  belong  to  (ii^eren^  quadratics.     Let 


0  =  («+y)"- 


We  are  required  to  find  ~. 


6        ft 


€      a 


=  -i— .  -^  +  1^ .  t-    (see  Note  8  further  on) 
2n-l    a       2n--l    /3     ^ 


1         1   ^  2n-2    0 


2n-l'  2       27t-r/3  ' 


for 


a         a         2 


To  find  -^ ,  we  have 
as  shown  in  the  appendix  to  mj  last  paper. 


Therefore      -♦- =  ?^"  +  (?Y*  +  5^*)  + -^ 


i3 


for  the  chance      %     (which  =— ^.— -^ — )    is  infinitesimal,  since 


ft 
rr-^ —  is  infinitesimal. 


Th.^o„    ^^^-.JL,,.^.^.^ 


M  .,tt 


—   ^  .^   +2.—;-. -2^.---    (see  Note  9  further  on) 
h      p  ft      p     2 

=  {f)*+(f)'=Kf)'=Mf)' 
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« 


To  find  — .     Remembering  that  -4,  B,  C  are  the  coefficients  in  the 

quadratic  of  which  a;  is  a  root,  and  that  A  is  understood  to  be  always 
positive,  we  have  (J."  being  understood  throughout) 


«"  =  ic"  {B"G'^-B*0''\-B'Cr)  ; 


therefore         —  = 


it 

e 


x" 


B'C' 


+ 


B'C^     x"* 


B'O 


^H 


_j_  JL  .  JL  JL  +  1  j^ 

4*  2       4  •  2       4  'j5*C* 


^2.  +  i.    _?!_ 
4        4    B'O^' 

But,  in  a  quadratic  equation 

Ax'^Bxi-C^O, 
the  statement  A^*B*(y*  implies  that  both  roots  are  real  and  positive, 


or  else  both  imaginary.     Hence 
of  the  equation 


Aj^-Bx-^G  —  O 


is  the  chance  that  the  two  roots 


are  real  and  positive  when  -4,  B,  and  G  are  each  taken  at  random 
between  0  and  a;  and  this  chance,  as  shown  in  my  First  Paper, 
is  A  +  i-  log  2,  which  =  -18906,  &c.  Putting  k  for  ^+i  log  2 
or  '18906,  &c.,  we  get 


f =i(i+fe), 


and  therefore 
so  that,  finally 


0  -I 


(1+^)'; 


0 


+  r7^^?^a+^A 


€       2(2w-l)      4(2n-l) 

in  which  k  =  ^^  -f  \  log  2. 

a  i3 

^o/e  8. — To  find  —  and  ~  in  this   problem,  let  Q^  (aj),  Qr  (a?y), 

€  € 

Qr  (^y)i  <^->  respectively  assert  that  the  r*^  quadratic  of  the  series 
Qij  Oil  Os»  •••  »  Q«  contains  the  random  root  x,  that  it  contains  both 
x  and  7/,  that  it  contains  x  but  not  y,  and  so  on.     Then  we  get 

€  ^         Qr  (^)        w    2n  —  1  ' 
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for  y  may  be  any  one  of  the  total  2n  roots  except  «,  when  the  random 
root  X  has  been  taken.     Giving  r  successively  the  values  1,  2,  3, ...  ,  n 


we  get 


and 


a 
c 


^       e  \n    2n-ll       2n-l 


ji*   ___«,__  1        a  ___  2w  —  2 


e  e 


2n-l 


^o^c  9. — In  Problem  9  it  is  clear  that,  on  the  assumption  /3  (i.e., 
that  X  and  y  are  roots  of  different  equations),  x**  and  y**  are  independent, 
as  are  also  «**  and  y^ ;  so  that 


.«-.«» 


and 


It  is  also  evident  that  -^r^ —  is  -7r» 

/3aj"y*       2 ' 


and  that 


so  that 


T/ie  Symbol  9a. 

In  the  following  examples  the  S3rmbols  ^'  (o,  )8,  y),  ^"^  (a,  )8,  y), 
^*  (a,  /3,  y)  assert  respectively  that  the  function  (p  (a,  )8,  y)  is  true  for 
all  values  of  a,  )3,  y,  for  no  values  of  o,  /3,  y,  for  ^ome  value  or  values 
of  a  or  /S  or  y,  but  not  for  all.  In  other  words,  0*  (a,  /3,  y)  denies  both 
0'  (a,  /3,  y)  and  0*  (a,  /3,  y),  so  that  we  have  the  identity 

0*  («,  A  r)  =  r  (°» /3,  y)  r  («.  A  y). 

Dep.  5. — The  symbol  9^  bears  the  same  relation  to  0  that  0  bears 
to  0* ;  so  that  (9a  =  /3)  means  (a  =  /3*).  To  avoid  brackets  9a^  will 
mean  9  (a^)  ;  the  symbol  a^  being  now  (as  in  my  last  paper)  synony- 
mous with  a  :  13.     Hence  we  get 

9a*  =  a,     9a'  ^  a  ; 

9a^  =  9(a  :/3)=a'+/3. 

Should  the  necessity  arise  we  can,  of  course,  have  9*a  for  9  (9a),  d^a 
for  9(9'a),  and  so  on.     The  symbol  9'a  will  mean  (9a)'. 


1897.] 


Calculus  of  Equivalent  Statements. 


575 


Problem  10. — To  show  that  the  statements  v  :  (u  :  a)  and  vu  :  a  are 
not  always  equivalent.     (See  my  preceding  paper,  p.  176.) 

9(t;  :  w.)  =  t?'+w., 

d(vu  :  a)  =  (vtt)'+a  =  v+  (u-\-a)  =  v'+3  (t*.). 

But  u^  is  generally  stronger,  and  never  weaker,  than  3  (w.)  ;  so  that 
v'+w.  is  generally  stronger,  and  never  weaker,  than  v'+9(t*.). 
Hence  9(r  :  w.)  always  implies,  but  is  not  always  implied  in, 
9  (vu  :  a) ;  and  therefore  v  :  t*.  always  implies,  but  is  not  always 
implied  in,  vu  :  a.     This  follows  from  the  formula 

(a  :  /3)  :  (a' :  iS-), 
or  its  equivalent  (9a  :  9)8)  :  (a  :  /3). 

Note  10. — In  Problem  10  let  ^  denote  v  :  «.,  and  let  ^  denote  vu  :  a. 
The  cases  of  non-equivalence  are 

(ffu*+ifu  +vV)  a*-\-v'u*a\ 
To  verify  this  we  have 

vVa  :  (^  =  e  :  tt.)     and     Vu^a* :  {ij^  =  eu  :  a), 

that  is,  v'tiV  i*educes  9  to  c  :  i*.  and  reduces  ^  to  1*. ;  so  that  0  implies 
i/r,  but  is  not  always  implied  in  ^,  just  as  a'  implies  a,  but  is  not 
always  implied  in  a,  and  a  implies,  but  is  not  always  implied  in,  9o. 

For  the  next  term  we  have 

vVa*  :  (^  =  vc  :  o  =  1?  :  a). 

Now  ly  always  implies  v  :  o,  but  v  I  a  does  not  (when,  as  here,  v  and 
a  are  variables)  necessarily  imply  ly.  So  here  again  we  have  ^  :  ^, 
but  not  necessarily  \p  :  0. 

For  the  next  term,  we  have 

v'wV  :  (0  =  t;  :  «.), 

t?Va*  :  (^  =  VM  :  a  =  V  :  tt'  +  a  =  t?  *.  9tt,)  ; 

in  which  r,  m,  a  are  all  variables.  Now  t*.  is  generally  stronger,  and 
is  never  weaker,  than  9  (w.).  Hence  v  :  w.  is  generally  stronger,  and 
is  never  weaker,  than  v  :  9  (w.)  ;  so  that  here,  as  before,  ^  implies, 
but  is  not  necessarily  implied  in,  if/.  (See  proof  and  figure,  p.  176  of 
Fifth  Paper.) 
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For  the  last  term  we  have 

i'mV  :  (0  =  r  :  m,  =  t? :  ^,  =  t? :  i|  =  ^  :  ly  =  ii), 

r'tra*  :  (ij/  =  I'M  :  ff)  ; 

and,  since  jy  always  implies  (vu  :  17),  while  vu  :  ri  may  possibly  be 
true  (as  when  the  vai*iable  v  is  the  denial  of  the  variable  u),  it  follows, 
as  before,  that  ^  implies  \py  but  is  not  necessarily  implied  in  ij/. 

For  the  23  other  terms  in  the  product  r''^'*u"***  a''^'*  the  two 
expressions  v  :  1*.  and  vu  :  a  are  equivalent,  each  implying  the  other. 

Frohlem  11. — The  implication  (a  :  /3)  :  ()3' :  a')  is  true  for  all  values 
of  a  and  P ;  for  what  values  of  a  and  fi  is  the  converse  implication 
QV  :  a")  :  (a  :  /3)  false  ? 

Let  f  denote  (fi"  :  or)  :  (a  :  /8), 

^M  (/J"  :  a")' (a  :  fiy 

!  (^'•  +  a'')(a'/3"  +  a*/3') 

Hence,  the  converse  implication  (/3''  :  a')  :  (a  :  /8)  is  false  when  a  is 
a  certainty  and  (i  a  variable. 

Note  11. — Putting  a  =  zw'  and  /3  =  xy'  in  this  problem,  we  get 

^y  =  (-^y')'  =  fi\     and     ^.r  =  a' ; 
80  that  the  implication     (ztv' :  xi/)  :  {x^  :  zj), 

being  synonymous  with      (a  :  fi)  :  (/J"*  :  a'), 

is  always  true.     Let  ^  denote  the  converse  implication 

We  have  0" !  u'fi'  I  (zu/y  (xyj 

!  W^zwyWixyyifw-'ix^y^'k-xfj/). 
(See  next  problem  and  Postscript  to  Appendix  of  last  paper.) 

PrahJom  12. — The  formula  a„-\-ft„  :  (aj3)„  is  always  tme.  When  is 
the  converse  implication  (a)8)„  :  a„-f-)8„  false  ? 

Let  0  denote  this  converse  implication.     We  then  get 

=  (an.Pny:  (auy-\-{ftny 
=  (J  7?)':. 4- +  7?-, 
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putting  A  for  au'  and  B  for  /Su.  But  evidently  this  is  not  true  for 
all  values  of  A  and  B,  and  therefore  it  is  not  true  for  all  values  of 
a,  /3,  and  u  ;  for 


and 


WiABy^A'-hB^, 
^'!  A'B'Ab. 


For  example,  let  a  be  some  variable  statement  a; ;  let  )3  be  the  denial 
of  this,  namely,  x' ;  and  let  u  =  c.     Then  we  get 


^ofe  12. — In  my  last  paper  the  cases  of  W<l>  (a,  /3)  and  Sip  (a,  )8) 
considered  were  cases  in  which  a  and  /3  had  ^e^i  values ;  t.e.,  they 
were  singulars,  each  letter  being  understood  to  denote  one  statement 
only,  and  always  the  same  statement.  On  this  supposition,  statements 
like  a',  ap',  a+/3,  &c,,  may  be  of  the  class  e  or  17  or  ^ ;  but  statements 
with  indices  e,  17,  6,  of  the  form  a\  (a/3')'',  (a  +  )3)*,  a  :  /3,  Ac.  (the 
fourth  of  which  is  synonymous  with  the  second),  cannot  in  this  case 
be  variables ;  they  must  be  constants  of  the  class  c  or  of  the  class  17. 
But  when  a  and  /3  may  change  their  meanings,  so  that  any  letter  a 
may  denote  sometimes  one  statement,  sometimes  another,  then  state- 
ments of  the  form  a*,  a",  (a)8)*,  <f  (a,i8),  &c.,  may  (like  their  constituents 
a,  /3,  &c.)  be  either  constants  or  vanables.  A  case  of  this  is  given  in 
the  fii-st  problem  of  this  paper,  in  which  the  chance  of  a  :  /3  being 
true  is  found  to  be  "6624 ;  so  that  in  tliat  problem  a  :  /3  was  a 
variable.  The  following  is  another  case,  and  from  a  different  point 
of  view. 

Let  Ay  By  My  N  be  four  fio'ed  points  in 
the  circumference  of  a  circle,  as  in  the 
accompanying  figure;  and  let  a  fifth 
point  P  be  taken  at  random  in  the  circum- 
ference. Understanding  all  arcs  to  be 
measured  in  the  positive  direction,  so  that 
any  arc  AM  or  BN  may  be  greater  or 
less  than  a  semicircle,  let  a  assert  that 
the  random  point  P  will  fall  in  the 
arc  AMy  and  let  /3  assert  that  P  will 
fall  in  the  arc  BN.  What  is  the  chance  oi  a  :  p  being  true  ? 
Here,  since  the  points  Ay  By  My  N  are  by  hypothesis  Jueedy  the 
implication  a  :  /3  is  either  a  certainty  or  an  impossibility ;  it  cannot 


\ 


Fio.  6, 
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be  a  variable.  The  answer  is  therefore  1  or  0 ;  unity  if  (measmin^ 
in  the  positive  direction)  we  have  the  ai-c  AM  wholly  inside  the  axe 
BX^  as  in  the  figare  ;  zero  if  the  are  AM  is  unt  wholly  inside  the  arc 
BX.  But  if  the  points  A^  B,  If,  A",  as  well  as  P,  be  random  points 
which  vary  their  positions  in  the  cii'camfercnce,  all  positions  being 
equally  probable,  then  evidently  a  :  /3  is  a  variable,  whoee  chance  of 

beinp^  true,  it  is  easy  to  see,  is 


- — ;^ — -  or    -  ,  the  denominator  ex- 
3.2.1         6 


prossinpr  the  number  of  possible  penimtations  of  the  letters  -4,  If,  N; 
for  tlie  chance  is  clearly  the  same  if  wc  suppose  the  point  £  to  be 
fiartl  in  the  circumference  while  the  other  points  vary. 

Xoie  13. — ^Also,  when  any  statement  a  is  a  singnlar,  bo  that  it  never 
chatiges  its  class,  be  it  c  or  i|  or  0,  we  have  (as  stated  in  my  last  paper) 
tt""  synonymous  with  a'',  a"'  synonymous  with  a",  Ac. ;  but  when  o  is 
ti  plural  or  functional  statement — the  symbol  a  denoting  a  statement 
sometimes  of  one  class  (e  or  ri  or  d),  sometimes  of  another — ^tben, 
though  (as  before)  we  shall  always  have  the  implications  a"^  :  a*, 
a"'^ :  a"^,  <&c.,  we  shall  not  always    have  the  converse  implications 


Fio.  7. 


Fio.  8. 


Pxo.  9. 


For  example,  in  the  accompanying  three  figures,  let  the  paints 
E,  Fj  A,  M  he  fixed  in  the  cii*cumference ;  let  the  points  in  the 
arc  EF  (measured  in  the  positive  direction)  be  our  universe  of  dU^ 
course ;  in  this  universe  let  a  point  P  be  taken  at  random ;  and  let 
the  symbol  a  assert  that  P  will  be  in  the  arc  AM.  Then,  evidently, 
in  Fig.  7,  we  shall  have  a*  a  certainty*  and  a'  and  o*  both  impossi' 
bilities ;  in  Fig.  8  we  shall  have  a"*  a  certainty,  and  a*  and  o*  imposei" 


*  For  in  Figr.  7  the  arc  .-/.IT,  moasurcl  fiGtifhrlif^  is  g^reatcr  than  a  semicircle  sad 

inrfudtt  ihe  unirene  of  Jiscourxr  EF. 


Froceedings.  579 

hilities;  and  in  Fig.  9  we  shall  have  a*  a  certainty^  and  a*  and  o' 
impossibilities.  But  if  (while  E  remains  fixed)  the  points  Fy  M^  A  be 
all  three  taken  at  random  in  the  whole  circumference^  while  P  is  taken 
at  random  in  the  universe  of  discourse,  the  arc  EF,  then,  evidently, 
a',  a',  a*  will  all  three  be  variables  (sometimes  true,  sometimes  false), 
as  will  also  their  denials  a**,  a'*,  a** ;  while  a",  a",  a**,  a",  a*^,  a**  will 
all  be  impossibilities f  since  each  of  the  six  either  asserts  that  a  variable 
is  a  certainty  or  else  asserts  that  a  variable  is  an  impossibility, 

^Postscript. — In  my  preceding  paper  there  are  one  or  two  obscurities 
which  I  ask  permission  here  to  explain.  On  pp.  170,  171,  179  I 
treated  (a  :  py  and  (a  :  fiy  as  respectively  equivalent  to  (a  :  P)  and 
(a  :  /3)'.  This  equivalence,  however,  assumes  that  a  and  fi  represent 
each  only  one  statement,  which  (throughout  the  argument)  never 
changes  its  class  (be  it  e  or  17  or  0)  in  the  three-divisional  classification 
which  constitutes  our  Universe  of  Statements.  When  this  is  under- 
stood, the  implication  a  :  /3  always  =  either  e  or  1;,  and  never  6. 
When  the  statement  a  or  /S  may  belong  sometimes  to  one  and  some- 
times to  another  of  the  three  classes  e, »;,  6,  the  formulae  (a  :  /3)' :  (a  :  /3) 
and  (a  :  /3)' :  (a  :  /3)'  will  of  course  still  be  valid,  but  not  always  the 
converse  formulae  (a :  /3)  :  (a  :  /3)*  and  (a  :  /3)' :  (a  :  /3)'.  Similarly,  we 
may  still  accept  a" :  a*,  a*'  :  a**,  a*"  :  a***,  Ac,  as  valid,  but  not  their 
converses  a' ;  a",  a*  :  a",  a''* :  a",  Ac.  ] 
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Mr.  Blythe's  paper  "  On  the  Geometrical  Construction  of  Models 
of  Cabic  Surfaces"  (p.  4)  is  published  in  the  Quarterly  Journal  of 
Mathematics  (No.  115,  November,  1897,  pp.  206-223).  In  the  same 
number  will  be  found  a  paper  by  Mr.  Brill,  "  On  certain  Analogues 
of  Anharmonic  Ratio  "  (c/.  p.  447). 

An  interesting  article  "On  the  Four-Colour  Map  Theorem,'*  by 
Mr.  P.  J.  Heawood,  occupies  pp.  270-285  of  the  above-cited  number 
(see  Proc,  Vol.  xxi.,  p.  456). 

In  the  "  Mathematical  Notes  "  of  No.  12  of  the  Mathematical  Ocusette 
(October,  1897,  pp.  127-129)  is  given  "  A  Property  of  Two  Triangles 
and  its  extension  to  Quadrilaterals,"  of  which  Mr.  Macaulay's  paper 
(pp.  442-446)  is  an  extension  to  polygons  of  any  number  of  sides. 

For  the  following  sketch  of  the  late  Professor  Sylvester,  the 
Council  are  indebted  to  Mr.  J.  J.  Walker. 

By  the  death  of  Professor  James  Joseph  Sylvester,  on  the  "  Idea 
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[15tli]  of  March,"  1897,  the  Society  lost  one  of  its  earliest  and  most 
valued  members,  whose  reawakened  interest  in  his  mathematical 
work  had  recently  renewed  his  presence  at  the  Society's  meetings. 
He  appeared  among  us  for  the  last  time  on  14th  January,  taking  an 
active  part  in  the  proceedings,  which  those  present  little  thought 
was  to  be  the  final  flickering  of  a  flame  which  had  so  often  illumined 
oar  gatherings. 

Bom  of  Jewish  parentage  in  London,  of  a  family  which  is  said  to 
have  been  originally  resident  in  Liverpool,  on  3rd  September,  1814, 
Sylvester  proceeded  to  St.  John's  College,  Cambridge,  from  the  Royal 
Institution,  Liverpool,  coming  out  Second  Wrangler  in  the  Mathe- 
matical Tripos  List  of  1837 — the  year  of  Green  and  Gregory.  His 
creed  being  an  obstacle  to  taking  a  degree  at  Cambridge,  he  obtained 
those  of  B.A.  and  M.A.  as  ad  eundem^  at  Dublin,  by  accumulation  in 
1841 ;  but  later  both  the  same  degrees  were  conferred  upon  him 
honoris  causd  by  his  own  University,  and  he  was  enrolled  among  its 
honorary  Fellows  by  St.  John's  College. 

He  first  contributed  an  analytical  proof  of  Fresnel's  wave-surface 
and  properties  thereof,  to  Vols.  xi.  and  xii.  of  the  Philosophical 
Magazine^  New  Series,  at  the  conclusion  of  which  he  acknowledges 
having  been  anticipated  by  Sir  W.  R.  Hamilton — "our  living 
Lagrange,"  as  he  terms  that  mathematician — in  his  "  System  of 
Rays,"  published  in  Trans,  B.  I.  A.  for  1838.  Early  in  1838, 
Sylvester — perhaps  owing  to  the  supposed  bent  indicated  in  this 
paper — was  appointed  Professor  of  Natural  Philosophy  in  University 
College,  London,  in  succession  to  Dr.  Lardner,  who  had  become 
immersed  in  numerous  literary  undertakings. 

In  various  subsequent  papers,  of  an  algebraic  character,  which  he 
contributed  to  the  Philosophical  Magazine  down  to  April,  1841,  he 
gives  as  his  address  "  University  College  or  22  Dogherty  Street." 
About  the  above  date  he  was  appointed  Professor  of  Mathematics  in 
the  University  of  Virginia,  which  had  been  founded  in  1824,  at 
Charlottesville,  Albemarle  Co.,  and  where  his  colleagues  Key  and 
Long,  of  University  College,  London,  had  previously,  for  a  few  years, 
first  occupied  the  Chairs  of  Mathematics  and  Classics  respectively. 

Of  Sylvester's  tenure*  of  this  Chair  no  record  seems  to  exist,  but  it 
is  believed  he  looked  back  on  his  first  American  experience,  wh^n  he 
returned  to  England  in  1844,  with  little  satisfaction ;  but,  on  his 
rQtum,  the  series  of  papers  on  algebraical  subjects  soon  began  to 

•  An  obituary  notice  in  the  American  Journal  of  Mathematics  limits  it  to  two  years. 
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reappear  in  the  Philosophical  Magazine^  dated  from  4  Park  Street,' 
Grosvenor  Square,  nntil  in  August,  1847,  he  dates  from  26  Lincoln's 
Inn  Fields,  having  entered  the  Inner  Temple  as  law  student  in  the 
previous  year,  and  being  called  to  the  Bar  in  November,  1850. 
During  the  ten  years  following  his  return  from  the  United  States 
he  was  engaged  in  actuarial  business,  and  is  believed  never  to  have 
practised  at  the  Bar.* 

The  last  number  of  the  Cambridge  and  Dublin  Mathematical  Journal^ 
which  had  been  edited  first  by  W.  Thomson  (now  Lord  Kelvin),  M. A., 
alone,  subsequently  by  "W.  Thomson,  M.A.,  and  N.  M.  Ferrers,  M.A.," 
jointly,  having  been  issued  in  March,  1855,  that  periodical  was 
succeeded,  in  the  following  month,  by  the  Quarterly  Journal  of  Pure 
and  Applied  MathematicSy  Nos.  1  and  2  being  edited  by  "  J.  J. 
Sylvester,  M.A.,  F.R.S.,  late  Professor  of  Natural  Philosophy  in 
University  College,  London,  and  N.  M.  Ferrers,  M.A.  .  .  ." ;  but  on 
the  cover  of  No.  3  (December,  1855)  Sylvester  is  described  as 
"Professor  of  Mathematics  in  the  Royal  Military  Academy,  Woolwich," 
to  which  post  he  had  been  appointed  in  the  interval.  Assisted  by 
Stokes,  Cayley,  and  Hermite,  corresponding  editor  in  Paris,  this 
joint  editorship  continued  unchanged  until  on  the  cover  of  No.  57, 
issued  June,  1877,  Sylvester  is  designated  "  Professor  of  Mathe- 
matics in  the  Johns  Hopkins  University,  Baltimore"  (Maryland, 
U.S.A.),  "  and  latef  ...  in  the  Royal  Military  Academy,  Woolwich." 
On  the  cover  of  No.  61  (December,  1878)  his  name  finally  disappeared 
as  editor. 

In  January,  1865,  The  London  Mathematical  Society  had  been 
founded  under  the  Presidency  of  De  Morgan,  Professor  of  Mathe- 
matics in  University  College,  London,  and  on  June  19th  of  that  year 
Sylvester  was  elected  into  the  Society,  of  which  he  became  the 
second  President  (November  8th,  1866,  to  November  12th,  1868), 
while  he  served  on  the  Council  until  his  departure  from  England, 
and,  as  Vice-President,  both  before  and  after  (1884-85)  that  change. 
In  1887  he  was  awarded  the  De  Morgan  Medal  by  the  Society. 

Sylvester  had  been  elected  a  Fellow  of  the  Royal  Society  as  far 
back  as  April  5th,  1839 — he  and  the  late  Mr.  James  Heywood  being 
twin-seniors    among   the   Fellows  at  the  time   of  his  death.     This 

♦  In  the  second  paper  on  the  **  Calculus  of  Forma  *'  {Cambridge  and  Dublin  Mathe- 
matical Journal^  vii.,  1862,  p.  179)  he  describes  himself  as  **  Barrister-at-law," 
dm^m  Nouvelles  Amiales  (helow)  as  '*Avocat**;  but  in  Vol.  vm.  of  the  former 
Journal  the  affix  is  dropped. 

t  The  Professorship  at  Woolwich  he  had,  in  fact,  vacated  some  years  back,  having^ 
reached  the  limit  of  age  at  which  it  could  be  held. 
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election  in  his  twenty-fifth  year  he,  no  doubt,  owed  in  great  part  to 
the  post  he  held  in  University  College  at  the  time.  In  1861  a  Royal 
Medal  was  awarded  to  him,  and  in  1880  the  Copley  Medal ;  Cayley, 
who  had  preceded  him  by  two  years  in  the  award  of  a  Royal,  follow- 
ing in  1882  as  recipient  of  the  Copley  Medal. 

The  next  event  which  marked  an  epoch  in  Sylvester's  career  was 
his  second  appointment  in  the  United  States  of  Ameiica  ;  this  time 
to  the  newly-founded  Johns  Hopkins  University,  which  he  held  for 
more  than  seven  years,  usually  revisiting*  England  between  the 
successive  sessions.  "Wherever  Sylvester  was,  there  was  a  centre 
of  mathematical  activity,"  has  been  said  of  him — a  saying  ex- 
emplified l)y,  if  not  originating  from,  the  activity  shown  by  the 
superannuated  (!)  ex-Professor  of  the  Royal  Military  Academy  in 
England,  in  this  new  post-  An  eager  following  of  learners  and 
sympathizing  helpers  soon  gathered  round  him,  and  in  1878  he,  with 
their  coopei*ation,  founded  the  American  Journal  of  Mathematics ,  which, 
enriched  by  Eui-opean,  especially  English,  contributions,  has  main- 
tained a  high  position  in  its  class.  Sylvester  continued  to  edit,  as 
well  as  contribute  to,  this  Journal  for  six  years ;  but,  having  been 
elected  Savilian  Professor  of  Geometry  at  Oxford,  in  December,  1883, 
he  was  destined  to  pass  the  last  period  of  a  long  and  honourable 
career  in  his  native  land. 

A  list  of  Sylvester's  academic  distinctions  would  occupy  half  a 
page  in  their  bare  enumeration.  Some  have  been  alluded  to,  or  will 
be  mentioned  below ;  but  of  all  it  may  be  said  that  greater  honour 
was  in  every  case  conferred  on  the  body  in  which  he  was  enrolled 
than  on  the  recipient. 

Sylvester  himself  valued  most  his  association  with  the  Royal 
Society  of  Loudon  and  the  Academy  of  Sciences  at  Paris,  if  one  may 
judge  by  the  greater  frequency  with  which  he  designated  himself 
as  a  member  of  these  august  associations. 

Sylvester's  published  papers  amount  to  some  two  hundred  and  fifty 
in  number,  of  which  are  that  on  "  Fresnel's  Wave- Surface  "  above 
mentioned ;  a  short  paper  on  "  Motion  and  Rest  of  Fluids,"  Phil,  Mag., 
XIII.,  and  Note,  tb.  xiv. ;  one  on  the  "  Equation  of  Secular  Inequali- 
ties in  the  Planetary  Theory,"  communicated  to  the  Nouvelles  Annales 
de  Mathematiques  (xi.,  1852) — which  is  virtually  an  essay  of  pure 
mathematics ;  a  kinematic  paper  "  On  the  Rotation  of  a  Rigid  Body 

♦  On  the  voyages  home  and  out  lie  has  described  himself  as  carrying  on  mathe- 
matical investigations.  So  the  solution  of  the  ternary  cubic  was  worked  at  during 
**  a  hasty  tour  on  the  Continent  "  in  1847  {Phil,  Mag.^  xxxi.). 
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«l)ont  a  Fized  Point,"  Phil,  Mag,,  xxxvii.,  1860;  a  short  paper  *'0n 
Projectiles,"  ih.  xi.,  1856  ;  an  incomplete*  essay  "On  the  Pressure  of 
Earth  on  Revetment  Walls,"  ih.  xx.,  1860 ;  and  one  in  the  Comptes 
Rendusy  i.,  ii.,  1861,  "  Sur  Tin  volution  des  Lignes  droites  dans  Tespace, 
considerees  des  axes  de  rotation,"  which  was  followed  by  some 
"  Observations  de  M.  Chasles,"  to  whom  "  Les  beaux  resultats  dans 
la  communication  de  M.  Sylvester  "  suggested  a  similar  property  of 
the  directions  of  six  forces  in  equilibrium ;  also  an  "  Addition  to 
Poinsot*s  Ellipsoidal  Mode  of  representing  the  Motion  of  a  Rigid 
Body  about  a  Fixed  Point,"  Lond.  Math,  Soc,  Proc,  These  half-dozen 
are  believed  to  form  the  total  of  the  papers  published  with  Sylvester's 
name  attached  the  subjects  of  which  were  in  applied  mathematics. 
Of  these  the  last  but  one  is  remarkable  as  being  treated  by  the 
method  of  synthetic  geometry,t  and  having,  perhaps,  insured 
Sylvester  being  chosen  correspondent  in  mathematics  by  the  French 
Academy  of  Sciences  (7th  December,  1863),  in  place  of  the  great 
geometer  Steiner,  who  had  died  on  the  previous  1st  April. 

But  Sylvester's  mathematical  writings,  in  Professor  Cay  ley's 
words, J  "  relate  chiefly  to  finite  analysis,  and  cover  by  their  subjects 
a  large  part  of  it :  algebraical  determinants,  elimination,  the  theory 
of  equations,  partitions,  tactic,  the  theory  of  forms,  matrices,  recipro- 
cants.  A  leading  feature  is  the  power  which  is  shown  of  originating 
a  theory,  or  of  developing  it  from  a  small  beginning;  there  is  a 
breadth  of  treatment  and  determination  to  make  the  most  of  a  sub- 
ject, an  appreciation  of  its  capabilities  and  real  enjoyment  of  it. 
There  is  not  unfrequently  an  adornment  of  enthusiasm  of  language. 
•  .  .  There  is  always  a  generous  and  cordial  recognition  of  the  merits 
of  others,  his  fellow-workers  in  the  science." 

Only  twice,  as  far  as  known  to  the  present  writer,  was  any 
asperity  in  his  allusions  to  other  contemporaries  manifested :  the 
earlier  occasion  being  called  forth  in  a  reply  to  the  late  Professor 
Boole,  who  had  claimed  to  have  anticipated  him  in  one  of  his  results 
in  the  theory  of  linear  transformations  (Cambridge  and  Dublin Mathe- 
mattcalJoumaly  Yi.),  which  elicited  from  Boole  an  ample  amende  ;  the 
other  occasion  during  a  lecture  delivered  at  King's  College,  an 
account  of  which — quite  accurate  in  its  details  according  to  the  re- 

♦  Another  paper,  never  completed,  is  **  On  the  Integral  of  the  Greneral  Eqnatloa 
in  Differences,'*  Fhil,  Mag.^  xxiv.,  1862. 

t  In  his  opening  address  as  President  of  Section  A  of  the  meeting  of  the  BritiBh 
Association  at  Exeter,  1869,  he  went  so  far  as  to  express  himself  as  having  con- 
tracted a  *'  hatred  of  geometry  "  from  the  study  of  Euclid. 

%  Nature  series  of  **  Scientific  Worthies.*'     Nature y  Vol.  xxxxx. 
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collection  of  the  present  writer,  who  was  one  of  the  andience  on  the 
occasion — is  given  in  the  very  able  obituary  notice  which  appeared 
in  Nature  soon  after  the  lamented  death  of  Professor  Sylvester. 

[Professor  Sylvester's  communications  to  our  Proceedings  were  : — 

"  An  Elementary  Proof  and  Generalization  of  Sir  I.  Newton's  hitherto  un- 
demonatrated  Kule  for  the  diacovery  of  Imaginary  Boots/'  Vol.  i.  {ef.  nipra)* 

**  On  an  Addition  to  Poinsot's  Ellipsoidal  Mode  of  representing  the  Motion  of  a 
Rigid  Body  turning  freely  round  a  Fixed  Point,  whereby  the  Time  may  be  made 
to  Register  itself  Mechanically,"  Vol.  i. 

'*  A  Problem  of  Arrangement  connected  with  a  New  Method  of  Tesselation," 
Vol.  u, 

**  Outline  Trace  of  the  Theory  of  Reducible  Cydodes,"  Vol.  n. 

**  On  the  Partition  of  an  Even  Number  into  Two  Primes,"  Vol.  iv. 

**0n  the  Theorem  that  an  Arithmetical  Progression  which  contains  more  than 
one  contains  an  Infinite  Number  of  Prime  Numbers,"  Vol.  iv. 

**  On  the  Expression  of  the  Curves  generated  by  any  given  System  whatever  of 
Linkwork  under  the  Form  of  an  Irreducible  Determinant,"  Vol.  vi. 

**  An  Orthogonal  Web,"  Vol.  vi. 

**Not«  on  certain  Elementary  Geometrical  Notions  and  Determinations," 
Vol.  XVI. 

Some  interesting  particulars  are  appended  to  a  notice  of  Professor 
Sylvester,  by  J.  W.,  in  the  Eagle,  Vol.  xix.,  No.  113,  June,  1897.] 

The  Rev.  Alexander  Freeman  was  bom  January  28th,  1838,  and 
was  educated  at  the  Merchant  Taylors'  Scbool,t  whence  he  proceeded 
to  St.  John's  College,  Cambridge,  in  1857,  having  obtained  a  scholar- 
ship on  the  Foundation.  He  graduated  as  Fifth  Wrangler  in  1861, 
and  in  February,  1862,  he  gained  the  Chancellor's  Gold  Medal  for 
Legal  studies.  He  was  elected  Fellow  of  his  College  in  May,  1862, 
and  took  his  M.A.  degree  in  1864.  He  was  examiner  for  the  Mathe- 
matical Tripos  in  1874  and  1875 ;  he  acted  as  deputy  for  the  Plumian 
Professor  of  Astronomy  at  Cambridge  from  1880  to  1882 ;  he  ti-ans- 
lated  and  compiled  an  English  edition  of  Fourier's  Analytical  Theory 
of  Heaty  and  added  to  it  many  valuable  original  notes  ;  and  recently 
brought  out  a  new  edition  of  Cheyne's  Plafietary  Theory,  To  the 
Monthly  Notices  of  the  Royal  Astronomical  Society,  of  which  he  was 
elected  a  Fellow  in  1864,  he  contributed  about  a  dozen  papers.  He 
further  acted  as  Director  of  the  Saturn  Section  of  the  British 
Astronomical  Association,  from  which  office  he  retired,  on  account  of 
failing  health,  in  1895.     Mr.  Freeman  was  presented  in  1882  to  the 

♦  Of.  Nature,  p.  493,  March  25th,  1897. 
t  Entered  April,  18-46. 
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liring  of  Mnrston,  and  in  1891  was  made  Kural  Dean  of  Sitting- 
bourne.  His  death  took  place  somewHat  suddenly  on  Saturday, 
June  12tli,  1897.  He  leaves  a  widow  and  four  young  children. 
Mr.  Freeman  was  elected  a  life-member  of  this  Society  December 
14th,  1871.  He  never  served  on  the  Council,  and  attended  but  one 
of  its  meetings ;  he,  however,  took  at  one  time  a  warm  interest  in  its 
proceedings,  and  presented  one  or  two  rare  books  to  its  Library.  He 
was  also  a  Fellow  of  the  Cambridge  Philosophical  Society  and  a 
member  of  the  Physical  Society.* 

John  Robert  Campbell  was  the  only  child  of  Robert  Campbell. 
This  gentleman,  who  was  bom  in  1798,  was  the  eldest  son  of  Major 
John  H.  Campbell,  of  the  23rd  Royal  Welsh  Fusiliers,  and  grandson 
of  Captain  Robert  Campbell,  who  served  with  distinction  under  Lord 
Clive  in  India.  Mr.  Campbell  married  early  in  life,  his  wife  (who 
died  in  1850)  being  a  lady  much  esteemed  and  possessed  of  great 
musical  talent.  Before  he  came  to  Charing,  he  resided  for  many 
years  in  the  Lake  Distnct.  He  was  an  intimate  friend  of  Robert 
Sou  they,  and  at  the  Poet  Laureate's  houses  he  occasionally  met  the 
leading  literary  men  of  the  day — Wordsworth,  Hartley  Coleridge, 
Dr.  Arnold,  and  others.  Mr.  Campbell  died  in  his  ninety-second  year 
(March  15th,  1890) .f  Among  such  surroundings  as  these  Lt.-Col. 
Campbell,  who  gained  his  rank  in  the  Hampshire  Artillery  Militia, 
passed  great  part  of  his  earlier  life.  In  his  younger  days  he  travelled 
almost  all  over  the  world,  being  an  accomplished  linguist.  He 
devoted  much  of  his  leisure  to  art  and  literature  as  a  recreation.  A 
startling  novel  from  his  pen  appeared  some  few  years  ago  in  the 
Kentish  Express  as  a  serial.  The  Colonel  took  a  keen  interest  in 
chess,  and  was  a  good  average  player.  The  village  of  Charing,  in 
Kent,  where  he  resided  for  some  forty  years,  has  lost  by  his  decease 
a  most  liberal  friend.  Though  he  took  little  part  in  public  business, 
he  consented  to  be  a  manager  of  the  school,  and  his  interest  in  the 
education  of  the  children,  especially  in  subjects  connected  with  draw- 
ing, music,  and  elementary  science,  was  maintained  to  the  end.  In 
the  spring  of  the  present  year  (1897)  he  made  a  handsome  gift  of 
books,  specially  selected  by  himself,  to  the  school  library.     A  new 

•  We  are  indebted  for  our  information  to  ProfeBsor  Hudson,  a  contemporary  of 
Mr.  Freeman  (Third  Wrangler,  1861) ;  to  T/te  Tayhrian,  July,  1897 ;  and  to  the 
Journal  of  the  British  Astronomical  Association  for  August  16th,  1897. 

t  The  above  particulars,  and  others  telling  how  keen  a  Bportsman  his  father  woj^> 
are  given  in  an  obituary  sketch  by  hie  sou. 
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pariBh  hall  was  bnilt  on  gronnd  wbich  Col.  Campbell  gave  the  pro- 
moters for  a  nominal  sum  of  money,  and  he  presented  besides  a 
donation  of  £30.  Ringing  cheers  greeted  the  announcement  of  this 
act  of  liberalitj  at  the  Jubilee  rejoicings  in  June  last.  These  re- 
joicings were  hardly  over  before  it  became  known  that  the  kind 
donor,  who  had  been  suffering  from  an  incurable  internal  malady  for 
the  two  previous  months,  had  passed  away  on  June  23rd,  in  the 
seventieth  year  of  his  age.  The  day  before  his  death  he  announced 
in  a  letter  to  the  Vicar  "  a  bequest  in  his  will  for  the  benefit  of 
Charing  Parish.**  It  will  thus  be  seen  that  he  took  a  kindly  and 
very  practical  interest  in  his  neighbours*  affairs,  and  many  will  miss 
his  liberality. 

Before  Col.  Campbell  became  a  member  of  the  London  Mathe- 
matical Society,  he  read  a  paper,  at  the  meeting  of  January  14th, 
1875,  entitled  '*  The  Diagonal  Scale  Principle  applied  to  Angular 
Measurement  in  the  Circular  Slide.**  An  abstract  of  this  paper  is 
printed  in  the  Proceedings,  Vol.  vi.,  pp.  73-78.  Col.  Campbell  was 
the  author  also  of  the  following  :—:flbti;  to  see  Norway  (1871)  ;  Range 
Finding  for  the  Service  of  Artillery,  with  a  description  of  OampbeWs 
Range  Indicator  (revised  edition,  Clowes,  1874).  In  the  Preface  (p.  4) 
he  writes :  "  In  working  out  my  ideas,  especially  those  respecting 
the  construction  of  a  range  indicator,  I  have  had  to  trust  to  my 
own  general  knowledge  alone,  rarely  having  met  with  any  Artillery 
officer  or  instrument  maker  who  took  the  slightest  interest  in  the 
subject."  From  pp.  8  and  17  it  appears  that  he  also  contributed 
papers  on  the  same  instrument  to  the  Journal  of  the  Royal  United 
Service  Institution,  Vol.  viii.,  p.  431  (1864),  and  Vol.  xvi.  (1872). 

Col.  Campbell  was  a  Fellow  of  the  G-eoiogical  Society.  He  was 
elected  a  member  of  this  Society,  December  9th,  1875,  and  served  on 
the  Council  of  the  Society  in  the  sessions  1893-94,  1894-95. 

At  the  meeting  of  May  8th,  1890,  a  letter  from  Col.  Campbell  was 
read,  in  which  he  asked  to  be  allowed  to  give  a  donation  of  £500  to 
the  Society — the  sum  to  be  invested  or  otherwise  made  use  of  for  the 
good  of  the  Society,  in  any  way  the  Council  should  judge  best. 

The  following  resolution  was  carried  with  acclamation,  viz. :  "  That 
the  cordial  thanks  of  the  London  Mathematical  Society  be  given  to 
Lt.-Col.  Campbell  for  his  generous  gift  of  £500  to  the  general 
fund  of  the  Society***  (Froc,  Lond.  Math.  Soc,  Vol.  XXI.,  p.  273). 


•  We  are  indebted  for  the  personal  details  to  the  courtesy  of  Lt.-Col.  Frederic 
Campbell,  cousin  of  the  deceased. 
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VOL.  XXVII. 

Page  636,  add  to  Lt.-Col.  Cunniiigham  "  *Notefl  on  High  Primes,  p.  328/' 
637,  prefix  ♦  to  the  second  paper  by  Mr.  Macdonald. 


If 


VOL.  XXVIII. 

Page  169,  line  6, /or  "7»  "  read  *'  y**." 

169,  line  8,  for  **  neither . . .  nor"  read  **  either . .  .  or." 

169,  line  19, /or  "  a/'  read  «*  o"." 

163,  line  7  from  bottom, /or  *«ij'  "  read  "ijj." 

164,  line  6, /or  **  0  "  read  "ij." 

167,  line  7,  for  **  which  '*  read  **  from  which." 

168,  line  10  from  bottom, /or  "  fi^a  •« "  read  "  j8V'-." 
168,  line  6  from  bottom, /or  «*  (o,  jB).  "  read  "  (a,  jB)-." 

170,  line  6  from  bottom,  for  "  afi'  (a  :  jB)"  "  read  *'  o»/B«  (o  :  jB)'." 

171,  line  13,/or  **  JF<Pu  (o,  /3)  "  read  **  ^<^«  (a,  jB)." 
173,  Une  9  from  bottom, /or  "  fa/3)«  "  rf<w;  «*  (a/3)»." 
176,  lino  7  from  bottom, /or  **  identities^*  read  "  certainties,** 

The  above  corrections  are  required,  the  Author  believes,  in  all  the  copies  ;    the 
following  are  only  required  in  some,  as  the  errors  do  not  occur  in  all : — 
Page  168,  line  18,/or  **  =  ai8*  +  &c."  read*'  a*/3*  +  &c." 

„    169,  line  14,/or  *'  JT  -  (a',  jBO(a',  jB')'"  read  "  r  (a',  /B')«  (a',  /BQ*." 

172,  Formula  33  should  be 


»> 


u 
a/9         ^ 


(i*i)- 


♦» 


»» 
»> 


378,  line  of  9,367,291, /or  **  y  =  I  "  r<fa<i**y  =  1.' 
378,  line  of  11,006,851, /or  **^"  read'^n.'* 
378,  line  of  18,837,001, /or  **»  "  r<fiw?  **y." 
378,  line  of  19,019,801, /or  **y  =  I"  r<ai"y  «  1." 

686,   add   the    following   reference: — Mathem.  Ann.,    Vol.  L.,     Heft  1, 
pp.  133-166,  "  James  Joseph  Sylvester,"  von  M.  NoetheTi  in  Erlangen. 
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